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To  the  H  ONOURABLE 

Sir  Ri chard  Grosvenor,  of 
Eaton ,  in  the  County  Palatine 
of  Cheftery  Baronet. 

'  ► 

SIR, 

WHEN  requefied  by  fome  Bookfellers  in 
London ,  to  Revifc  and  Prepare  this  Trea- 
tife  for  a  New  Impreflion,  and  once  re- 
folved  to  anfwer  their  Demands;  I  was  not  long 
confidering  at  whofe  Feet  to  lay  it. 

My  Memory  may  indeed  be  impaired  by  Age, 
Misfortunes,  and  Accidents  ;  nay,  I  am  fenfible  it 
is  fo:  But  it  muft  be  entirely  loft,  when  I  am 
forgetful  of  the  great  Obligations  I  lie  under  to 
Sir  Richard  Grofvenor . 

Your  Holpitality  and  Generofity  make  you  ftand 
unenvied  in  the  Abundance  of  Fortune.  Any  Up- 
ftart  may  contrive  to  fpend  a  Great  Eftate ;  but  it 
is  a  Felicity  almoft  peculiar  to  Great  Birth  to  become 
One. 

Were  I  now  to  defcribe  Liberality,  without  Pro- 
fufenefs ;  Steadinefs  in  Principles,  without  any  pri¬ 
vate  View ;  Candour  and  Affability,  Good  Nature 
joined  to  found  Judgment,  and  a  Serenity  of  Tem¬ 
per,  which  your  Enemies  will  always  find  the  Com¬ 
panion  of  true  Courage ;  and  then  pronounce  that 
you  are  poffeffed  of  all  thefe  good  Qualities  in  as 
high  a  Degree  as  moft  Men  living;  No  Gentleman 
that  knows  you  well,  would  think  I  flattered  you. 

A  2  Sir, 


The  D  E 

Sir,  Give  me  Leave  to  fay,  I  honour  your  Cha¬ 
racter,  and  love  your  Perfon :  My  Exprefiions  are 
uncourtly,  my  Stile  unpolifhed,  and  therefore  more 
proper  to  be  prefixed  to  a  Work  wherein  the  Matters 
related  are  indeed  clad  in  a  plain  and  homely  Drefs ; 
but  they  are  true,  and  defigned  to  propagate  Ma¬ 
thematical  Learning  among  fuch  as  defire  to  be  in¬ 
troduced  into  that  Sort  of  Knowledge ;  and  I  am 
extreamly  pleafed  they  are  permitted  to  be  fent  into 
the  World  under  your  Protection. 

That  you  may  long  live,  to  promote  the  Good 
of  your  Country,  and  that  City  in  whofe  Intereft 
you  have  fo  heartily  engaged  yourfelf  •,  and  that  you 
«may  ever  fucceed  in  your  own  private  Affairs,  and 
live  to  enjoy  all  the  Blefiings  that  attend  a  quiet 
prudent  Life,  is  the  earned:  Prayer  of. 

Honoured  SIR , 

$ 

Tour  mojl  Obliged ,  Humbley 

and  Obedient  Servant , 


D 
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A. 


AT  I  O  N. 


J.  WARD. 


To  the  REA  DER 


I  Think  it  needlefs  (and  almoft  endlefs)  to  run  over  all  the 
Ufefulnefs  and  Advantages  of  Mathematicks  in  General ;  and 
J hall  therefore  only  touch  upon  thofe  two  admirable  Sciences , 
Arithmetick  and  Geometry  ;  which  are  indeed  the  two  grand 
Pillars  (or  rather  the  Foundations)  upon  which  all  other  Parts  of 
Mathematical  Learning  depend . 

As  to  the  Ufefulnefs  of  Arithmetick,  it  is  well  known  that  no 
Bufinefs,  Commerce ,  Trade ,  or  Employment  whatfoever ,  even  from 
the  Merchant  to  the  Shop-keeper,  he.  can  be  managed  and  carried 
on,  without  the  Ajfifiance  of  Numbers. 

And  as  to  the  Ufefulnefs  of  Geometry,  it  is  as  certain ,  that  no 
curious  Art ,  or  Mechanick-tVork ,  can  either  be  invented ,  improved, 
or  performed ,  without  it's  ajfifting  Principles ;  tho*  perhaps  the 
Artijl ,  or  Workman ,  has  but  little  (nay  fcarce  any)  Knowledge  in 
Geometry. 

Then ,  as  to  the  Advantages  that  arife  from  both  thefe  Noble 
Sciences ,  when  duly  joined  together ,  to  ajfijl  each  other ,  and  then 
apply  d  to  Practice ,  (according  as  Occafion  requires)  they  will 
readily  be  granted  by  all  who  confider  the  vafl  Advantages  that 
accrue  to  Mankind  from  the  Bufinefs  of  Navigation  only .  As  alfo 
from  that  of  Surveying  and  Dividing  of  Lands  betwixt  Party  and 
Party.  Befides  the  great  Pleafure  and  Ufe  there  is  from  Time¬ 
keepers^  as  Dials ,  Clocks ,  Watches ,  he.  All  thefe ,  and  a  great 
many  more  very  ufeful  Arts ,  (too  many  to  be  enumerated  here) 
wholly  depend  i/pon  the  aforefaid  Sciences . 

And  therefore  it  is  no  Wonder ,  That  in  all  Ages  fo  many  Ingenious 
and  Learned  Perfons  have  employed  themfelves  in  writing  upon  the 
Subjell  of  Mathematicks  ;  but  then  moft  of  thofe  Authors  feem  to 
prefuppofe  that  their  Readers  had  'made  fame  Progrejs  in*  that  Sort  of 
Learning  before  they  attempted  to  perufe  thofe  Books ,  which  are  J 
generally  large  Volumes ,  written  in  fuch  abflrufe  Terms,  that  young 
Learners  were  really  afraid  of  looking  into  thofe  Studies. 

Thefe  Confiderations  firjl  put  me  (many  Years  ago)  upon  the 
Thoughts  of  endeavouring  to  comp  of e  fuch  a  plain  and  fa?niliar  In¬ 
troduction  to  the  Mathematicks,  as  ?night  encourage  thofe  that  were 
willing  (to  fpend  fome  Time  that  Way)  to  venture  and  proceed  on 
with  Chearfulnefs ;  tho ’  perhaps  they  were  wholly  ignorant  of  iff 
firjl  Rudiments.  Therefore  I  began  with  their  firjl  Elements  or 
Principles. 

That 


The  Preface. 


That  is ,  I  began  with  an  Unit  in  AritJmietick ,  and  a  Point  in 
Geometry ;  and  from  thefe  Foundations  proceeded  gradually  on ,  lead¬ 
ing  the  young  Learner  Step  by  Step  with  all  the  Plainnefs  I  could ,  &C. 

And  for  that  Reafon  I  publijhed  this  Treatife  (Anno  1707)  by 
the  Title  of  the  Young  Mathematician’s  Guide  ;  which  has  anfwered  , 
the  Title  fo  well ,  that  I  believe  I  may  truly  fay  (without  Vanity) 
this  Treatife  hath  proved  a  very  helpful  Guide  to  near  five  thoufand 
Perfons  ;  and  perhaps  moft  of  them  fuch  as  would  never  have  looked 
into  the  Mathematicks  at  all  but  for  it. 

And  not  only  fo ,  but  it  hath  been  very  well  received  amongfl  the 
Learned ,  and  (1  have  been  often  told)  fo  “Well  approved  on  at  the 
Univerfities ,  in  Englatnd,  Scotland,  and  Ireland,  that  it  is  ordered 
to  be  publickly  read  to  their  Pupils ,  &c. 

The  Title  Page  gives  a  floor  t  Account  of  the  fever a l  Parts  treated 
of,  with  the  Corrections  and  Additions  that  are  made  to  this 
Twelfth  Edition,  which  I Jh all  not  enlafge  upon ,  but  leave  the  Book 
to  fpcak  for  itfelf ;  and  if  it  be  not  able  to  give  Satisfaction  to  the 
Reader ,  I  am  fure  all  I  can  fay  here  in  it's  Behalf  will  never  re¬ 
commend  it :  But  this  may  be  truly  faid ,  That  whoever  reads  it 
over ,  will  find  more  in  it  than  the  Title  doth  promife ,  or  perhaps  he 
gxpeCts  :  it  is  true  indeed ,  the  Drefs  is  but  Plain  and  Homely,  it  being 
wholly  intended  to  injiruCt ,  and  not  to  amufe  or  puzzle  the  young 
Learner  with  hard  IV ords,  and  obfcure  Terms  :  However ,  in  this 
l  Jhall  always  have  the  Satisfaction  ;  That  I  have  fincerely  aimed 
at  what '  is  ufeful ,  tho'  in  one  of  the  meanejl  Ways  ;  it  is  Honour 
enough  for  me  to  be  accounted  as  one  of  the  Under- Labourers  in 
clearing  the  Ground  a  little ,  and  removing  fome  of  the  Rubbifh  that 
lay  in  the  Way  to  this  Sort  of  Knowledge.  How  well  I  have  per¬ 
formed  That ,  mujl  be  left  to  proper  fudges. 

To  be  brief ;  as  I  am  not  fenfible  of  any  Fundamental  Error  in 
this  Treatife ,  fo  1  will  not  pretend  to  fay  it  is  without  Imperfections , 
(Humanum  eft  errare)  which  I  hope  the  Reader  will  excufe ,  and 
pafs  over  with  the  like  Candour  and  Good-Will  theft  it  was  compofed 
for  his  Ufe. 
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PART  I. 


P  R  jE  C  O  G  N  I  T  A. 


H E  Bufnefs  of  Mathematiclcs,  both  in  Theory  and 
Practice,  is  to  fearch  out  and  determine ,  from  given 
Data,  the  true  Quantity,  either  of  Matter,  Space,  or 
Motion,  according  as  Occafion  requires. 

By  Quantity  cf  Matter  is  here  meant  the  Magnitude,  or 
nefs  of  Bodies  (of  the  fame  Denfity )  whofe  Length,  Bieadth,  and 
Thicknefs,  may  either  he  me  a  fared,  or  efeimdted. 

By  Quantity  of  Space  is  meant  the  Difeance  which  a  Body  ?novcs 
over  in  a  given  Time ,  with  a  certain  V do  city. 

And  by  Quantity  of  Motion  is  meant  the  Swiftnefs  of  any  moving 
Body  drawn  into  its  Ahianthy  of  Matter. 

The  Confederation  of  thefe ,  according  as  they  may  he  propofed. ,  are 
the  Subjects  of  the  Mathematicks,  but  chiefly  that  of  Matter. 

Now  the  Confederation  of  Matter,  with  refpedf  to  it's  Quantity, 
Form,  and  Polition,  which  may  either  be  Natural,  Accidental,  or 
Defigned,  may  poffibly  admit  of  infinite  Varieties  :  But  all  the  Va¬ 
rieties  that  are  yet  known ,  or  indeed  can  be  conceived,  are  wholly 
comprized  under  the  due  Confederation  cf  thefe  two ,  Magnitude 
and  Number,  which  are  the  proper  Subjects  cf  Geometry,  Arith- 
metick,  and  AJgebra.  All  other  Parts  of  the  Mathematicks  being 
only  the  Branches  of  .thefe  three  Sciences,  or  rather  their  Application 
to  particular  Cafes . 

B  (Bwinnw 
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P  RECOGNITA. 


Part  I. 


C5cometrp  is  a  Science  by  which  we  fearch  out ,  and  come  to 
know,  either  the  whole  Magnitude,  or  fome  Part  of  any  propofed 
Quantity ;  and  is  obtained  by  comparing  it  with  another  known 
Quantity  of  the  fame  Kind ,  which  will  always  be  one  of  thefe, 
viz.  A  Ji\a C,  (or  Length  only)  A  ^UttaCC,  (that  is.  Length 
and  Breadth)  or  a  (which  hath  Length,  Breadth,  and 

Depth,  or  Thick nefs)  Nature  admitting  of  no  other  Dimenfions 
hut  thcfe  'Three. 

j 

is  a  Science  by  which  we  come  to  know  what 
Number  of  Quantities  there  are  (either  real  or  imaginary )  of  any 
Kind ,  contained  in  another  Quantity  of  the  fame  Kind  :  Now  this 
Confideration  is  very  different  fro?n  that  of  Geometry,  which  is 
only  to  find  out  true  and  proper  Anfwers  to  all  fuel)  Quefiions  as 
demand ,  how  Long,  how  Broad,  how  Big,  But  when  ive 

confider  either  more  Quantities  than  one ,  or  how  often  one  Quan¬ 
tity  is  contained  in  another ,  then  we  have  rccourfe  to  Arithmetick, 
.which  is.  to  find  out  true  and  proper  Anfwers  to  all  fuch  Quefiions  as 
demand ,  how  Many,  what  Number,  or  Multitude  of  Quantities 
there  are.  To  be  brief  \  the  Subject  of  Geometry  is  that  of  Quran - 
\ty,  with  refpedt  to  if  s  Magnitude  only  ;  and  the  Subject  of  Arith- 
\tick  is  Quantities  with  refpeft  to  their  Number  only. 
cfi Ut C b  1* il  is  a  Science  by  which  the  mojl  abftrufe  or  difficult 
Problems ,  in  Arithmetick  or  Geometry,  are  Refolved  and  Demon - 
f  rated ;  that  is ,  it  equally  interferes  with  them  both  ;  and  there¬ 
fore  it  is  promifeuoufiy  named,  being  fometimes  called  Specious 
Arithmetick,  as  by  Harriot,  Vieta,  and  Dr  Wallis,  &c.  And 
fometimes  it  is  called  Modern  Geometry,  particularly  by  the  late 
ingenious  and  great  Mathematician  Dr  Edmund  Halley,  Savilian 
Profeffor  of  Geometry  in  the  Univerfity  of  Oxford,  and  Royal 
Afironomer  at  Greenwich;  who ,  in  giving  the  following  Infiance  of 
the  Excellence  of  our  Modern  Algebra,  writes  thus : 

4  The  Excellence  of  the  Modern  Geometry  (faith  he)  is  in 
4  nothing  more  evident,  than  in  thofe  full  and  Adequate  Solutions 
4  it  gives  to  Problems  ;  repre fen  ting  all  the  pofjible  Cafes  at  one 
4  View ,  and  in  one  general  Theorem  many  Times  comprehending 
4  whole  Sciences ;  which  deduced  at  length  into  Proportions,  and 
4  de monfir ated  after  the  Manner  of  the  Ancients,  might  well  be- 
4  come  the  Subjects  of  large  Treatifes :  For  what  fever  Theorem 
4  fives  the  mofi  complicated  Problem  of  the  Kind ,  does  with  a 
4  due  Reduction  reach  all  the  fubordinate  Cafes.’  Of  which  he 
gives  a  notable  Infiance  in  the  Dodfrine  'of  Dioptricks  for  finding 
the  Foci  of  Optic  GlafTes  univerfally .  (Vide  Philofophical  Tran f- 
afiions,  Numb.  203}. 


chap.  i.  of  characters.  3 

Thus  you  have  a  Jhort  and  general  Account  of  the  proper  Subjects 
of  thoje  noble  and  ufeful  Sciences,  Arithmetick,  Geometry,  and 
Algebra.  I  Jhall  now  proceed  to  give  a  particular  Account  cf 
each  ;  and  firjl  of  Arithmetick,  which  is  the  Bafts  or  Foundation 
of  all  Arts,  both  Matheniatick  and  Mechanick  ;  and  therefore  it 
ought  to  be  well  underflood  before  the  rcfl  are  -meddled  withal. 


CHAP.  I. 

Concerning  the  fever al  Parts  with  the  De¬ 

finition  of  fuch  Char  a  tiers  as  are  nfed  h:  this  Treat  if e . 

or  the  Art  of  Numbering ,  is  fitly  divided  into 
three  diftinCt  Parts,  two  of  which  are  properly  called  Natu¬ 
ral ,  and  the  third  Artificial . 

The  firft,  being  the  moft  plain  and  eafy,  is  commonly  called 
Vulgar  Arithmetick  in  whole  Numbers ;  becaufe  every  Unit  or 
Integer  concerned  in  it,  reprefents  one  whole  Quantity  of  fome 
Species  or  thing  propofed. 

The  fecond  is  that  which  fuppofes  an  Unit  (and  confequently 
the  Quantity  or  thing  reprefented  by  that  Unit )  to  be  Broken  or 
Divided  into  any  Number  of  equal  Parts ,  and  confidersof  them 
either  as  pure  Parts ,  viz.  each  lefs  than  an  Unit ,  or  elfe  of 
Parts  and  Integers  intermixt.  And  is  ufualiy  called  the  DoRrine 
of  V ulgar  Fractions. 

The  third,  or  Artificial  Part ,  is  called  Decimal  Arithmetick  ; 
being  an  Artificial  Invention  of  managing  Fractions  or  Broken 
Number sy  by  a  much  more  commodious  and  eafy  Way  than  that 
of  Vulgar  Fractions :  For  the  l'everal  Operations  performed  in 
Decimals ,  differ  but  little  from  thofe  in  Whole  Numbers  :  and 
therefore  it  is  now  become  of  general  Ufe,  efpecially  in  Geome¬ 
trical  Computations. 

^ritljincttck  (in  all  it’s  Parts)  is  performed  by  the  various 
ordering  and  difpofing  of  Ten  Arabick  Characters  or  Numeral 
Figures  (which  by  fome  are  called  Digits.) 


Viz. 


f  One ,  Two,  Three ,  Four,  Five ,  Six ,  Seven ,  Eight ,  Nine,  Cypher. 
i  1  234  567  8  9  o 


The  Ufe  of  thefe  Characters  is  fiaid  to  be  firjl  introduced  into 
England  more  than  fix  hundred  Years  ago ,  viz.  about  the  Year 
1 130,  vide  Dr  Wallis’;  Algebra,  Page  12. 
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The  fir  ft  of  thefe  Characters  is  called  Unity,  and  reprefents  one, 
of  any  Kind  of  Species'  or  Quantity.  As  one  World,  one  Star, 
one  Man ,  See. 

Viz.  Unity  is  that  by  which  every  thing  that  is,  is  called  one, 
( Euclid .  7.  £><?/'.  ij  and  is  the  beginning  of  all  Numbers.  That 
is  to  fay,  Number  is  a  Multitude  of  Units.  Euclid.  7.  Def.  2. 

For,  one  more  one,  make  Two;  and  one,  more  one,  more 
one,  make  Three,  &c.  IVhich  is  the  firjt  and  chief  Poftulate,  or 
rather  an  Axiom  in  Arithmetick. 


•y.  r  That  i-Fi— 1  — } —  x  — t  —  3*  1 J  *-f- 1 -F 1  —  4* 

£  1  ~|—  1  —j~  t  ~}~  ^  - j~  1  — -  •  And  fo  on  to  cy» 

Nine  of  thefe  Figures  were  thus  compofed  of  Units ,  and  dif¬ 
ferently  formed  to  reprefent  fo  many  Units  put  together  into  one 
Sum ,  as  was  intended  each  ihould  denote  :  Nine  being  the  greateft 
Number  of  Units  that  was  then  thought  convenient  to  be  exprefted 
by  one  fingle  Character-,  the  laft  of  the  Ten  is  only  a  Cypher,  or 
(as  fome  phrafe  it)  a  Nothing,  becaufe  of  itfelf  it  fignifies  no¬ 
thing  ;  for  if  ever  fo  many  Cyphers  be  Added  to,  or  Subftradfed 
from,  any  Number,  they  can  neither  increafe  nor  diminifh  that 
Number ;  but  yet,  as  a  Cypher  (or  Cyphers)  may  be  placed,  the 
other  Figures,  will  become  of  different  Values  from  what  they 
were  before,  as  will  appear  further  on. 

For  the  more  convenient  ordering  of  the  aforefaid  Numeral 
Figures  according  to  the  feveral  Varieties  that  happen  in  Compu¬ 
tations  ;  I  do  advife  the  young  Learner  to  acquaint  himfelf  with 
the  Signification  of  the  following  Algebraick  Signs  or  Characters, 
which  he  will  find  of  excellent  Ule,  as  beino-  a  fhorter,  better, 
and  much  more  fignificant  Way  of  denoting  what  is  to  be  done, 
(in  moft  Operations)  than  can  other  wife  be  exprefted  in  Words 
at  length.. 


SIGNIFICATIONS. 


01 


Plus  or 
more. 


The  Sign  of  Addition  ;  as  8  +  7  is  8  more  J, 
and  fignifies  that  the  Numbers  8  and  7  are  to 
be  added  into  one  Sum.  The  like  is  to  be  un- 
derftood  when  feveral  Numbers  are  connedled 
together  with  the  Sign 

As  34+22-f-9~f-45,  OY.  denotes  thefe  are 
all  to  be  added  into  one  Sum. 
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Minus 
or  lefs . 


X 


HInto  or 
with . 


f  The  Sign  of  Subfirafiion  ;  as  9 — 6  is  9  lefs 

<  6,  and  fignifies  that  6  is  to  be  taken  from  9, 
C  that  fo  their  Difference  may  be  found. 

C  The  Sign  of  Multiplication  ;  as  9x6,  is  9  in- 

<  to  6,  and  fignifies  that  9  is  to  be  Multiplied 
L  into  or  with  6. 

{The  Sign  of  Divifion\  as  8-^2,  is  8  by  2, 
and  fignifies  that  8  is  to  be  Divided  by  2,  alfo 
thus  2)  8  (4  or  thus  each  fignifying  the  fame 
thing,  to  wit,  8  Divided  by  2.  v 


r*  The  Sign  of  Equality  or  Equation ,  viz.  when 
\  this  Sign  1=  is  placed  betwixt  Numbers  (or 
) Quantities)  it  denotes  them  to  be  equal  ;  as 
^9  =  9,  or  9-I-6  =  15,  or  9 — 6—3 ,<Ac.  That 
/  is,  9  is  Equal  to  9,  or  9  more  6  is  Equal  to  15* 
(^and  9  lefs  6  is  Equal  to  3,  &c. 


The  Sign  of  Proportion ,  or  that  commonly 
called  the  Golden  Rule,  or  Rule  of  Three,  and 
:  :  is  always  placed  betwixt  the  Two  middle 
Terms  or  Numbers  in  Proportion.  Thus 
2:8:16:24.  To  be  read  thus  j  as  2,  is  to  8  £ 
fo  is  6,  to  24. 


Thefe  Signs  and  their  Significations ,  being  perfe&ly  learnt, 
will  help  to  fhorten  the  W ork. 


CHAP.  II. 

•» 

Concerning  the  Principal  Rules  in  gtft&ntetlCk,  and  bow 
they  are  performed  in  WhcU  Numbers. 


TH  E  Rules  by  which  Numerical  Operations  are  performed 
in  all  the  Parts  of  Arithmetic k,  are  many^and  various, 
feveral  of  them  being  formed  and  raifed  as  Occalion  requires, 
when  applied  to  Pra&ici ;  yet  they  are  all  comprehended  within 
the  due  Confideration  of  thefe  Six,  viz.  tflmmVZtim  (or 

tatian) 
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ration)  ablution,  Subtraction,  S^ultiplitation,  3bi‘ 

fctCiOn,  and  (tboluu'otl,  or  Extraction  of  Roots . 


Sea.  i.  Of  Numeration  or  Notation. 

Numeration,  or  Notation ,  teacheth  to  Read  or  Exprefs  the 
true  Value  of  any  Number  when  writ  down  ;  and  conlequently 
to  write  down  any  propofed  Number  according  to  it’s  true  Value 
when  it  is  named :  And  this  confifteth  of  Two  Parts. 


1.  The  due  Order  of  placing  down  Figures. 

2.  The  true  valuing  of  each  Figure  in  it’s  Place. 

Both  which  are  plainly  exhibited  in  the  following  Table. 


S! 


C5 


•5 

Jo 

% 

^3 

^3 
r-Si  « 

b-i 

>  • 

& 
.  tv 

•  £ 
1 

^  «  ?» - 

L 

<-> 

\  «s 

a  S  S  !s  R 

it;  £  &  a;  £ 

•  ** 

6  7  8,q  8  7,6^4., 3  2  i 


Period  of 

Period  of 

Period  of 

Period  of 

* Thousands 

Millions. 

Thou-  ' 

Ur.it  s. 

of  Millions. 

fands. 

By  this  Numeration  Table  it  is  apparent,  that  the  Order  of 
Places  is  reckoned  from  the  Right-hand  towards  the  Left ;  the 
fir  ft  Place  of  any  Number  being  always  that  which  is  the  out- 
mod:  Figure  to  the  Right-hand  :  and  whatever  Figure  Jlands  in 
that  Place,  doth  only  fignify  it’s  own  fimple  Value,  viz.  fo 
many  Units  as  that  Figure  reprefents. 

I  he  fecond  Place  is  that  of  Tens ,  and  any  Figure  {landing  in 
that  Place  fignifieth  fo  many  Tens  as  that  Figure  reprefents  Units. 

The 
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The  third  Place  is  Hundreds ,  the  fourth  Place  Thoufands ,  &c. 
That  is,  each  Place  towards  the  Left-hand  is  Ten  Times  the 
Value  of  that  next  it,  towards  the  Right. 

For  Inftance,  fuppofe  759  were  propofed  to  be  read  or  pro¬ 
nounced  according  to  the  Value  of  each  Figure  as  they  now 
Rand.  The  firft  Figure  in  this  Su?n  is  9,  becaufe  it  ftands  in 
the  Place  of  Units ,  and  therefore  fignifies  but  it’s  own  fimple  Va¬ 
lue,  to  wit,  9  Units ,  or  9.  The  fecond  Figure  5  ftands  in  the 
Place  of  Tens ,  and  therefore  fignifies  Five  Tens  or  Fifty ,  The 
Figure  7  ftands  in  the  third  Place,  or  Place  of  Hundreds ,  and 
therefore  it  fignifies  Seven  Hundred ;  and  the  whole  Sum  is  to  be 
read  or  pronounced  thus,  Seven  Hundred  Fifty  Nine. 

Note,  Although  the  Figure  7  ftands  in  the  third  Place  (accord¬ 
ing  to  the  Order  of  Numbering)  yet  when  the  whole  Sum  comes 
to  be  read,  it  is  firft  pronounced  ;  the  reading  of  Numbers  being 
performed  like  that  of  Letters  or  Words,  always  beginning  with 
the  outmoft  Figure  towards  the  Left-hand,  and  fo  many  Figures 
as  are  placed  together  without  any  Point,  Comma,  Line,  or  other 
Note  of  Diftindfion  between  them,  are  all  but  one  Sum ,  and 
muft  be  read  as  fuch. 

For  Example,  763596  is  but  one  entire  Sum  or  Number ,  not- 
withftanding  it  confifts  of  fix  Places  of  Figures ,  and  is  thus 
read  ;  Seven  Hundred  Sixty  Three  Thoufand ,  Five  Hundred 
Ninety  Six . 

The  like  is  to  be  obferved  in  reading  or  exprefting  the  true 
Value  of  any  Sum  or  Rank  of  Numbers  confifting  of  Seven ,  Eighty 
Nine ,  or  more  Places  of  Figures ,  each  Figure  being  to  be  valued 
according  to  it’s  Diftance  from  the  Place  of  Unity :  As  in  the 
foregoing  Table. 

Now  fuch  Values  may  as  well  arife  by  Cyphers ,  as  by  other 
Figures  ;  for  inftarrce,  6  (landing  by  itfelf,  reprefents  but  Six 
Units :  But  if  a  Cypher  be  annext  to  it  thus,  60,  then  it  becomes 
Sixty  ;  for  the  Cypher  poftefiing  the  Place  of  Units ,  hath  hereby 
removed  the  6  into  the  Place  of  Tens ;  and  another  Cypher  more 
would  make  it  600,  Six  Hundred ,  &c. 

Whence  it  may  be  noted,  that  although  a  Cypher  of  itfelf 
fignify  nothing  (as  hath  been  faid  before)  yet  being  placed  on  the 
Right-hand  of  any  Figure ,  it  augments  the  Value  of  that  Figure 
by  advancing  it  into  a  higher  Place  than  otherwife  it  would  have 
been,  had  not  the  Cypher  been  there. 

Take  one  Example  more  in  Numeration  (if  you  pleafe,  that 
in  the  Table)  viz.  678987654321,  which  is,  according  as  is 
there  fignified, 

Six 
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Six  Hundred  Seventy  Eight  Thoufand  Millions , 

Nine  Hundred  Eighty  Seven  Millions , 

Six  Hundred  Fifty  Four  Thoufand , 

Three  Hundred  Twenty  One  Units  >  of  any  propofed  Species 
or  Quantities  whatfoever. 

And  here  it  may  be  obferved,  that  every  third  Figure  from  the 
Place  of  Units,  bears  the  Name  of  Hundreds  ;  which  thews  that 
if  any  great  Sum  be  parted,  or  rather  didinguifhed  into  Periods, 
of  Three  Figures  in  each  Period  (as  in  the  foregoing  Table)  it 
will  be  of  good  Ufe  to  help  the  young  Learner  in  the  eafier 
valuing  and  expreffing  that  Sum. 


Se£L  2.  Of  atffittlOit, 

Pojlulaie  or  Petition. 

Thai  any  given  JfUunlW  may  he  increafed  or  made  more ,  by  putting 

another  $UnnJ)eC  to  it. 

is  that  Ride  by  which  feveral  Numbers  are  collc&ed 
and  put  together,  that  fo  their  Sum  or  Total  Amount  may  be 
known. 

In  this  Rule  Two  Things  being  carefully  obferved,  the  Work 
will  be  eafily  performed. 

1.  The"  firft  is  the  true  placing  of  the  Numbers ,  fo  as  that 
each  Figure  may  (land  directly  underneath  thofe  Figures  of  the 
fame  Value,  viz.  place  Units  under  Units,  Tens  under  Tens,  and 
Hundreds  under  Hundreds,  &c. 

Then  underneath  the  lowed:  Rank  (always)  draw  a  Line  to 
feparate  the  given  Numbers  from  their  Sum  when  it  is  found. 

Example.  If  thefe  Numbers  54327,  and  265 1,  were  given  to 
be  added  together,  they  muft  be  placed 

Thus,  j  54327 
l  2651 

2.  The  fecond  thing  to  be  obferved  is  the  due  Collecting  or 
Adding  together  each  Row  of  Figures  that  dand  over  one- ano¬ 
ther  of  the  fame  Value  :  And  that  is  thus  performed  * 

RULE. 

Always  begin  your  Addition  at  the  Place  of  Units,  and  Add 
together  all  the  Figures  that  f  an d  in  that  Place,  and  if  their  Sum 
be  under  d  en,  fet  it  down  belovj  the  Line  underneath  it's  own 
Place  ;  but  if  their  Sum  be  more  than  Ten,  you  muft  fet  down 
only  the  overplus,  or  odd  Figure  above  the  Ten  (or  Tens)  and  fo 
many  d  ens  as  the  Sum  of  thofe  Units  amount  to,  you  muf  carry 
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to  the  place  of  Tens  ;  Adding  them  and  all  the  Figures  that 
Jland  in  the  place  of  Tens  together ,  in  the  fa?ne  manner  as  thofe 
of  the  Units  were  added  ;  then  proceed  in  the  fame  order  to  the 
place  of  Hundreds,  and  fo  on  to  each  place  until  all  if  done. 

The  Sum  arifing  from  thofe  Additions  will  be  the  Total  Amount 
required. 

E  XA  M  P  L  E  i. 

Let  it  be  required  to  find  the  Sum  of  the  aforefaid  Numbers , 

viz.  {  54327 

t  2651 

56978  the  Sum  required. 

Beginning  at  the  place  of  Units ,  I  fay  1  and  7  is  8,  which 
being  lefs  than  10,  I  fet  it  down  (according  to  the  Rule)  under¬ 
neath  it’s  own  place  of  Units  ;  and  then  proceed  to  the  place  of 
Tens ,  faying  5  and  2  is  7,  which  being  lefs  than  10,  I  fet  it  down 
underneath  it’s  own  place  of  Tens ,  and  proceed  to  do  the  like  at 
the  place  of  Hundreds ,  and  then  at  Thoufands ,  fetting  each  of 
their  Sums  underneath  their  own  refpe&ive  places  :  Laftly,  be- 
caufe  there  is  not  any  Figure  in  the  lower  Rank  to  be  added  to 
the  Figure  5,  which  ftands  in  the  place  of  Ten  Thoufa?ids,  in 
the  upper  Rank,  I  therefore  bring  down  the  faid  5  to  the  reft, 
placing  it  underneath  it’s  own  place,  and  then  I  find  that 
54327  +  2651=56978,  the  true  Sum  required. 

E  X  A  M  P  L  E  2. 

Suppofe  it  were  required  to  find  the  Sum  of  thefe  Numbers , 
3578+4964-742+184+95.  Thefe  being  placed,  as  before 
directed,  will  ftand  as  in  the  Margin.  Then  beginning  (as  before) 
at  the  place  of  Units,  fay  5  and  4  is  9,  and  2  is  11,  and 
6  is  17,  and  8  is  25  ;  fet  down  the  5  Units  underneath  it’s  3578 

own  place  of  Units ,  and  carry  the  20,  or  two  Tens,  to  the  496 

place  of  Tens  (at  which  place  they  are  only  2)  faying,  2  742 

and  9  is  r  1,  and  8  is  19,  and  4  is  23,  and  9  is  32,  and  7  184 

is  39  ;  fet  down  the  9  underneath  its  own  place  of  Tens,  95 

and  carry  the  30,  or  three  Tens  (which  indeed  is  300)  — - 

to  the  place  of  Hundreds ,  at  which  place  they  are  but  3,  5° 95 

faying,  3  I  carry  and  1  is  4,  and  7  is  x  1,  and  4  is  15,  and 
5  is  20  ;  here  beca.ufe  there  is  no  Figure  overplus  (as  before)  I  let 
down  a  Cypher  underneath  the  place  of  Hundreds,  and  carry  the 
2  Tens  (or  rather  the  2000)  to  the  place  of  Thoufands ,  faying 

C  *  (as 
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(as  before)  2  I  carry  and  3  is  5,  which  being  the  laft,  I  fet  it 
down  underneath  it’s  own  place,  and  all  is  finilhed.  And  find  the 
Sum  or  Total  amount  to  be  5095=1 3578  -f-49^_4"742~hI^4H“95# 
If  this  Example  be  well  confidered,  it  will  be  fufficient  to 
fhew  the  ufual  Method  of  Addition  in  whole  Numbers ;  but  to 
make  all  plain  and  clear,  I  fhall  fhew  the  young  Learner  the 
Reafon  of  carrying  the  Tens  from  one  Degree  or  Row  of  Figures , 
to  the  next  Superior  Degree,  which  is  done  purely  to  fave 
Trouble,  and  prevent  the  ufing  of  more  Figures  than  are  really 
neceffary,  as  will  appear  by  the  following  Method  of  adding 
together  the  fame  Numbers  of  the  laft  Example. 


Thus,  add  together  each  (ingle 
Row  of  Figures  by  itfelf 5  as  if  there 
were  no  more  but  that  one  Row, 
fetting  down  the  Sum  underneath  its 
own  place. 


The  Sum  of  the  Row  of  Units ,  is 
The  Sum  of  the  Row  of  Tens,  is 
The  Sum  of  the  Row  of  Hund.  is 
The  thr eeThoufand  brought  down 


The  Sum  or  Total  Amount,  as  before,  is  5095 


From  hence  I  prefume  it  will  be  eafy  to  conceive  the  true 
Reafon  of  carrying  the  aforefaid  Tens  ;  and  alfo  that  Cyphers  d© 
not  augment  or  increafe  the  Sum  in  Addition .  (See  Page  4.) 

I  might  have  here  inferted  a  Lineal  Demonftration  of  this 
Rule  of  Addition  ;  but  I  thought  it  would  rather  puzzle  than 
improve  a  young  Learner,  efpecially  in  this  place  ;  befides  the 
Reafon  of  it  is  fufficiently  evident  from  that  Natural  Truth  of 
the  Whole-being  Equal  to  all  if  s  Parts  taken  together.  Euclid  1, 
Axiom  19. 

That  is,  the  Numbers  which  are  propofed  to  be  added  toge¬ 
ther,  are  by  that  Axiom  underftood  to  be  the  feveral  Parts,  and 
their  Sum  or  Total  Amount  found  by  Addition  is  underftood  to  be 
the  Whole. 

And  from  thence  is  deduced  the  Method  of  proving  the 
F ruth  of  any  Operation  in  Addition ,  viz.  By  parting  or  feparating 
the  given  Numbers  into  Two  Parcels  (or  more,  according  to  the 
Largenefs  of  it)  and  then  adding  up  each  Parcel  by  itfelf :  For 
if  thofe  particular  Sums  lb  found,  be  added  into  one  Sum ,  and 
that  Sum  prove  Equal,  or  the  fame  with  the  Total  Sum  firft 

found* 


Chap.  2. 


of  g>ubtracuon. 


I  I 


found,  then  all  is  right  $  if  not,  care  muft  be  taken  to  difco\?er 
and  correct  the  Error. 


EXAMP  L  E. 


Add 


The  Total  Sum  of 
all  thefe  Parts 


5647; 

) 

32g9 

LThe  Sum  of  thefe  Parts 

is 

12952 

40l6  J 

\ 

2900  « 

) 

5007  j 

LThe  Sum  of  thefe  is 

95!3 

l606  ] 

\ 

22465 

The  Sum  of  each 
Parcel  put  together 

22465 

Sea.  3.  Of  Subtraction. 

Pojlulate  or  Petition . 


That  any  ^hUtttUC  may  be  di?nimfhed,  by  taking  another  lefi 

dumber  from  it. 

fettbtrattion  is  that  Rule  by  which  one  Number  is  deduced 
•r  taken  out  of  another,  that  fo  the  Remainder ,  Difference ,  or 
Excefs  may  be  known. 

As  6  taken  out  of  9,  there  remaim  3.  This  3  is  alfo  the 
Difference  betwixt  6  and  9,  or  it  is  the  Excefs  of  9  above  6. 

Therefore  the  Number  (or  Sum )  out  of  which  Subtraction  is 
required  to  be  made,  muft  be  greater  than  (or  at  leaft  equal  to) 
the  Subtrahend  or  Number  to  be  fubtraded. 

Note,  This  Rule  is  the  Converfe  or  DireCl  contrary  to  Addition. 

And  here  the  fame  Caution  that  was  given  in  Addition ,  of 
placing  Figures  dire&ly  under  thofe  of  the  fame  Value,  viz.  Units 
under  Units ,  Tens  under  Tens ,  and  Hundreds  under  Hundreds ,  See. 
muft  be  carefully  obferved  ;  alfo  underneath  the  loweft  Rank 
there  muft  be  drawn  a  Line  (as  before  in  Addition)  to  feparate 
the  given  Numbers  from  their  Difference  when  it  is  found. 

1  hen  having  placed  the  lefler  Number  under  the  greater,  the 
Operation  may  be  thus  performed. 

RULE. 

Begin  at  the  Right  Hand  Figure  or  place  of  Units  (as  in 
Addition)  and  take  or  fubtraCi  the  lower  Figure  in  that  place, 

C  2  from 
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from  the  Figure  that  ffands  over  it,  getting  down  the  Remainder 
or  Difference  underneath  its  own  place .  If  the  Two  Figures 
chance  to  be  Equals  fet  down  a  Cypher*  But  if  the  upper  Figure 
be  lefs  than  the  lower  Figure,  then  you  muff  add  io  to  the  upper 
Figure,  or  mentally  call  it  JO  more  than  it  is ,  and  from  that  Sum 
fubtradf  the  lower  Figure,  fetting  down  the  Remainder  ( as  before 
directed).  Now  becaufe  the  30  thus  added,  was  fuppofed  to  be 
borrowed  from  the  next  fuperior  place  (viz.  of  Tens)  in  the  upper 
Figures,  therefore  you  muff  either  call  the  upper  Figure  in  that 
place  from  whence  the  10  was  borrcvjed ,  one  lefs  than  really  it  is, 
cr  elje  ( which  is  all  one ,  and  miff  ufual )  you  muff  call  the  lower 
Figure  in  that  place  one  more  than  it'  really  is,  and  then  proceed  to 
Subtra&ion  in  that  place,  as  in  the  former  \  and  fo  gradually  on 
from  one  Row  of  Figures  to  another  until  all  be  done. 


EXAMPLE  1. 

Let  it  be  required  to  bnu  the  Difference  between  6785,  and 
4572.  That  is,  let  4572  b zfubtr  allied  from  6785. 

Thefe  Numbers  being  wrote  down,  as  before  directed,  will 
ftand 

Thus 


j  6785 
i  4572- 


2212 

Beginning  at  the  place  of  Units,  take  2  from  5  and  there 
■will  remain  3,  which  muft  be  fet  down  underneath  it’s  own  place  5 
and  then  proceed  to  the  place  of  Tens,  taking  7  from  8,  and 
there  will  remain  I,  to  be  fet  down  underneath  it’s  own  place; 
again,  at  the  place  of  Hundreds ,  take  5  from  7,  and  there  re¬ 
mains  2,  which  fet  down,  as  before;  laftly,  take  4  from  6  and 
there  will  remain  2,  which  being  fet  down  underneath  it’s  own 
place,  the  Work  is  ftnifhed,  and  the  Difference  fo  found  will  be 
2213=6785 — 4572,  as  was  required. 


E  XA  M  P  L  E  2. 

The  Difference  between  5849  and  7496  is  required. 

Having  placed  the  Numbers  as  in  the  Margin,  begin 
at  the  place  o {Units  (as  before)  and  fay  9  from  6  cannot  7496 

be,  but  9  from  16  and  there  remains  7,  to  be  fet  down  5849 

under  it’s  own  place ;  next  proceed  to  the  place  of  T ms,  — — 

where  you  muft  now  pay  the  10  that  was  borrowed  to  1647 

make  the  6,  1 6,  by  accounting  the  upper  Figure  9  in  that 
place  one  lefs  than  it  is,  faying  4  from  8  and  there  remains  4, 
or  elfe  (which  is  the  moft  pradhfed)  fay  1  I  borrowed  and  4  is. 5 

from 
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from  9  and  there  remains  4,  to  be  fet  down  under  it’s  own  place 
(as  before)  ;  again,  at  the  place  of  Hundreds ,  fay  8  from  4  that 
cannot  be,  but  8  from  14  there  will  remain  6  to  be  fet  down; 
and  here  I  have  borrowed  10  (as  before)  which  muft  be  paid  in 
the  fame  manner  as  the  other  10  was,  viz.  either  by  calling  the 
7  in  the  upper  Rank  but  6,  faying  5  from  6  there  remains  i, 
or  elfe  by  faying  1  borrowed  and  5  is  6  from  7  and  there  remains 
I,  which  being  fet  down  under  it’s  own  place,  all  is  done,  and  the 
Difference  required  will  be  1647=7496—5849. 

EXAMPLE  3. 

From  830476 

Take  741068 

Remains  89408 

By  this  Example  you  may  perceive  that  Cyphers  in  the  Sub¬ 
trahend ,  viz.  in  the  Numbers  to  be  fubtraCted ,  do  not  diminifh 
the  Number  from  whence  Subtraction  is  made.  See  Page  4. 

Thefe  three  Examples,  I  prefume,  may  be  fufficient  to  (hew 
the  young  Learner  the  Method  of  Subtracting  whole  Numbers ; 
as  for  the  Reafon  thereof,  it  is  the  fame  with  that  of  Addition , 
Page  to,  viz.  of  the  Whole ■  being  Equal  to  all  it's  Parts  taken 
together. 

That  is,  in  this  Rule  the  Number  from  which  Subtraction  is 
required  to  be  made,  is  underftood  to  be  the  Whole,  and  the 
Subtrahend ,  or  Number  to  be  fubtraCted ,  is  fuppofed  to  be  a  Part 
of  that  Whole  ;  confequently,  if  that  Part  be  taken  from  the 
Whole,  the  Remainder  will  be  the  other  Part. 

From  hence  is  deduced  the  common  Method  of  proving  Sub¬ 
traction,  by  adding  together  the  Subtrahend  and  the  Remainder . 
For  if  the  Sum  of  thole  Two  (which  are  here  called  Parts)  be 
equal  to  the  El umber  from  whence  Subtraction  was  made  (which 
is  here  called  the  Whole)  then  the  Work  is  right ;  if  not,  care 
muft  be  taken  to  difeover  and  corredl:  the  Error. 


From 

Take 


Proof 
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59435 

47608  1 

- [‘Add 

11827  ^ 

- 5  The  Sum  which  is  equal  to  the  Number  from 

59435  l  whence  Subtraction  was  made. 


Or 
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Or  from  the  abovefaid  Reafon,  it  will  be  eafy  to  conceive  how 
to  prove  the  Truth  of  Subtraction  by  Subtraction. 

For  if  from 
there  be  taken 

59435 

47608 

being  here  the  whole, 

O 

as  part  of  that  whole. 

there  will  remain 
And  if  from 
laft  part,  viz. 

11827 

59435 

1 1827 

the  other  part  (as  before) 

the  whole,  there  be  Subtracted  the 

there  will  remain  47608 
quired  to  be  firft  Subtracted . 

the  very  Number  which 

% 

was  re* 

From  75643 

Take  ,  9000 

From  7000000 
Take  986432 

Remains  66643 

Remains  6013568 

Sea.  4.  Of  0F)uUtpltcatton. 

fi^ulttplfcatfon  is  a  Rule  by  which  any  given  Number  may 
be  fpeedily  increafed,  according  to  any  propofed  Number  of  Times. 

That  is,  One  Number  is  faid  to  Multiply  another ,  when  the 
Number  multiplied  is  fo  often  added  to  itfelf ',  as  there  are  Units 
in  the  Number  multiplying;  and  another  Number  is  produced , 
(Euclid.  7.  Def.  15.) 

To  perform  Multiplication ,  there  are  required  two  given  Num- 
bers ,  called  Factors. 

The  Firft  is  the  Number  to  be  multiplied,  which  is  generally 
put  the  greater  of  the  Two  Numbers ,  and  is  commonly  called 

the  Multiplicand. 

The  other  is  that  Number  by  which  the  Firft  is  to  be  multi¬ 
plied,  and  is  ufually  called  the  Multiplicator  or  Multiplier ;  and 
this  denotes  the  Number  of  Times  that  the  Multiplicand  is  required 
to  be  added  to  itfelf.  For  fo  many  Units  as  are  contained  in  the 
Multiplier ,  fo  many  times  will  the  Multiplicand  be  really  added 
to  itfelf  (as  per  Euclid  above).  And  from  thence  will  arife  a 
Third  Number,  called  the  Product.  But  in  Geometrical  Opera¬ 
tions  it  is  called  the  Rectangle  of  the  two  Numbers. 

For  inftance  ;  fuppofe  it  were  required  to  increafe  6  four 
times,  that  is,  to  multiply  6  into  or  with  4,  Thefe.two  Numbers 
are  to  be  fet  (or  placed)  down  as  in  Addition  or  Subtraction, 

Thus 
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S  6  Multiplicand ,  7  ^  _ 

1  hus  •>  n/r  ?  or  Factors. 

L  4  Multiplier ,  J 


-Add 


Product  24  wz.  4  times  6  is  24,  as  plainly  appears 
by  Addition ,  Wz.  By  fetting  down  6  four 
times,  and  then  adding  them  together  into  one 
Sum,  Thus 


From  hence  it  is  evident  that  Multiplication 
is  only  a  Compendious  IVay  of  adding  any 


1 

i6l 

2 

6 

2 

6 

4 

6  - 

24 


given  Number  to  itfelf,  as  many  "Times  as  may  be  propofed. 

Before  any  Operation  can  be  readily  performed  in  Multipli¬ 
cation ,  the  feveral  Products  of  two  fmgle  Figures  muft  be  per- 
fe&ly  learned  by  heart,  viz.  That  2  times  2  is  4,  that  3  times  3 
is  9,  and  3  times  6  is  18,  &V.  according  as  they  are  exprefled 
in  the  following  Table  ;  wherein  I  have  omitted  multiplying  with 
1,  it  being  fo  very  eafy  that  any  one  may  do  it. 


Multiplication  Table, 


3*3=  9 

4x4=16 

5x5=25 

6X6  =  36 

7x7=49 

7x8—56 

8x8  =  64 

3x4—12 

4x5  =  20 

5x6=30 

6x7=42 

8x9  =  72 

3X5=15 
3x6=:  18 
3x71=21 
3x8  =  24 
3x9=27 

4x6—24 

5X7  =  35 
5x8=40 

5  XQZT4.C 

6x8  —  48 
6x9= 54 

7x9=63 

9X9  =  8  I 

4x71=28 

4x8=32 

4x9  —  36 

1  think  it  unnecefTary  to  give  any  Explanation  of  this  Table  5 
for  if  the  Signs  and  their  Significations  be  well  underftood,  ( vide 
page  5)  it  muft  needs  be  eafv.  Only  this  may  be  noted,  that 
4x3— 3x4,  or  7x5  =  5x7,  &c. 

That  is,  3  times  4  is  the  fame  with  4  times  3,  or  5  times  7 
is  the  fame  with  7  times  5,  CSV.  The  like  muft  be  underftood 
of  all  the  reft  in  the  Table. 

And  when  all  thefe  fingle  Products  are  fo  perfe&ly  learned 
by  Heart,  as  to  be  laid  without  paufing ;  you  may  then  proceed 
(but  not  till  then)  to  the  Bufinefs  of  Multiplication ;  which  will 
be  found  very  eafy,  if  the  following  Rule  (and  Examples)  be 
carefully  obferved. 

RULE. 

Always  begin  with  that  Figu:e  which  Jlands  in  the  Units  place 
of  the  Multiplier,  and  with  it  multiply  the  Figure  which  Jlands 
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in  the  Units  place  of  the  Multiplicand  ;  if  their  Product  he  lefs 
than  Ten^  fet  it  down  underneath  it’s  own  Place  of  Units,  and 
proceed  to  the  next  Figure  of  the  Multiplicand..  But  if  their 
Produdf  be  above  Ten  (or  Tens)  then  fet  down  the  Overplus  only 
(or  odd  Figure,  as  in  Addition)  and  bear  (or  carry)  the  faid 
Ten  or  Tens  in  mind  until  you  have  multiplied  the  next  Figure 
of  the  Multiplicand,  with  the  fame  Figure  of  the  Multiplier  ; 
then  to  their  Produdf  add  the  Ten  or  Tens  carried  in  mind ,  fet- 
ting  down  the  Overplus  of  their  Sum  above  the  Tens,  as  before  : 
and  fo  proceed  on  in  the  very  fame  Manner ,  until  all  the  Fi¬ 
gures  of  the  Multiplicand  are  multiplied  with  that  Figure  of  the 
Multiplier. 

EXAMPLE  i. 

Suppofe  it  were  required  to  multiply  3213  into  or  with  3. 

'  ’  3213  f/tl1!-™*'  1  or  Faftors. 

3  Multiplier ,  \ 


Product  9639 

Beginning  at  the  Units  place,  fay  3  times  3  is  9,  which,  be- 
caufe  it  is  lefs  than  Ten ,  fet  down  underneath  it's  own  place, 
and  proceed  to  the  next  place  of  Tens ,  faying  3  times  1  is  3, 
which  fet  down  underneath  it’s  own  place ;  then  to  the  next  place, 
viz,  of  Hundreds ,  faying  3  times  2  is  6,  which  fet  down,  as 
before ;  laftly,  at  the  place  of  Thoufands ,  fay  3  times  3  is  9, 
which  being  fet  down  underneath  it’s  own  place,  the  Operation 
is  finifhed  j  and  the  true  Produfl  is  9639  =  3213x3,  as  was  re¬ 
quired. 

EXAMPLE  2. 

Let  it  be  required  to  multiply  8569  into  8.  Set  down  thele 
Numbers  as  before, 

Thus  I  8569 


68552 

Beginning  at  the  Units  place,  fay  8  times  9  is  72,  fet  down 
the  2  underneath  it’s  own  place  of  Units ,  and  bear  the  70,  or 
7  Tens  in  mind,  and  proceed  to  the  next  Figure  of  the  Multi¬ 
plicand  (at  which  place  the  7  Tens  are  only  7)  faying  8  times 
6  is  48,  and  the  7  carried  in  mind  is  55  ;  fet  down  the  odd  5 
underneath  it’s  own  place  of  Tens ,  and  carry  the  50  (which  is 
really  500)  to  the  next  place  (viz,  of  Hundreds)  at  which 
place  it  is  only  5,  where  fay,  8  times  5  is  40,  and  the  5  car¬ 
ried  in  mind  is  45  ;  fet  down  the  5  underneath  it’s  own  place, 
and  carry  the  40  or  4  Tens  (which  is  really  4000)  to  the 

next 


Chap.  2. 


of  a9ttittplicatton> 


next  place,  viz.  of  Thoufands,  faying,  8  times  8  is  64,  and  4 
carried  in  mind  is  68.  (Now  this  being  the  lad  Place  or  Figure 
tof>e  multiplied)  Set  down  the  whole  Product  68,  and  the  Work 
is  done. 

So  that  8569x8  =  68552,  the  Product  required. 

Now  the  Reafon  of  this  and  all  other  the  like  Operations,  may 
be  eafily  conceived  from  this  which  follows. 


8  5  6 


6  8  5  5 


The  fame  Faffors  as  before. 

Here  8  times  9  is  72,  as  before,  becaufc  the 
9  ffands  in  the  Units  place. 

Now  here  it  is  not  really  8  times  6  =  48,  but 
it  is  8  times  60=480,  becaufe  the  6  {lands  in 
the  place  of  Tens. 

And  here  it  is  not  8  times  5  =  40,  but  it  is 
really  8  times  500  =  4000,  becaufe  the  5  {lands 
in  the  place  of  Hundreds. 

Ladly,  becaufe  the  8  in  the  Multiplicand  {lands 
in  the  place  of  the  Thoufands,  it  is  therefore  8 
times  8000=64000,  and  not  8  times  8  =  64. 

The  Sum  of  the  particular  Produffs,  which 
gives  the  true  Produff ,  as  before. 


By  what  hath  been  already  faid,  with  a  little  Confideration 
had  to  the  Examples ,  I  prefume  the  Learner  may  eafily  under- 
dand  how  to  multiply  whole  Numbers  with  any  fingle  Figure. 
And  when  it  is  required  to  multiply  with  more  than  one,  then 
fo  many  Figures  as  there  are  in  the  Multiplier ,  fo  many  parti¬ 
cular  Produffs  there  mull  be. 

That  is,  all  the  Figures  of  the  Multiplicand ,  mud  be  multi - 
plied  with  every  fingle  Figure  of  the  Multiplier ,  as  if  there  were 
but  one  fingle  Figure  :  and  the  Sum  of  all  thofe  particular  Pro- 
duffs,  will  be  the  true  Produff  required.  But  in  thofe  Opera¬ 
tions,  great  Care  mud  be  taken  in  fetting  down  the  particular 
Produ.ffs  (which  arife  by  each  multiplying  Figure)  in  their  proper 
places.  Which  will  be  eafily  done,  if  the  following  Directions 
be  carefully  obferved. 

r  Always  place  the  firft  Figure  (or  Cypher)  of  every 
Viz.  3  particular  Produff ,  dire&ly  underneath  the  multiplying 
Figure.  Or  thus; 

The  Firjl  Figure  ( or  Cypher)  of  the  fecond  particular  Product 
mu (l  ft  and  direffly  under  the  fecond  Figure  (or  place)  of  the 
Firft  Prcdudl  \  and  the  Firft  Figure  (or  Cypher)  of  the  Third 
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particular  1J induct,  mujl  Jland  directly  underneath  the  Third 
Figure  of  the  Firjl  ProduCt :  And Jfo  on  until  all  is  done. 

Now  the  Reafon  of  placing  the  Firft  Figure  of  every  particular 
ProduSl  in  their  Order,  will  be  very  obvious  to  any  one  that 
confiders  the  laft  Example ;  wherein  the  Cyphers  are  only  fet 
down  to  fhevv  the  true  Diftance  of  the  firft  Figure  in  each 
particular  Product  from  the  Units  place.  And  altho’  it  is  not 
ufuai  to  fet  down  Cyphers  in  this  Manner;  yet  they  are  always 
fuppofed  to  be  there  :  That  is,  their  Places  are  always  left  void, 
as  in  the  two  following  Examples ;  wherein  I  have  placed  Points 
inftead  of  Cyphers. 


E  X  A  M  P  L  E  3. 

Let  it  be  required  to  multiply  78094,  into  or  with  7563. 

78094  1  FaSlors. 

7563  i 


234282 
468564 . 
39047° . . 
546658 . . . 


The  Firft  particular  ProduSl  with 

i 

The  Second  particular' ProduSl  with 
The  Third  particular  ProduSl  with 
The  Fourth  particular  ProduSl  with 


3 

60 

5°° 

7000 


590624922 


The  Total,  or  true  Product  required. 


E  X  A  M  P  L  E  4. 

Suppofe  it  be  required  to  multiply  57498  into  60008. 
5749s 

6OOO8 


45998,4  The  ProduSl  with  8 

34  4988  ....  The  ProduSl  with  60000 

345°339984”57498x6ooo8,  as  was  required. 

Here  you  may  obferve,  that  I  pafs  over  the  Cyphers ,  and  on!v 
take  care  of  placing  tire  firft  ProduSl  of  the  laft  Figure ,  viz.  of 
60000,  according  to  the  foregoing  Directions. 

When  there  is  a  Cypher  or  Cyphers  to  the  Right-hand  either 
of  the  Multiplicand  or  Midtiplicator ,  or  to  both  ;  in  that  cafe 
multiply  the  Figures  as  before ;  neglecting  the  Cyphers  until 
the  particular  Produels  are  added  together :  Then  to  their  Sunt 
annex  fo  many  Cyphers  as  are  in  cither  or  both  the  FaSiors. 
As  in  thefe  Examples  : 
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EXAMPLE  5. 

953s 

4600 

57228 

38152 

43874800 


EXAMPLE  6. 

8760O 

79 

7884 

6132 

6920400 


EXAMPLE  7. 

785000 

56900 


7065 

4710 

3925 


44666500000 


few  Examples  without  their  TVork  at  large . 


75649X  579=43??°077 1 
687OOOX356  —  244572OOO 
530674x45007  =  23884044718 
79° 1 375  x  30000—  2^7041250000 
537084000x590700=1317255518800000 
102030405x504030201—  5 1 42C40554026 1 405 
987654321  x1 23456789=!  2 193264 1 112635269 

Note,  If  it  be  required  to  multiply  any  Number  with  10, 
100,  1000,  10000,  &c.  it  is  only  annexing  the  Cyphers  of  the 
Multiplier  to  the  Figures  of  the  Multiplicand ,  and  the  Work  is 
done. 


Thus  f  578><ro  =5780.  578x1000  =578000 

5  1  578x100=57800.  578x10000=5780000,  &c. 

Thefe  Examples  (being  well  underftood)  are  fufficient  to  in- 
ftrudt  T-e  Learner  in  all  the  Varieties  that  can  happen  in  Multiply- 
ing  of  whole  Numbers ,  >ccording  to  the  Method  generally  prac- 
tifed  :  However  it  may  not  be  amifs  to  fnew  here  how  Multipli¬ 
cation  may  be  performed  (with  many  Figures)  by  Addition  only. 

E  X  A  M  P  L  E. 

Let  it  be  required  to  multiply  879654  into  79863. 

In  order  to  perform  this  (or  any  other  Operation  of  this  kind) 
by  Addition  only,  you  mu  ft  make  a  FarifFa  or  irnall  Table  of 
the  given  Multiplicand ,  in  this  Manner : 

Firjl ,  Make  a  fmall  Column,  and  in  it  place  gradually  down¬ 
ward  the  Nine  fmgle  Figures ;  viz.  i,  2,  3,  4,  5,  &c. 

D  2  Then 
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Then  againft  the  Figure  r,  fet  down  the  Multiplicand 
(which  in  this  Example  is  879654)  and  againft  the  Figure  2, 
fet  down  the  double  of  the  Multiplicand ,  found  by  adding 
it  to  itfelf  \  to  this  double  add  the  Multiplicand ,  fetting 
down  their  Stun  againft  the  Figure  3.  And 
fo  proceed  on  by  a  continual  Addition ,  until 
there  be  Ten  times  the  Multiplicand  in  the 
Fable ;  which,  if  the  Wcrk  is  true,  will  be  the 
Multiplicand  itfelf  with  a  Cypher  to  the 
Right-hand  of  it,  as  in  the  annexed  Table. 

This  being  done,  it  will  be  eafy  to  conceive, 
that  the  Figures  in  the  fmall  Column  of  the 
Table ,  do  refpedfively  reprefent  thofe  of  the 
Multiplier :  And  that  the  Numbers  againft 
any  of  thofe  Figures  in  the  fmall  Column,  will 
be  the  true  Produtt  of  the  Multiplicand  agree¬ 


I 

879654 

2 

1759308 

3 

2638962 

4 

3518616 

5 

4398270 

6 

5277924 

7 

6157578 

8 

7037232 

9 

7916886 

10 

8796540 

ing  to  any  Figure  of  the  Multiplier  as  plainly  appears  by  the 
Work  of  this  Example . 


Then 


^79863  }  ^he  Factors  as  before. 


Againft- 


3,  in  the  Table  is  2638962 

6,  is  5277924 

8,  is  7037232 

9,  is  7916886 

7*  is  615757S 


=8  79654  x  3 

—  879654x60 

—  879654x800 

—  879654x9000 
=879654x70000 


The  Produft  required  70251807402  —879654x79863 

Note,  I  his  Method  of  tabulating  the  Multiplicand ,  is  both 
eafy  and  certain  ;  being  neither  fubjedh  to  Errors,  nor  burden- 
lome  to  the  Memory,  and  therefore  in  large  Calculations  it  may 
be  found  very  ufelul.  But  for  common  Pradtice  the  ufual 

Method  (as  in  Page  18,  Nc.)  is  bell,  and  to  be  preferred  before 
this.  - 

Moft  Majlers  that  teach  (and  feveral  Authors  that  write  of) 
Anthmetick ,  /hew  how  to  prove  the  Truth  of  Multiplication ,  by 
can  mg  away  all  the  Nines  that  are  contained  in  both  the  Fa  ft  or  s 
and  their  Produft ;  but  becaufe  that  Method  is  very  fallible, 
a»  be  eafily  fhewn,  I  fhall  therefore  omit  infertin<y  it, 

and  leave  the  Proof  of  Multiplication  to  the  next  Seftion,  where-. 

m  (  prefume)  the  Reafon  and  Proof,  both  of  it,  and  Divifion , 
will  plainly  appear. 
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Sed.  5.  Of  HDfotdOtt. 

3DttliGon  is  a  Rule  by  which  one  Number  may  be  fpeedily 
fubtrafted  from  another,  To  many  times  as  it  is  contained 
therein. 

That  is,  It  fpeedily  difcovers  how  often  one  Number  is  con¬ 
tained  (or  may  be  found)  in  another:  And  to  perform  that  Ope¬ 
ration  there  are  required  Two  Numbers  to  be  gRen. 

1.  The  one  of  them  is  that  Number  which  is  propofed  to  be 
divided ,  and  is  called  the  Dividend. 

2.  The  other  is  that  Number  by  which  the  laid  Dividend  is  to 
be  divided ,  and  is  called  the  Divifor. 

And  by  comparing  thefe  Two,  viz.  the  Dividend  and  the 
Divifor  together,  there  will  arife  a  Third  Number ,  called  the 
Quotient ;  which  {hews  how  often  the  Divifor  is  contained  in  the 
Dividend ,  or  into  what  Number  of  Equal  Parts  the  Dividend  is 
then  divided.  Therefore, 

Divifion  is  by  Euclid  fitly  termed  the  meafuring  of  one  Number 
by  another ,  viz.  one  Number  is  faid  to  meafure  another  by  that 
Number ,  which  when  it  multiplies ,  or  is  multiplied  by  it,  it  pro- 
duceth.  Euclid  7.  Def.  23. 

And  if  a  Number  meafuring  another ,  multiply  that  Number 
by  ivbicb  it  meajureth ,  or  be  multiplied  by  iti  it  produceth  then 
Number  which  it  meafureth.  Euclid  7.  Axiom  9. 

That  is  to  fay.  If  that  Nimiber  which  divides  another  (called 
the  Divifor )  be  ?nultiplied  with  the  Number  which  is  produced 
by  Divifion  (called  the  Ehiotient )  their  Product  will  be  the  Num¬ 
ber  Divided  or  Dividend.  Whence  it  follows,  that  Divifion  and 
Multiplication  are  the  Converfe  and  Direct  Contrary  one  to  ano¬ 
ther  (as  Subtraction  is  to  Addition )  and  do  mutually  prove  the 
Truth  of  each  other’s  Operations. 

I  fhall  therefore  make  choice  of  the  foregoing  Examples  in 
Multiplication ,  in  order  (as  I  prefume)  to  render  the  Bufinefs  of 
Divifion  more  plain  and  eafy. 

Firft,  let  it  be  required  to  find  hpw  often  6  is  contained  in  24; 
that  is,  to  divide  24  by  6. 

N.  B.  Always  place  down  the  given  Numbers  in  this  Order: 
Firft  fet  down  the  Divifor ,  and  to  the  Right-hand  of  it  draw  a 
crooked  Line;  then  fet  down  the  Dividend ,  and  to  the  Right  of 
it  draw  another  crooked  Line,  in  which  muft  be  placed  the 
EfuotUnt  Figure  or  Figures ,  as  they  become  found. 


Thus 
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Dividend . 

Thus  Divifor  6)  24  (4  the  Quotient. 

Here  I  confider  how  many  times  6  there  is  in  24,  and  find 
it  4,  viz.  4  times  6  is  24,  therefore  4  is  the  true  Quotient  or 
AnJ'wer  required. 


This  will  appear. evident  by  Subtrac¬ 
tion,  as  in  the  Margin  ;  where  24  the 
Dividend  is  fet  down,  and  from  it  6 
the  Divifor  continually  fubtrafted  fo 
often*  as  it  can  be,  which  is  juft  4 
times.  Therefore  4  is  the  true  Quo¬ 
tient  or  Anfwer  required. 


<0 

-*->  .  * 


£ 

.22  ^ 

_ 


<U 

S-l 

TO 

o. 

a 

o 

U 


T 

S: 

* 


24 

I 

6 

18 

2 

6 

12 

3 

6 

6 

4 

6 

o 


COROLLARY. 

From  hence  it  is  evident,  that  Divifton  is  but  a  concife  or 
compendious  Adethod  of  fubtr acting  one  Number  from  another, 
fo  often  as  it  can  be  found  therein  ;  for  if  the  Divifor  be  con¬ 
tinually  fultratted  from  the  Dividend ,  accounting  an  Unit 
(or  1)  for  each  time  it  is  fubtratted  { as  above)  the  Sum  of  thofe 
Units  will  be  the  Quotient. 

AJl  ^Pera^ons  in  Divifion  do  begin  contrary  to  thofe  of 
Multiplication,  viz.  atthebirft  Figure  to  the  Left-hand,  or  that 
of  the  higheft  Value,  and  decreafe  the  Dividend  by  a  repeated 
Subtraction  of  each  Product  anting  from  the  Divifor  when  mul¬ 
tiplied  into  the  Quotient  Figure.  And  the  only  Difficulty  in  Di¬ 
vifion  of  whole  Numbers  (or  indeed  of  any  Numbers )  lies  in  makino- 
choice  of  fuch  a  Quotient  Figure ,  as  is  neither  too  big,  nor  too 
jittle  ;  and  that  may  be  eafily  obtained  by  obferving  the  following 
Rule,  which  hath  two  Cafes.  & 


RULE. 

Cafe  r  As  often  as  the  Fir  ft  Figure  of  the  Divifor  is  taken 
from  toe  I  nf  P  .gure  of  the  Dividend  :  So  often  muf  the  Second 
h  'gure  of  the  Divifor  be  taken  from  the  Second  Figure  of  the 
Dividend,  when  it  is  joined  with  what  Remains  of  the  Firft. 

°ffn  muf  the  Third  Figure  of  the  Divifor  be  taken  from 
the  Third  figure  of  the  Dividend,  &c . 

,  n  Ae  FM  Figure  of  the  Divifor  cannot  be  taken  from 
the  rirlt  Figure  of  the  Dividend,  then 

1  Cafe 
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Cafe  2.  So  often  as  the  Firji  Figure  of  the  Divifor  is  taken 
from  the  Tivo  Firji  Figures  of  the  Dividend,  fo  often  muji  the 
Second  Figure  of  the  Divifor  be  taken  from  the  Third  Figure  of  the 
Dividend,  when  it  is  joined  with  what  remained  of  the  Second : 
And  fo  often  muji  the  Third  Figure  of  the  Divifor  be  taken  from  the 
Fourth  Figure  of  the  Dividend,  &c. 

That  is,  the  Quotient  Figure  mud  be  fuch,  as  being  multiplied 
into  the  Divifor,  will  produce  a  product  equal  to  fuch  a  part  of 
the  Dividend  as  is  then  taken  for  that  Operation  :  But  if  fuch 
a  Product  cannot  be  exactly  found,  then  the  next  lefs  muft  be 
taken,  and  ordered,  as  in  the  following  Exa?nples :  of  which  let 
that  in  Page  1 6  be  the  firft,  wherein  there  was  given  8569  the 
Multiplicand ,  and  8  the  Multiplier.  To  find  the  Product  68552. 
Let  us  here  fuppofe  the  faid  Product  68552,  and  8  the  Mul¬ 
tiplier,  both  given  ;  thence  to  find  the  Multiplicand.  That  is, 
Let  it  be  required  to  divide  68552  by  8. 

Dividend 

Divifor  8)  68552  (  (Quotient  when  found. 

According  to  the  Rule,  Cafe  I.  I  compare  8  the  Divifor  with 
6  the  Firfr  Figure  of  the  Dividend,  and  finding  I  cannot  take  it 
from  that,  1  then  confider  (by  Cafe  2.)  how  often  8  can  be 
taken  from  68,  the  two  firft  Figures  of  the  Dividend,  and  find 
it  may  be  taken  8  times ;  for  8  times  8  is  64,  being  the  greateft 
Produdi  of  8  (into  any  Figure )  that  can  be  taken  from  68.  I* 
therefore  place  8  in  the  (Quotient,  and  with  it  multiply  8  the 
Divifor,  fetting  down  their  Produdi  underneath  the  faid  Two 
Firft:  Figures  of  the  Dividend ,  fubtradiing  it  irom  them,  and 
then  the  Work  will  ftand 

Thus  8)  68552  (8 
64 


4 

In  order  to  a  Second  Operation,  I  make  a  Point  under  the  next 
Figure  of  the  Dividend ,  viz.  under  the  5,  and  bring  it  down 
underneath  in  it’s  own  place  to  the  Remainder  4,  which  will  by 
that  means  become  45.  Then  I  confider  how  many  times  8  can 
be  taken  from  45,  and  find  it  may  be  5  times  ;  ior  5  times  8  is 
40,  I  therefore  place  5  in  the  (Quotient ,  and  with  it  multiply  8 
the  Divifor ,  fetting  down  and  fubtradting  their  Produdi,  as 
before*  Then  the  Work  will  ft  and 


Thus 
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Thus  8)  68552  (85 

64  . 


45 

40 


5 

For  a  Third  Operation ,  I  make  a  Point  under  the  next 
Figure  of  the  Dividend ,  wz.  under  the  5,  and  bring  it  down, 
as  before,  proceeding  in  allrefpe&s,  as  before ;  and  then  the  Work 
will  Hand 

Thus  8)  68552  (856 
64. . 


45 

40 


7 

Laftly,  I  point  and  bring  down  the  2,  viz.  the  laft  Figure 
of  the  Dividend  to  the  Remainder  7,  which  will  then  become 
72,  and  proceeding  as  in  the  other  Operations ,  I  find  that  8  the 
Divijor  can  be  taken  juft  9  times  from  72,  and  the  Work  is 
finifhed,  and  will  ftand 

Thus  8)  68552  (8569 
64. . . 


45 

40 


55 

48 


72 


(°) 

The  true  Quotient  is  found  to  be  8569,  being  exa<Rly  the 
Eighth  part  of  68552,  or  the  Multiplicand  of  the  propofed 
Example  of  Multiplication.  As  was  required. 

The  Reafon  of  thefe  Operations  will  be  very  plain  to  any  one 
that  will  a  little  coniider  of  it*  as  follows ; 


Divifor 
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Divifor  8)  68552  (8000.  The  Firft  Quotient  Figure. 


Subtract 

Divifor  8) 
Subtract 

Divifor  8) 
Subtract 

Divifor  8) 

Subtract 

Remains 


o 


r  This  Product  of  the  Divifor  into  the 
1  Qiiotient  is  64000,  viz.  8  times  8000 ;  the 
05  Qiiotient  Figure  being  always  of  the  fame 
Value  or  Degree  with  that  Figure  under 
wh  ich  the  Unit's  place  of  i  t’s  Product  (lands. 


1 


o 


(soo.  The  Second  Quotient  Figure . 

S  And  here  the  Product  is  4000,  viz, 
L  8  times  500,  not  8  times  5. 


|5|5|2  (60.  The  Third  Quotient  Figure. 

L  r  Aifo  here  the  Product  is  480,  viz.  8 
!^|  |°  [  times  60,  for  the  Reafons  abovefaid. 


2 


(9.  The  Fourth  Quotient  Figure . 
Now  here  the  Product  is  but  72,  viz . 
9  times  8,  becaule  the  9  Hands  in  the 
place  of  Units. 


(00)  Now  the  Sum  of  all  the  feveral  Quotientsy 


viz.  8000+5004-60-f  9  —  8569,  as  before. 


If  the  Procefs  of  this  Example  be  well  confidered  and  compa¬ 
red  with  that  of  Multiplication ,  Page  17,  it  will  evidently  ap¬ 
pear  to  be  only  the  Converfe  of  that;  for  the  particular  Pro¬ 
ducts  are  alike  in  both,  only  that  which  is  laft  there,  is  firft 
here  ;  there  they  are  added ,  here  they  are  fubtraCted.  So  that 
whoever  underftands  the  true  Reafon  of  the  one,  muft  needs 
underhand  the  Reafon  of  the  other,  and  then  Divifon  will  be¬ 
come  very  eafyy  although  the  Divifor  confifts  of  feveral  places 
of  Figures. 

E  XA  M  P  L  E. 

Let  it  be  required  to  divide  <590624922  by  7563. 

Dividend. 

Divifor  7563)  590624922  ( 

5Tis  plain  at  the  firft  fight,  that  7563  the  Divifor ,  cannot  be 
taken  from  5906,  the  like  Number  of  Figures  in  the  Dividend. 

•  Therefore,  by  the  Second  Cafe  of  the  Rule  ( Page  23.)  there 
mud  be  allowed  Five  Figures  of  the  Dividend ,  viz.  59062  for 
the  Firft  Operation  or  Quotient ;  that  fo  the  Firft  Figure  7  of 
the  Divifor  may  be  taken  out  of  the  two  Firft  Figures 3  viz.  59 
of  the  Dividend ,  &c. 


E 


Then 
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Then  I  proceed  (per  Cafe  2.)  and  confider  how  often  7  may 
be  taken  from  59,  and  find  it  may  be  taken  8  times,  for  8 
times  7  is  but  56,  which  I  mentally  fubtral 1  from  59,  and 
there  remains  3  ;  to  this  3  I  mentally  adjoin  the  Third  Figure 
of  the  Dividend ,  viz.  o,  which  makes  it  30,  out  of  which  I 
mull:  take  the  Second  Figure  of  the  Divifor ,  viz .  5,  fo  often  as 
I  took  the  7  from  59,  which  was  8  times:  But  that  cannot  be, 
for  8  times  5  is  40,  which  is  more  than  30,  therefore  8  is  too  big 
a  Figure  to  be  placed  in  the  Quotient  j  yet,  hence  I  conclude, 
that  the  next  lefs,  viz.  7  may  be  taken  without  any  further 
Trial.  I  therefore  place  7  in  the  Quotient ,  and  with  it  multiply 
the  Divifor ,  fetting  down  their  Product  under  the  Dividend , 
and  fubiratt  it  from  thence,  as  in  the  other  Example ,  and  then 
the  Work  will  fiand 

Thus  7563)  590624922  (7 
52941 


6121 

In  order  to  a  Second  Operation ,  I  make  a  Point  under  the  next 
Figure  of  the  Dividend ,  viz.  under  the  4,  and  bring  it  down 
to  the  Remainder  612.1,  which  will  then  become  61214,  with 
which  I  proceed  in  all  refpedls  as  I  did  before  with  the  59062, 
and  find  the  next  Quotient  Figure  will  be  8,  with  which  I  muU 
tiply  the  Divifor ,  &c.  and  fubtrafl  their  Produfi  from  the  faid 
61214.  Then  the  Work  will  (land 

Thus  7563)  590624922  (78 

5294i  ’ 


61214 

60504 


710 

To  this  Remainder  710,  I  point  and  bring  down  the  next 
Figure  of  the  Dividend ,  viz.  9,  which  makes  it  7109;  now 
becaufe  the  Divifor  7563  cannot  be  taken  from  7109,  I  there¬ 
fore  place  a  Cypher  in  the  Quotient. 

Find  this  mujl  always  be  carefully  observed,  viz.  That  for 
every  Figure  or  Cypher,  which  is  brought  down  from  the  Divi¬ 
dend,  in  order  to  a  new  Operation,  there  mull  always  be  etther 
a  Figure  or  Cypher,  fet  down  in  the  Quotient.  Then  the  Work, 
will  fiand 


Thus 
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Thus  7563)  590624922  (780 

52941 


61214 

60504 


_  .  ,  7109 

To  this  7109,  I  bring  down  another  Figure  of  the  Dividend , 
viz.  2,  and  then  it  will  become  71092;  then  I  confider  hoW 
often  7  can  be  taken  from  71,  &c.  (juft  as  at  the  firft  Operation,) 
and  find  it  may  be  taken  9  times,  therefore  I  fet  down  9  in  the 
Quotient,  and  with  it  multiply  the  Divifor,  fetting  down  and 
fubtraffing  their  Produff,  as  before ;  then  the  Work  will  ft  and 

Thus  7563)  590624922  (7809 
5294I* ** 

61214 

60504 


71092 

68067 


3025 

To  this  Remainder  3025,  I  point  and  bring  down  the  laft 
Figure  2  of  the  Dividend,  which  makes  it  30252  ;  then  pro¬ 
ceeding  in  all  refpedfs  as  before,  I  find  the  Quotient  Figure  to 
be  4,  with  it  I  multiply  the  Divifor ,  fetting  down  and  fubtraffing 
their  Produff  as  before,  and  then  the  Work  will  ftand 
Thus  7563)  590624922  (78094 

52941**  ** 

61214 

60504 


71092 

68067 


30252 

30252 

(ocooo) 

Here  the  Work  is  ended,  and  I  find  the  Quotient  to  be  78094, 
being  the  true  Multiplicand  of  the  propofed  Example  of  Multi¬ 
plication,  Page  18. 

That  is,  7563  is  contained  in  590624922  juft  78094  times, 

E  2  ^ 
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If  the  Work  of  this  Example  be  confidered  and  compared 
with  the  Rule  (Page  22.)  the  whole  Bufinefs  of  Divifion  will 
be  eafy  ;  for  indeed  the  only  Difficulty  (as  I  faid  before)  lies  in 
making  choice  of  a  true  Quotient  Figure ,  which  cannot  well 
be  done  according  to  the  Common  Method  of  Divijion ,  without 
Trials,  yet  thofe  Trials  need  not  be  made  with  the  whole  Divifor 
(as  appears  by  this  laft  Example)  for  by  the  two  Firft  Figures 
of  the  Divifor  all  the  reft  are  generally  regulated  ;  except  the 
Second  Figure  chance  to  be  2,  3,  or  4,  at  the  fame  time  the 
Third  Figure  be  7,  8,  or  9,  then  indeed  refpect  muft  be  had  to 
the  Third  Figure ,  according  as  the  Rule  directs. 

However,  if  thofe  Trials  are  thought  too  troublefome,  they 
may  be  avoided,  and  the  fame  Quotient  Figure  may  both  eafily 
and  certainly  be  found  by  help  of  fuch  a  fmall  Table  made  of 
the  Divifor ,  as  was  of  the  Multiplicand  in  Page  20. 


EXAMPLE  4. 


Let  it  be 

the  Example 
jnake  a  Table 
7ffius, 
Divifor . 


required  to  divide  70251807402  by  79863.  See 
of  Multiplication ,  Page  20,  and  as  there  dire  Sled 
of  the  Divifor  79863. 


I 

79863) 

2 

1 59726 

3 

239589 

4 

3*9452 

5 

3993*5 

6 

479178 

r— 

/ 

559041 

8 

638904 

9 

718767 

10 

798630 

Dividend, 

70251807402 

638904 . 

636140 

559°4f 

770997 

718767 

522304 

47908 

431260 

3993*5 


319452 

3*9452 


Quotient. 

(879654 

The  Work  of  this  Operation 
I  prefume  may  be  eafily  under- 
ftood.  For  thofe  Figures  in  the 
Table  are  the  Product  of  the  Di¬ 
vifor  into  all  the  9  Figures ;  con- 
fequently  thofe  Figures  in  the 
imall  Column  do  {hew  what 
Figure  is  to  be  placed  in  the 
Quotient  ;  without  any  doubtful 
Trials  of  the  Divifor ,  with  the 
Dividend ,  as  before. 


(000000) 


This  Me'hod  of  tabulating  the  Divifor  may  be  of  good  Ufe 
to  a  Learner ;  especially  until  he  is’  well  pra&ifed  in  Divifion  ; 
and  even  then  if  the  Divifor  be  large,  and  a  Quotient  of  many 
Figures  be  required  ;  as  in  refolving  of  high  Equations ,  and 
calculating  of  Afronomical  Tables 3  or  thofe  of  Intereft*  &c. 

Hitherto 
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Hitherto  I  have  made  choice  of  Examples  wherein  the  Divi¬ 
dend  is  exadfly  meafured  or  divided  off  by  the  Divifor ,  without 
leaving  any  Remainder.  But  it  moft  ufually  happens,  that  the 
Divifor  will  not  exa&ly  meafure  the  Dividend ;  in  which  cafe  the 
Remainder  (after  Divifion  is  ended)  muft  be  fet  over  the  Divifor , 
with  a  final!  Line  betwixt  them  adjoining  to  the  Quotient, 


EXAMPLE  5. 
Suppofe  it  were  required  to  divide  379  by  5. 

\  /  .  —  T» _ 3 _ 

5)  379  (75 
35’ 


•4_  the  Remainder. 
5  the  Divifor. 


29 

25 


Remains  (4) 

EXAMPLE  6. 

Again,  Let  it  be  required  to  divide  43789  by  67. 

67)  43789  (653-^  the  true  Quotient  required. 
402  *  • 


358 

335 


239 

201 


Remains  ( 38 ) 

Such  Remainders  thus  placed  over  their  Divifor s  (which  are 
indeed  Vulgar  Fractions )  may  be  otherwife  managed,  as  Avail 
be  fhewed  farther  on. 

N.  B.  When  the  Divifor  happens  to  be  an  Unh,  viz.  1,  with  a 
Cypher  os  Cyphers  annexed  to  it,  as  10,  100,  1000,  &c,  Divfion 
is  truly  performed  by  cutting  off  with  a  P  oint  or  Comm?,  fo  many 
Figures  of  the  Dividend  as  there  are  Cyphers  in  the  Divifor ;  then 
are  thofe  Figures  fo  cut  off  to  be  accounted- a  Remainder ,  and  the 
reft  of  the  Figures  in  the  Dividend  will  be  the  true  Quotient  re¬ 
quired,  becaufe  an  Unit  or  1  doth  neither  multiply  nor  divide . 

E  XA  M  P  L  E  7 

Let  it  be  required  to  divide  57842  by  100.  1  he  Work 

may  ftand  thus,  100)  578,42  the  Quotient  required  ;  or  thus 
100)  57842  (578  the  fame  as  before. 

Hence  it  follows,  that  if  any  Divifor  have  Cyphers  to  the 
Right-hand  oi  it,  you  may  cut  off  fo  many  or  the  iaft  Figu' es 
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in  the  Dividend ,  and  divide  the  other  Figures  of  the  Dividend , 
by  thofe  Figures  of  the  Divifor  that  are  left  when  the  Cyphers 
are  omitted.  But  when  Divifion  is  ended,  thofe  Cyphers  fo 
omitted  in  the  Divifor ,  and  the  Figures  cut  off  in  the  Dividend , 
are  both  to  be  reftored  to  their  own  places. 

EXAMPLE  8. 

Suppofe  it  were  required  to  divide  675460  by  5400 
5400)  675469  (125  *  7 

54" 


135 

108 


274 

270 


/ 

Remaim  (4)  But  the  true  Remainder  is  469. 
Confequently  the  true  Quotient  is  125-^jL.. 

As  to  the  manner  of  proving  the  Truth  of  any  Operation, 
either  in  Multiplication  or  Divifion ,  I  prefume  it  may  be  eafily 
underflood,  by  what  is  delivered  in  Page  21,  compared  with 
the  three  fuff  Examples  of  Divifion  ;  for  from  thence  it  will 
be  eafy  to  conceive,  that  if  the  Divifor  and  Quotient  be 
multiplied  together,  their  Product  (with  what  Remains  after 
Divifion  being  added  to  that  Product)  will 'be  equal  to  the 
Dividend .  As  in  the  Fifth  Example ,  where  the  Dividend  is 
379,  the  Divifor  is  5,  the  Quotient  is  75,  and the  Remainder  is  4. 

I  fey 5  7 5x5  —  37 5>  to  which  add  the  Remainder  4,  it  will 
be  379. 

Again,  in  the  Sixth  Example,  the  Divifor  is  67,  the  Quotient 
is  &53,  and  the  Remainder  is  38. 

deldhe'kc  52X61  ~ 43751’  and  43751+38=43789  the  Dm- 

Jherl  are  fever d  ufeful  Cor.tr salons,  both  in  Divifion  and 
Multiplication,  ivhicb  I  have  purpofely  omitted  until  1  com *  to 
treat  of  Decimal  Arithmetic^  Alfo  I  have  omitted  the  Bufinefs 
of  tLvo.ution  or  Extracting  of  Roots,  until  further  on;  and  fo 
iha.l  conclude  this  Chapter  with  a  few  Examples  of  Divifion 
uu wrought  at  large,  leaving  them  for  the  Learner’s  Practice. 

579)  43800771  (75649. 

Or  75649)  43800771  (  579. 
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45007)  23884044718  (530674. 

Or  530674)  24884044718  (  45007. 

356)  244572000  (687000. 

59600)  57659066400  (967434. 

10000)  679543820000  (67954382. 

79)  282016  (3569^1-. 


CHAP.  III. 

Concerning  SttfiJtttOlt  and  <g>ttl)tt8CttOH  of  Numbers  of 
different  Denominations,  and  how  to  reduce  them  from 
one  Denomination  to  another.  ■ 

SECT.  1. 

/ 

1.  Of  Englifh  Coin. 

TH  E  leaf!  Piece  of  Money  ufed  in  England  is  a  Farthings 
and  from  thence  arife  the  reft,  as  in  this  Table. 

Fartb,  f  5  s.  is  a  Crown. 

4—  1  d.  Pen.  A  jJ  jo s.  is  an  Angel. 

48™  t  2 nz  1  s*  SbiHL_  n  J  6  s.  8  d.  2.  Noble. 

960  =  240=20  =  1  /.  Pound  Sterling .  L  13*.  \d.  a  Mark. 

Note,  When  /.  j.  d.  q.  are  placed  over  (or  to  the  Right-hand 
cf)  Numbers ,  they  denote  thole  Numbers  to  fignify  pound's , 
Shillings ,  Pence,  and  Farthings . 

1.  s.  d.  q. 

As  35  10  6  2.  Or  35/.  I0f.  6 \d.  Either  of  thefe 

do  fignify  35  Pounds,  10  Shillings ,  6  Pence,  2  Farthings. 

The  fame  muft  be  underftood  of  all  the  following  Characters, 
belonging  to  their  refpedtive  Tables,  viz.  Of  IT eights ,  Mea - 
fares ,  &c. 

2.  Troy  Weight. 

The  Original  of  all  Weights  ufed  in  England,  was  a  Corn  of 
gathered  out  of  the  middle  of  the  Ear ,  and  being  well 
dried,  32  of  them  were  to  make  one  Penny  Weight ,  20  Penny 
Weights  one  Ounce ,  and  12  Ounces  one  Pound  Troy.  J  ide 
1  Statutes  ol  si  Hen.  III.  31  Faw.  L  12  licit.  VII. 


/ 
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But  in  later  Times  it  was  thought  fufficient  to  divide  the 
aforefaid  Penny  Weight  into  24  equal  Parts ,  called  Grains , 
being  the  leaft  Weight  now  in  common  Ufe;  and  from  thence 
the  reft  are  computed  as  in  this  Table. 

Gr.  Grain.  f  By  Troy  Weight  are 

24  ~  1  P  •  ^r-  Penny  Weight.  __  _  J  weighed  Jewels,  Gold, 

480“  20—  1  G<z-  Ounce>  0  e‘>j  Silver ,  Corn,  Bread, 

1 560=240  —  1 2__n  1  ib  Pound.  v.  and  all  Liquors. 

Befides  the  common  Divljlons  of  Troy  Weight ,  I  find  in  Anglia 
Notitia ,  or,  The  Prefent  State  of  England,  printed  in  the  Year 
1699,  that  the  Money crs  (as  that  Author  calls  them )  do  fubdivide 
the  Grain. 


24  Blanks  —  I  Periot. 

20  Periots  ~  I  Droite . 

24  Droites  z=  1  Mite. 

20  Mites  ~  1  Grain,  See.  as  before. 


3.  Apothecaries  Weights. 

The  Apothecaries  divide  a  Pound  Troy,  as  in  this  Table. 

Gr.  Grain. 

20—  i  3  Scrapie 

60  —  3—  13  Dram 

4801=:  24=  8—  1 5  Ounce 

5760  =  2 88  =  96-=- 1 2—  1  %  Troy ,  the  fame  as  before. 


By  thefe  Weights  the  Apothecaries  compound  their  Medicines : 
but  buy  and  fell  their  Drugs  by  Averdupois  Weight. 


4.  Averdupois  Weight. 


.  '■  T’v1gr.*'7v 

When  Averdupois  Weight  became  fir  ft  in  Ufe,  or  by  what  Law 
it  was  at  firft  fettled,  I  cannot  find  out  in  the  Statute  Books  ;  but  on 
the  contrary,  I  find  that  there  fhould  be  but  one  Weight  (and  one 
Mcafure)  ufed  throughout  this  Realm,  viz.  that  of  Troy,  (Vide 
14  Ed.  III.  and  17  Ed.  III.)  So  that  it  feems  ( to  me )  to  be  firft 
introduced  by  Chance,  and  fettled  by  Cujlom,  viz.  from  giving 
good  or  large  Weight  to  thofe  Commodities  ulually  weighed 
by  it,  which  are  fuch  as  are  either  very  Coarfe  and  Drojfy ,  or 

very 
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very  fubjedf  to  wafte  ;  as  all  kinds  of  Grocery  Wares.  And 
Pitch ,  Tar ,  Rofin ,  Wax,  Talloiv ,  T/##,  Hemp ,  &c.  Copper , 
77«,  Sta?/,  /r^w,  Lead,  &c.  Alfo  Fie  fa.  Butter ,  Cheefe ,  5W/,  &c. 
To  thefe  and  the  like  (I  prefume)  it  was  thought  convenient  to 
allow  a  greater  Weight  than  the  Laws  had  provided,  which 
happened  to  be  about  a  Sixth  part  more :  For  I  found  by  a  very 
nice  Experiment,  that  one  Pound  Averdupois  is  equal  to  14 
Ounces,  1 1  Penny  Weights ,  and  154-  Grains  Troy ,  And  it  is  now 
computed  as  in  the  following  Table. 

,  Drams. 

I  6  =  I  Oz.  Ounces. 

256=  l6—  I  lb  Pounds. 

28672:=  I792  =  112=  I  C.  Hundred. 

573440  =  35840  =  2240  =  20=1  Tun. 

5.  Long  Meafure . 

As  the  leaft  part  of  Weight  came  at  firft  from  a  WJoeat  Corn, 
fo  (it  is  generally  faid)  the  leaft  Part  of  Long  Meafure  was  at 
firft  a  Barley  Corn ,  taken  out  of  the  middle  of  the  Ear,  and  being 
well  dried,  three  of  them  in  length  were  to  make  one  Inch  3  and 
thence  the  reft,  as  in  this  Table. 


Barley  Corns. 

3= 

j  7/7.  Inches. 

r  4  iViz/Zr = i-  of  a 

And  J  1 4  Yard ~  1  Ell. 

36— 

12—  I  7\ 

Feet.  I  2  Yards— 1  Fathom. 

108  = 

36=  3= 

1  T.  Yards. 

594  = 

198=  i6i= 

I  p-  p°Ies- 

23760=  7920=  660=:  220=  40=1  Furlong, 

190080  =  63360  =  5280=  1760—320=18=1  Mile ♦ 


Note ,  That  forty  Poles  (or  Perches)  in  Length,  and  four  in 
Breadth,  do  make  a  Statute  Acre  of  Land. . 

That  is,  220  Yards,  multiplied  into  22  Yards,  =4840  Square 
Yards,  are  a  Statute 

And  according  to  the  Tranfa&ions  of  the  French  Academy , 
Anno  1687,  a  /W  Royal  is  =  12,8  Inches  Englifo  ;  Six 
of  thofe  Feet  make  a  Toife 3  and  57060  Toifes—  365184  Englijh 
Feet ,  are  the  Meafure  of  one  Degree  of  a  great  Circle  upon  the 
Surface  of  the  Earth.  So  that  one  Degree  is  69  Miles  and  288 
Yards,  which  is  very  near  to  our  Countryman  Mr.  Norwood's 
Experiment  made  betwixt  London  and  York,  Anno  1635  3  who 
found  t*hat  367196  Feetzz  69  Miles  and  958  Yards ,  do  make  a 

F  Degree. 


fib 

1  14.  — a  Stone 
And<  28=4.  of  C. 
1  56—^  of  C. 
<-8  4=f*./C. 


i 
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Degree.  And  not  60  Miles ,  according  to  the  common  received 
Opinion  and  Pradlice  of  the  Navigators  or  Seamen. 

Hence,  according  to  the  French  Account,  the  Circumference 
of  the  Earth  (fuppofing  it  to  be  a  true  Spherical  Figure)  is 
24899  Englijh  Miles. 

6.  Of  Liquid  Meafures . 

All  Meafures  of  Capacity,  both  Liquid  and  Dry,  were  at  firft 
made  from  Troy  IVeight ,  Vide  Statutes  9  H.  III.  51  H.  III.  12 
H.  VII.  wherein  it  is  enabled,  that  eight  Pound  Troy  Weighty 
of  Wheat,  gathered  out  of  the  middle  of  the  Ear,  and  well  dried, 
fliould  make  one  Gallon  of  Wine  Meafure :  And  that  there  Ihould 
be  but  one  Meafure  for  IVine ,  die  and  Corn ,  throughout  this  Realm, 

( Vid.  Stat.  14  Ed.  III.  15  Rich.  II.)  But  Time  and  Cuftom  hath 
altered  Meafures ,  as  they  have  done  Weights  (and  perhaps  for  one 
and  the  fame  Reafon)  for  now  we  have  three  different  Meafures , 
viz,  one  for  Wine ,  one  for  Ale  or  Beer ,  and  one  for  Corn. 

I  have  inferted  Tables  of  each,  as  they  are  now  computed  by 
Culick  Inches ,  and  p  radii  fed  in  the  Art  of  Gauging ,  &c. 

The  common  Wine  Gallon  fealed  at  Guild  Hall  in  London  ;  by 
which  all  Wines,  Brandies ,  Spirits ,  Strong- Waters,  Mead ,  Perry , 
Cyder ,  Vinegar ,  Oil ,  and  Floney ,  &c.  are  meafured  and  fold  ;  is 
fuppofed  to  contain  231  Cubick  Inches ,  and  from  thence  the  reft 
are  computed,  as  in  this  Table. 

Gall. 

Cuh'ick  Inch:.  .  f  1 8  —  i  Rundlet ,  and  ‘ 

23  j  — "  1  G.  Gallons.  W  t  I  3X^  nia^e  a  Of 

9702—  42~TPfir<y»  5  ]  Vinegar  Barrel. 

14553—  63 —  J  i —  1  Hcgpcad,  LfVtde  I  R.  III.) 

19404=  84 zz 2^=1^-—  I 

29  iobzz  126ZZ  3  zz  2  zzrlirzi  Bu1t  oy  PlPe- 
582I2ZZ2S2  — 6  ZZ4-  ~3  ~  2  zz  I  Tun. 

But  Dr  Wybard  in  his  Tedlometry,  Page  289,  doth  fuppofe 
the  Wine  Gallon  to  contain  but  224,  or  225  Cubick  Inches  at 
the  moll,  and  purfuant  to  this  Account  an  Experiment  was  made 
by  Mr  Richard  Walker  and  Mr  Philip  Shales ,  two  General 
Officers  in  the  Excife.  They  caufed  a  Veffel  to  be  very  exadlly 
made  of  Brafs,  in  Form  of  a  Parallcllopipedon ,  each  Side  of  it’s 
Bafe  was  4  Inches ,  and  it’s  Depth  14  Inches ;  fo  that  it’s  juft  Con¬ 
tent  was  22.1.  Cubick  Inches.  This  V effel  was  produced  at  Guild - 
Hal  in  London  ( May  25,  1688.)  before  the  Lord- Mayor,  the 
Comniffoners  of  Excife ,  the  Revereiid  Mr  Flamflcad ,  Aftr.  Reg, 
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Mr  Halley ,  and  feveral  other  ingenious  Gentlemen,  in  whofe 
Prefence  Mr.  Shales  did  exadfly  fill  the  aforefaid  ,Brafs  VelTel 
with  clear  Water,  and  very  carefuhy  emptied  it  into  the  old 
Standard  JVine  Gallon  kept  in  Guild-Hall,  which  did  fo  exactly 
fill  it,  that  all  then  prefent  were  fully  fatisfied  the  Wine  Gallon 
doth  contain  but  224  Cuhick  Inches.  (This  notable  Experiment  1 
faw  tried. )  However,  for  feveral  Rcafons,  it  was  at  that  time 
thought  convenient  to  continue  the  former  fuppofed  Content  of 
231  Cuhick  Inches  to  be  the  Wine  Gallon,  and  that  all  Computa¬ 
tions  in  Gauging  fhould  be  made  from  thence,  as  above. 

The  Beer  or  Ale  Gallon  (which  are  both  one)  is  much  larger 
{han  the  Wine  Gallon ;  it  being  (as  I  prefume)  made  at  firft  to 
correfpond  with  Averdupois  Weight ,  as  the  Wine  Gallon  did  with 
Troy  Weight:  For  (as  I  Paid  before,  Page  33.)  one  Pound 
Averdupois  is  equal  to  14  Ounces ,  12  Pemiy  Weights  Troy ,  veVy 
near. 

And,  as  one  Pound  Troy  is  in  proportion  to  the  Cuhick  Inches 
in  a  Wine  GalLn ,  fo  is  one  Pound  Averdupois  to  the  Cuhick 
Inches  in  an  Ale  Gallon.  That  is,  12  :  231  : :  14—!  :  28 1~,  very 
near  the  Cuhick  Inches  contained  in  an  Ale  Gallon,  as  appears 
from  an  Experiment  made  by  one  Nicolas  Gunton ,  General 
Gauger  in  th t  Excife,  almoft  90  Years  ago,  who,  by  fuch  a  VefiTel 
mentioned  before  in  the  laft  Page,  did  find  the  Standard  Ale  Khtart 
(kept  in  the  Exchequer ,  Vid.  12  Car .  M.)  to  contain  juft  704  Cuhick 
Inches ,  confequentiy  the  Ale  Gallon  muft  contain  282  Cuhick 
Inches ,  and  from  thence  the  following  Tables  are  computed. 

Ale  Meafure . 

Cuhick  Inches. 

28  2  =  i  Gallon,  a-  A  Firkin  of  Soap  and  oj 

2256—  8=1  Firkin.  Note,J  Herrings  are  the  fame 

451 2= 16  =  2=  I  Kilderkin.  (  with  that  of  Ale . 

9024ZZ32=:  4  =2“  I  Barrel 

!3536  — 48  — 6— 3  —  JT—  I  Hogjbead. 


Beer  Meafure . 

C.ubick  Jnche 

282—  1  Gallon, 

2538—  9—1  Firkin. 

5076“  I  8  =:  2  —  I  Kilderkin, 

10152  =  36=4  =  2=1  Barrel. 

1 5228  =  54=6  =  3=14.— i  Hogfhead. 

F  2 
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N.  B.  This  Diftindion  or  Difference  betwixt  Ale  and  Beer 
Meajure ,  is  now  only  ufed  in  London.  But  in  all  other  Places  of 
England  the  following  Table  of  Beer  or  Ale ,  whether  it  be  ftrong 
or  fmall,  is  to  be  obferved,  according  to  a  Statute  of  Excife  made 
in  the  Year  1689. 

Cub.  Inches. 

282—1  Gallon. 

2397  —  84=11  Firkin, 

47  94  =I7==2=I  Kilderken. 

9588  =  34=4=2=  I  Barrel  '* 

14382=51=6  =  3=14=1  Hogjhead . 


7.  Of  Dry  Meajure. 

Dry  Meajure  is  different  both  from  Wine  and  Ale  Meajure ,  be¬ 
ing  as  it  were  a  Mean  betwixt  both,  tho’  not  exadly  fo ;  which 
upon  Examination  I  find  to  be  in  proportion  to  the  aforefaid  old 
Standard  Wine  Gallon,  as  Averdupois  Weight  is  to  Troy  Weight : 
That  is,  As  one  Pound  Troy  is  to  one  Pound  Averdupois,  fo  is  the 
Cubick  Inches  contained  in  the  old  Wine  Gallon,  to  the  Cubick 
Inches  contained  in  the  Dry  or  Corn  Gallon . 

Viz.  12  :  1444  :  •  224:  2724,  which  is  very  near  to  2724, 
the  common  received  Content  of  a  Corn  Gallon  :  Altho’  now  it  is 
otherwife  fettled  by  an  Ad  of  Parliament  made  in  April  1697, 
the  Words  of  that  Ad  are  thefe  : 

Every  round  Bufhel  with  a  plane  and  even  Bottom ,  being  made 
eighteen  Inches  and  a  halj  wide  throughout,  and  eight  Inches  deep, 
Jhould  be  ejleemed  a  Legal  Winchefter  Bufhel,  according  to  the 
Standard  in  his  Majefty’s  Exchequer. 

Now  a  Veffel  being  thus  made  will  contain  2150,42  Cubick 
Inches,  confequently  the  Corn  Gallon  doth  contain  but  2684 

f  4  BuJhels-zzTL  Comb . 
Note,  "j  10  Quarter s~  Wey,  and 
t  1 2  Weys-zzdi  Lajl  of  Corn . 

2150,4=  8=  4  =1  Bufhel. 

17203,2=64=32  =  8=1  Quarter. 

I  obferved  amongfi:  the  Lead-Mines  in  DerbyJhireJ Anno  1692) 
that  the  Miners  bought  and  fold  their  Lead  Ore,  by  a  Meajure 
which  they  called  an  Ore  Difh ;  whofe  Dimenfions  I  carefully 
took,  and  found  it 

f  Length  21.3} 

Thus  j  Breadth  6.  >  Inches. 

t  Depth  84  J  Confe- 


Cubick  Inches . 

Cub.  Inches. 

268.8=:  I  Gallon. 

537,6=  2=  1  Pfh 
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Confequently  it’s  Content  is  '1073,52  Cubick  Inches ,  which  is 
very  near  equal  to  4  Corn  Gallons ,  according  to  the  abovemen- 
tioned  Settlement. 

Nine  of  thofe  Difhes  they  call  a  Load  of  Ore,  which,  if  it  be 
pretty  good,  will  produce  about  3  hundred  Weight  of  Lead. 

8.  Of  Time. 

It  is  not  an  eafy  Thing  to  give  a  true  Definition  of  Tune  5  for 
(according  to  the  Philofophical  Poet ) 

Time  of  itfelf  is  nothings  but  from  Thought 
Receives  it's  Rife ,  by  labouring  Fancy  wrought 
From  Things  confiderd ,  whiljl  we  think  on  fome 
As  prefent ,  fome  as  pafi ,  or  yet  to  come. 

No  Thought  can  think  on  Time,  that's  fill  confef. 

But  thinks  on  Things  in  Motion  or  at  Ref . 

And  fo  on.  Vide  Lucretius ,  Book  I. 

That  is,  Time  only  fhews  the  Duration  or  Mutation  of  Things, 
a  Year  being  the  Standard  or  Integer ,  by  which  fuch  Continuance 
or  Change  is  computed.  And  a  Tear  is  that  Space  of  Time  in 
which  the  Sun  (apparently)  compleats  it’s  Revolution  from  any 
one  Point  in  the  Ecliptick  (an  imaginary  Circle  in  the  Heavens) 
to  the  fame  Point  again,  which,  according  to  modern  Obfervations , 
is  performed  in  365  Days ,  5  Hours ,  48  Minute s,  57  Seconds , 
21  Thirds ,  See.  But  a  Second  being  the  leaft  part  of  Time  that 
can  be  truly  meafured  by  the  Motion  of  any  Mechanical  Engine, 
as  a  Clock ,  See.  (a  Third  being  lefs  than  the  Twinkling  of  an  Eye) 
I  begin  the  following  Table  with  Seconds . 

V 

Seconds ." 

60  —  i'  Minute. 

3600—  6o~  I  Hour. 

86400:=  1440=  24=  i  Day-  h.  ,  ^ 

3  ’  556937  —  525949— 8765=365+5 '♦•48+57  —  i  Year ,  called 

- - - - — - ( a  Solar  Yean 


But  the  common  Civil  Tear,  now  in  ufe,  confifts  of  365 
Days  and  6  Hours,  and  is  divided  into  twelve  unequal  Months , 
called  Calendar  Months ,  whofe  Names  and  Number  of  Days 
are  the  Subjedt  of  every  Almanack . 
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To  thefe  Tables  it  may  not  be  amifs  to  add  a  brief  Account  of 
fuch  Coinsy  Weights ,  and  Meafures ,  as  are  frequently  mentioned 
in  the  Scriptures :  As  I  have  deduced  them  from  thofe  which 
feem  to  be  the  moft  Correct,  inferted  in  the  Index  to  the  large 
Bible ,  Printed  Anno  1702,  and  compared  with  thofe  ufed  in 
England ,  by  the  Lord  Biihop  of  Peterborough . 

The  Hebrew  Weights ,  compared  with  |  O^^Pw^ ^Grains 


A  Gerah — 
IO  Gerahs—a  Bekah= 
2  Bekahs—a  Shekel— 
1 00  Shekels— a  Menah— 


o 

o 

o 

45 


o 

4 

9 

12 


Note ,  A  Shekel  is  faid  to  be  their  Original  Weight . 


Their  Coin 


in  | 


Englijh  Coin . 
/.  s .  d. 


IO-9- 

x  ^  X  o 

134  s 

3 

12 


A  Siher  Menah  — 
Talent  of  Silver  — 
Talent  of  Gold  — 
The  Gold  Dram — 


7  •  1 

357  •  11 
5075  •  15 

1  .  0 


•  5i  Weight  60  Shekels. 

.  10-'.  Weight  is  300  Shekels. 

.  7 i.  The  fame  Weight  men- 

.  4  tioned  ii.  19. 


The  Roman  Money  mentioned  in  the  New  Tejlament, 
A  Denarius ,  or  Silver  Penny— y  d.  3  Farthings. 

AJJes  of  Copper— o  ,  3  Farthings. 
AJJarium—O  .  14  Farthing . 
Jjhiadrans—  o  .  4  °f  a  Farthing. 

A  Mite—Q  .  4  ^  Farthing. 


Their  LongMeafurc ,  compared  with  | 

Finger's  Breadth  — 

4  Fingers— a  Hand's  Breadth  — 

2  Hands— the  lead  Span — 

3  Breadth— the  longejl  Span— 

2  Spans=.the  longejl  Cubit — 

4  Cubits— a  Fathom  — 

6  Cubits— Ezekiel's  Reed= 

400  Cubits— a  Stadium — 

10  Stadiums=a  Mile— 

3  Miles=a  Pqrafangzxz 
Which  is  4  Englijh  Miles  andj  256. 


Tar. 

Feet. 

In.  Pts. 

0. 

0  . 

0,912 

0. 

0  . 

3,648 

0. 

0  k 

7,296 

0, 

0  . 

10,944 

0. 

1  . 

9,888 

2. 

1  . 

3>55* 

3* 

1  . 

11,328 

243- 

0  . 

7>2 

2432. 

0  . 

0 

7296. 

256. 

0  . 

0 

Their 
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Their  Meafures  of  Capacity ,  compared  with  |  Gd^Pints^’T'} 


A  Cotyla— 

0  .  04 

A  Log— 

0  .  04 

4  Logs=a  Cab  — 

0.3. 

10  Cotyla1 s  —  an  Omer — 

0.6. 

3  Cabs— a  Hin= 

1.2. 

2  Mins— a  Seah— 

2.4* 

3  Seahs  —  an  Epha  — 

7.4. 

10  Epha’ s—  a  Chomer=- 

75  •  5  - 

3.037 

9.83 

10,458 

J>5 

2,5 

5> 

5.625 


Sed.  2.  2U3DlflOn  of  Weights,  &c. 

/T'  H  E  foregoing  Tables  being  fo  well  underdood,  as  that  you  can 
readily  tell  (without  paufing)  how  many  Units  of  any  oneDe r 
nsmination ,  do  make  one  of  the  next  Superior  Denomination  (efpe- 
cially  in  thofe  T ables  which  are  moji  ufeful  for  your  Buftnefs)  it 
will  then  be  as  eafy  to  add  or  fubtratt  them,  as  to  add.  or  fub- 
traft  whole  Numbers,  due  Card  being  taken  in  placing  all  Num¬ 
bers  that  are  of  one  Denomination  exa£tly  underneath  each  other. 

That  is  to  fay,  in  Money ,  place  Pounds  under  Pounds ,  Shillings 
under  Shillings ,  Pence  under  Pence ,  & c.  Underdand  the  like 
in  IVeights  and  Meafures ,  See.  according  to  their  feveral  Deno¬ 
minations  :  Then  in  Addition  obferve  this  Rule . 

RULE.  1 

Always  begin  with  thofe  Figures  of  the  low  eft  or  leaf  Denomi¬ 
nation,  and  add  them  all  together  into  one  Sum,  then  confider  how 
many  of  the  next  Superior  Denomination  are  contained  in  that 
Sum,  fo  many  Units  you  mujl  carry  to  the  faid  next  Superior  De¬ 
nomination  to  be  added  together  zvitb  thofe  Figures  that  Jland 
there  ;  and  if  any  thing  remain  over  or  above  thofe- Units  fo  car¬ 
ried ,  that  Overplus  mujl  be  fet  down  underneath  ids  own  Deno¬ 
mination  :  And  fo  proceed  on  frotn  one  Denomination  to  another 
until  all  be  finifhed. 

Example  in  Coin, 

Let  it  be  required  to  add  35/.  14*.  06 d.  and  27/.  02 S. 
jod.  and  54/.  13  s.  04  d.  and  10/.  ijs.  09  d.  into  one  Sum. 

The  particular  Sums  being  placed,  as  before  dire&ed,  will  dand 
as  in  the  Margin  following. 

Then  according  to  the  Rule,  I  begin  with  the  Pence  (being 
here  the  lowed  or  lead  Denomination )  and  adding  them  ajl 
together,  I  find  their  Sum  to  be  29  d.  that  is  2  s,  and  5*/.  (for 
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24  =z  is.  and  29 — 24  =  5)  the  5  d.  I  fet  down  /.  s.  d. 
underneath  it's  own  Denomination,  and  carry  the  35  .  14  .  06 
2 s.  to  the  Place  of  Shillings ,  adding  them  and  27  .  02  .  10 
all  the  Shillings  together,  I  find  the  to  be  54  .  13  .  04 
48  s.  viz .  2/.  8  j.  I  fet  down  the  8  s.  under-  10  .  17  .  09 

neath  it’s  own  place  of  Shillings ,  and  carry  the - * 

2/.  to  the  Place  of  Pounds^  adding  them  and  all  128  .  08  .  05 
the  Pounds  together,  I  find  their  Sum  is  128/. 
confequently  the  Total  Sum  required  is  128/.  08  s.  o $d. 

Now  as  it  often  happens  in  keeping  Books  of  Accounts ,  (and 
in  other  Bufinefs)  that  it  is  required  to  add  up  large  Su?ns  of 
Money,  confining  of  30,  40,  or  more  feveral  particular  Sums , 
nay,  perhaps  filling  up  the  whole  length  of  a  Sheet  of  Paper, 
I  apprehend  in  thole  Cafes  the  befl:  and  eafiefi:  way  will  be  to 
part  them  into  Parcels,  not  exceeding  above  10  or  12  parti¬ 
cular  Sums  in  each  Parcel  ;  that  done,  add  together  all  the 
Sums  of  thole  Parcels  into  one  Sumy  and  that  will  be  the  Total 
Sum  required. 

Alfo  to  avoid  the  making  of  Points ,  or  other  Marks  amongfi: 
your  FigureSy  it  will  be  convenient  to  get  the  following  Tables 
by  heart. 


The  Pence  Table. 

The  Shillings  Table. 

d.  s.  d.  s . 

12=1  72=  6 

24=2  84=  7 

36=3  96=  8 

48=4  I08—  9 

601=5  1 201=  10 

s .  /.  s .  1 . 

20—  I  I  20  —  6 

40  =  2  I4O—  7 

60=3  1601=  8 

80=4  180—  9 

100=5  200=10 

The  Ufe  of  thefe  Tables  is  fo  obvious,  that  I  prefume  it  is 
needlefs  to  explain  them. 

Examples  in  Addition  of  Weights. 

Troy  Weight. 

Jb.  Oz .  Pw.  Gr . 

3  .  09  .  00  .  10 

5  .  08  .  15  .  21 

JO  .  10  .  12  .  22 

0  .  11  .  19  .  23 

Averdupois  Weight . 
Tun .  C.  lb.  Oz. 

12  .  15  .  2  .  24  .  12 
7.  10.  3.  21.  15 
0.18.  1. 14.  11 
1  .  19  .  3  .  27  .  15 

Sum  2i  .  04  ,  09  .  04 

Sum  23  .  05  .  0  .  05  .  05 

Examples 
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Examples  in  Addition  of  Long-Meafure. 

Yards  d^rs.  Nails  Miles  Fur.  Poles  Yards  Feet  Inch • 

35  •  2  •  3  2.  6.  32.  4.2.  9 

17  .  3  .  x  o  .  7  .  27  .  3  .  1  .  10 

129.  1  .2  1  *  3  •  39  1.2  it 

182  .  3  .  2Sum5  .  2  .  19  .  5  .  o  .  o 

I  think  it  needlefs  to  fet  down  more  Examples  of  this  kind, 
for  if  thefe  5  (efpecially  the  laft)  be  well  underftood,  they  will 
be  fufficient  to  (hew  how  any  other  may  be  performed. 
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cUbJlraftion  is  but  the  Converfe  of  the  precedent  Work,  and 
^  may  be  performed  by  obferving  this  Rule. 

RULE. 


Begin  with  the  Lowefl  or  Leaf  Denomination  (as  before  in 
Addition)  and  Take  or  Subftradf  the  Figure  (or  Figures)  in  that 
place  of  the  Subtrahend,  from  the  Figure  (or  Figures)  that 
Jland  over  them  of  the  fame  Denomination  ;  fet  ting  down  the 
Remainder,  (as  in  Page  12.)  But  if  that  cannot  be  done ,  then 
you  mufl  increafs  the  upper  Figure  (or  Figures)  with  one  of  the 
next  Superior  Denomination,  and  from  that  Sum  make  Sub* 
llradlion  ;  and  fo  proceed  to  the  next  Superior  Denomination, 
where  you  mujl  pay  the  one  borrowed ,  by  adding  Unity  to  the 
Subtrahend  in  that  place ,  occ.  as  in  whole  Numbers. 

Examples  in  Coin. 

1.  s.  d.  1.  s.  d. 

From  386  .  09  .  08  From  569  .  10  .  06 

Take  173  .  04  .  06  Subjl.  389  .  15  .  08 


Remains  2i3.05.c2  179.14.IO 

The  Firft  of  thefe  Example:  is  felf  evident.  In  the  Second 
Example ,  beginning  at  the  place  of  Pence  (being  here  the  Leaf! 
Denomination )  I  am  to  take  8  d  from  6  d.  but  becaufe  that 
cannot  be  done,  I  muff  (according  to  the  Rule )  borrow  one  of 
the  next  Denomination ,  viz  ir.  and  add  it  to  the  6 d.  which 
makes  it  18  d.  (for  is.~i2d.  arrd  12  d.  6  d.~iSd.  then  I 
take  8  d.  from  that  18 d.  and  there  remains  1  od.  to  be  fet 
down  underneath  the  place  of  Pence  ;  that  done,  I  proceed  to 
the  place  of  Shillings ,  where  I  mufl  now  pay  the  is.  faying 
!!  one  borrowed  and  15  makes  16  from  10  cannot  be,  but 

G  16 
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16  from  30  and  there  remains  14.  That  is,  I  borrow  one  of  the 
next  Denomination ,  viz.  1 /.  and  add  to  it  the  iOr.  which 
makes  it  36  s.  for  t  l,=20s.  and  20  r. -[-10^:30)  having  fet  down 
the  Remaining  14  j.  underneath  its  own  place  of  Shillings ,  I  pro¬ 
ceed  to  the  place  of  Pounds ,  where  paying  the  1  /.  borrowed,  it 
■yvill  be  1  borrowed  and  9  is  10  from  9  cannot  be,  but  10  from 
19  and  there  Remains  9,  and  fo  on  as  in  whole  Numbers  until  all 
be  finifhed  j  and  the  Remainder  will  be  179  /.  14  j.  10  d. 

This  Example  being  a  little  confidered  will  render  all  others  in 
this  Rule  ea  fy. 


: Examples  in  Weights. 

Troy  Weight .  Averdupois  Weight, 

lb.  oz .  pwt.  gr.  c.  qr .  lb.  oz. 

From  9  .  10  .  16  .  18  17  .  2  .  15  .  IO 

Take  5.  09.  18.  22  14.  3.  18.  12 


Rcjls  4  .  00  .  17  .  20  2  .  2  .  24  .  14 

Examples  in  Long  Meafure. 

yds.  qrs.  nails  miles  fur.  pol.  yds.  feet  inehes 

From  78  .  3  •  2  22  .  3  .  26  .  3I.  o  .  9 

Take  29  .  3  .  3  18  .  6  .  29  .  4  .  2  .  11 

■ f  11  1  -----  1 

Refs  48  .  3  •  3  3  •  4  •  36  •  4  •  o  .  10 

Example  in  Time. 

days  „  ,  u 

From  27  .  18  .  35  .  21 

Subjlrat 7  16  .  21  ."46  •  36 

Remains  10  .  20  .  48  .  45 

The  Proof  of  Addition  and  Subtraction  in  thefe  Numbers  of 

different  Denominations ,  is  the  very  fame  with  that  of  whole 
Numbers  in  Page  13.  I  (hall  therefore  refer  you  to  that  place, 
and  omit  repeating  it  here. 


Sea.  4.  of  Betjuctton. 

BY  Reduction ,  Numbers  of  different  Denominations  are  brought 
into  one  Denomination . 

That  is,  it  alters  or  changes  any  Superior  Denomination  pro- 
pofed,  into  anv  Inferior  or  Lefier  Denomination  Required  ; 

flill 


1 
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ftill  keeping  them  equivalent  in  value.  And  by  that  means  they 
become  fitly  prepared  for  Multiplication  and  Divifion ;  which 
otherwife  could  not  fo  conveniently  be  performed.  Therefore  the 
Bufinefs  of  Reduction  is  very  ufefuj  in  the  Rule  of  Proportion , 
(commonly  called  the  Golden  Rule ,  or  Rule  of  Three)  efpecially 
tothofe  who  do  not  underhand  either  Vulgar  or Decimal  Fractions. 
And  it  is  thus  performed  ; 

1  .  ‘  % 

RUtE. 

Confider  how  many  Units  of  /ta  Denomination  Required ,  make 
one  of  that  Denomination  propofed  to  be  Reduced  (which  is  eafily 
known  by  its  refpeftive  Table)  and  with  that  Number  of  Units, 
Multiply  the  Denomination  propofed ,  and  their  Product  will  be  the 
Number  Required . 

Example  in  Coin . 

Let  it  be  Required  to  Reduce  or  Change  357/.  into  Shillings , 
and  thofe  Shillings  into  Pence ,  which  (hall  itiii  be  equal  in  value 
with  the  357  /. 

357 

Multiply  with  20  the  Shillings  in  one  Pound . 

7140  =  the  Shillings  in  357/. 

Multiply  with  1 2  the  Pence  in  one  Shilling . 

y*  1  '■  1  1  ■  1 

1428 

7*4 

. . .  ■ 

85680  =  the  Pence  in  357  /.  as  was  Required. 

Or  357/.  may  be  reduced  into  Pencey  at  one  Operation; 
Thus, 

357 

Multiply  with  240  the  Pence  contained  In  one  Pound. 

1428 

7X4 

85680  =  the  Pence  in  357  /.  as  before. 

But  when  the  Numbers  propofed  to  be  Reduced  are  of  feveraf 
Denominations ,  and  it  is  required  to  bring  them  all  tp  the  Loweft  $ 
you  muft  Reduce  the  higbeft  or  greateft  Denomination  to  the 
next  lefs,  Adding  the  Numbers  that  are  of  that  lefs  Denomination 
together,  then  Reduce  their  Sum  to  the  next  lower  Denomination % 
Adding  together  all  the  Numbers  that  are  of  that  Denomi^pion, 
?nd  fo  proceed  gradually  on  ’till  all  is  done, 
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EXAMPLE. 

Let  it  be  required  to  Reduce  375  /.  17  r.  10^.  3  q.  into  one 
Denomination ,  viz.  into  Farthings. 

375/.  171.  ic</.  3?. 

20 

7500  =  the  Shillings  in  375/. 

4-  *7  *• 

75 1 7  =  the  Shillings  in  375  /.  17  J. 

12 


I5°34 

7517 


90204  =  the  Pence  in  375  /.  17  s. 

4-  10  d. 

90214  =  the  Pence  in  375  /.  17  s.  10  A 

_ 4 

36085b  ~  the  Farthings  in  375  l.  17  s.  10 d. 

+  3  7- 

360859  Farth.^ilS  x7  I0^*  3?*  as  was  required, 

* 

The  Work  of  this  Example,  and  all  other  Operations  of  this 
kind,  may  be  fomewhat  fhortened  by  obferving  the  following 
Method. 

*  .  .  •  i 

375  l-  17  ?•  10  d-  3  1- 

20  Multiply  and  Add  in  the  17  j. 

7517 

12  Multiply  and  Add  in  the  10  A 


*5034 

75x7 


90214 

4  Multiply  and  Add  in  the  3  qrs. 

360859  the  Farthings  as  before. 

Example  in  Frey  Weight , 

Suppofe  it  be  Required  to  Reduce  29  lb.  8  oz.  18  pwt.  21  gr. 
into  the  Leaft  Denomination?  vis.  into  Grains . 

'  ‘  ■  '  '  "  "  Thus, 
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Thus  29  lb.  8  oz.  1  bpwt.  21  gr . 

Multiply  with  12  the  oz.  in  1  lb.  and  add  in  the  8  oz . 

66 

29  y 

35  6  =  the  oz.  in  29/^  8  oz. 

Multiply  with  20  the  pwt s  in  1  oz.  and  add  in,  the  18  pwt . 

7138  =  the  pwts  in  29  lb.  8  oz,  18  pwt. 

Multiply  with  24  the  grs  in  1  pwt.  and  add  in  the  21  grs. 

28553 

14278 

1 7 1 333  grs~2<)lb.  8  oz.  18  pwts.  21  grs. 

Thefe  two  Examples  at  large  being  well  underftood,  may  fuf- 
fice  to  (hew  how  all  Operations  of  this  kind  are  performed  ;  ei¬ 
ther  in  Weights ,  Meafures ,  or  Time .  I  fhall  only  infert  a  few 
Examples  of  each  fort  for  the  Learner’s  Pradlice.  • 

1.  In  23  C.  3  qrs.  21  lb.  9  oz.  Averdupois  Weight;  How 
many  Ounces  ?  Anfw.  42905  Ounces. 

2.  In  252  Eng.  Miles ,  How  many  Yards ,  Feet ,  and  Inches  ? 
Anfw.  4435207^6.  =  1330560  Feet  —  15966720  Inches. 

3.  In  1692  common  Years ,  How  many  Days,  Hours ,  and 
Minutes?  Anfw.  618003  Days ,  14832072  Hours,  889924320 
Minutes . 

Note ,  a  common  Year  —  365  Days ,  6  Hours ,  ieePage  37. 

4.  In  5786  Pounds ,  17  Shillings ,  9  Pence>  Sterling  ;  How  ma¬ 
ny  Shillings^  Pence,  and  Farthings ?  Anfw.  1 15737  J.  1388853^/. 
or  5555412  Farthings.  That  is,  5786 /.  17  r.  9^.  =1 15737  j, 
9^  =  1388853^.  &c. 

The  next  Thing  will  be  to  fhew  how  to  bring  Numbers  from 
a  lefler  to  a  greater  Denomination,  which  by  molt  Authors  is 
called  (tho*  very  improperly) 

JReOUCtiOlt  amending. 

This  Work  is  the  Converfe  of  the  laft,  and  is  performed  by 
Divifion.  Thus, 

RULE. 

Conftder  how  many  of  the  Denomination  propofed  make  one  of  the 
Denomination  required^  and  make  that  Number  your  Divifor,-  by 
which  divide  the  Denomination  propofed  ;  and  the  Quotient  will  be 
the  Number  required , 

EXAMPLE. 


46 


grit&nietfcfe. 


Part  I. 


EXAMPLE . 

Let  it  be  required  to  find  how  many  Shillings  and  Pounds  are 
contained  in  85680  Pence . 

The  Pence  in  I  s.  are  12)  85680  (7 140*  ==  85680 1/. 

Again  the  Shillings  in  1  /.  ar«  20)  7140  (357  /.  the  Anfwer  re* 
quired. 

Another  Example  in  Coin. 

How  many  Pencey  Shillings ,  and  Pounds ,  are  contained  in 
264859  Farthings. 

12)  20) 

4)  264859  (66214 d.  (5 5 1 7 r.  (275/. 

24  62  151 

08  21  1 1 7 

°5  94  (17)^ 

19  (10) 

Remains  (3)  C  iVW,  the  Remainder  is  always  of  the  fame 
£  Denomination  with  the  Dividend. 

'  The  laft  Quotient  275  /.  together  with  the  feveral  Remainders% 
give  the  Anfwer  required. 

Viz.  275  /.  17  s.  10  d.  3  =  264859  Farthings. 


Example  in  Troy  Weight. 

Suppofe  it  were  required  to  find  how  many  Pwts.  Ozs.  and  lbs , 
are  contained  in  17 1333  Grains. 

20)  12) 

34)  47*333  (7138  pw.  (356  (29  /£, 


l68  ...  I  13  24 


33  *38  116 

24  -  108 

—  (18  )pws. - 

93  (8)0%. 

72 


213 

192 

— ■  I.. 

Remains  (21 )  gr. 

Anfw.  29  lb.  8  18  pwt.  21  grs.  This  and  the  laft  Ex* 

ample  are  the  Reverfe  or  Propf  of  thofe  in  Pages  43,  45. 

1.  In  429°-5  Gances^  Aver dupois  weighty  How  many  Pounds* 
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28) 

Thus  16)42905  (2681  lb. 

109  252 

130  161 


4) 

(q«;  qrs.  (23  C. 
*5 
(3) 


25  UQ 

(9;  ^21)  Anfw.  23  C.  3^ri.  21#.  902. 

2.  In  15966720  Inches  ;  How  many  Englijh  Miles,  Sec. 

Anfw.  252  Miles,  Sc c.  as  occafion  requires. 

There  are  many  ufeful  Queflions  may  be  anfwered  by  the  help 
of  ReduPion  only  :  As  the  changing  of  one  fort  of  Coin  for  ano¬ 
ther  ;  and  comparing  one  fort  of  Meafure  with  another, 

For  Inftance  :  Suppofeone  had  347  Rixdollars ,  at  4  s.  6  d.  per 
Dollar;  and  defired  to  know  how  many  Pounds  Sterling  the/ 
make, 


347 

54  =  the  Pence  In  one  Dollar,  viz .  4  s.  6  d.  zz.  54  d* 
1388" 

>735  2°) 

12)  18738  d.  (15611.(78/.  . 

67  l6l 

73  (O'* 

18 

(6)  d. 

Anfw.  78  /.  is,  6  d,  Sterl.  are  =  347  Rixdollars, 

Quejl.  2.  In  645  Flemijh  Ells;  How  many  Ells  Englijh  P 
Note,  3  Quarters  of  a  Yard  Englijh  make  one  Ell  Flemijh ,  and 
1  or  5  garters  of  a  Yard ,  is  an  Englijh  Ell, 

Therefore,  645 

3  =z  the  qrs  of  a  Yard  in  1  Ell  Flemijh, 

qrs  in  I  Ell  =5)  1935  (387  Englijh  Ells  for  the  Anfwer. 

Quejl .  3.  Suppofe  a  Bill  of  Exchange  were  accepted  at  London , 
for  the  Payment  of  400  /,  Sterl.  for  the  Value  delivered  at  Amjler - 
dam  in  Flemijh  Money  at  1  /.  13  s.  6 d.  for  1  Pounder/.  How 
much  Flemijh  Money  was  delivered  at  Amjlerdam  P 

Firjl ,  1  /.  13  s,  6  d.  ==  402  d.  the  Value  of  one  Pound  Sterl, 
at  Amjlerdam . 

Then,  402  d.  x  400  =  160800*/,  ss  670  /.  Flemijh ,  and  fo 
much  was  delivered  at  Amjlerdam . 
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CHAP.  IV. 

Of  Vulgar  factions. 


Sea.  i.  of  i2atattom 


A  Fraction ,  or  Broken  Number,  is  that  which  reprefents  a  Part 
or  Parts  of  any  thing  propofed,  {vide  Page  3.)  and  is  expref- 
fed  by  two  Numbers  placed  one  above  the  other  with  a  Line 
drawn  betwixt  them : 


3  Numerator . 

4  Denominator . 


The  Denominator,  or  Number  placed  underneath  the  Line, 
denotes  how  many  equal  Parts  the  thing  is  fuppofed  to  be  divided 
into  (being  only  the  Divifor  in  Divifion).  And  the  Numerator, 
or  Number  placed  above  the  Line,  fhev7s  how  many  of  thofe 
Parts  are  contained  in  the  Fradfion  (it  being  the  Remainder  after 
Divifion).  ( See  Page  29.)  And  thefe  admit  of  three  Diftin£ions0* 


r  Proper  or  Simple 
Viz.  3  Improper 
(  Compound 

A  proper,  pure,  or  Simple  Fraction,  is  that  which  is  lefs  than 
an  Unit.  That  is,  it  reprefents  the  immediate  Part  or  Parts  of 
any  thing  lefs  than  the  whole,  and  therefore  it’s  Numerator  is 
always  lefs  than  the  Denominator. 

A  5  i  is  one  Fourth  Part .  .  ,  c  \  is  one  Half. 

I  3  is  one  Third  Part .  n  ^  j  is  two  Thirds ,  &c. 

An  Improper  Fraction  is  that  which  is  greater  than  an  Unit, 
That  is,  it  reprefents  fome  Number  of  Parts  greater  than  the 
whole  thing;  and  it’s  Numerator  is  always  greater  than  the 
Denominator.  .  ' 

As  f  or  y  or  f  j  &c. 

A  Compound  Fraction  is  a  Part  of  a  Part,  confiding  of  fevera! 
Numerators  and  Denominators  conne&ed  together  with  the 
Word  [of]. 

As  |  of  J  of  y,  &c.  and  are  thus  read,  The  one  Third  of 
the  three  Fourths  of  the  two  Fifths  of  an  Unit. 

That  is,  when  a  Unit  (or  whole  thing)  is  firft  divided  into  f 
any  Number  of  equal  Parts,  and  each  of  thofe  Parts  are"r 

*  fubdivided 


1 
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fubdivided  into  other  Parts,  and  fo  on  :  Then  thofe  laft  Parts  are 
called  Compound  Fraftions ,  or  Fractions  of  Fractions. 

As  for  inftance,  fuppofe  a  Pound  Sterling  (or  20  r.)  be  the  Unit 
or  Whole;  then  is  8  s.  the  f  of  it,  and  6  s.  the  4  of  thofe  two 
Fifths,  and  2j.  is  the  |  of  thofe  three  Fourths ;  viz.  =  j  of 
Jof  f*  of  one  Pound  Sterling. 

All  Compound  Fractions  are  reduced  into  Tingle  ones,  Thus, 

'  RULE. 

Multiply  all  the  Numerators  into  one  another  for  a  Numerator, 
and  all  the  Denominators  into  one  another  for  the  Denominator. 

Thus  the  4  of  J  of  f  will  become  JL.  Or  T^. 

For  1  x  3  x  2  =  6  the  Numerator,  and  3  x  4  x  5  =  60  the  De* 
nominator,  but  or  Fs  of  a/.  Sterl.  is  2x.  As  above. 


Se£t.  2.  To  Sllto:  or  different  into 

one  Denomination  retaining  the  fame  Value. 

TN  order  to  gain  a  clear  Underftanding  of  this  Se&ion,  it  will 
be  convenient  to  premife  this  Propofition,  viz.  If  a  Number 
multiplying  two  Numbers  produce  other  Numbers,  the  Num* 
bers  produced  of  them  fhall  be  in  the  fame  proportion  that  the 
Numbers  multiplied  are,  17  Euclid  7. 

That  is  to  fay.  If  both  the  Numerator  and  Denominator  of 
any  Fraction  be  equally  multiplied  into  any  Number,  their  Pro* 
duels  will  retain  the  fame  Value  with  that  Fra&ion. 

As  in  thefe,  ~  =  ± .  Or  — 1=:L.  Ori?J  ifc. 
3x2  6  3x3  9  3x5  15 

That  is,  4  and  ±.  Or  4  and  Or  4. and  44  are  of  the  fame 
Value,  in  refpeft  to  the  Whole  or  Unit. 

From  hence  it  will  be  eafy  to  conceive,  how  two  or  more 
Fra&ions  that  are  of  different  Denominations,  may  be  altered  or 
changed  into  others  that  fhall  have  one  common  Denominator, 
and  ftill  retain  the  fame  Value.  1 

Example .  Let  it  be  required  to  change  4  and  \  into  two  other 
Fractions  that  fhall  have  one  common  Denominator,  and  yet  re* 
tain  the  fame  Value. 

According  to  the  foregoing  Propofition,  if  4  be  equally  multi-* 

plied  with  7,  it  will  become  4t,  viz .  2-X7  m  11.  Again,  if  4  be 

3  x  7  21 

equally  multiplied  with  3,  it  will  become  viz.  =  jL. . 

7x3  21 


H 
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And  by  this  means  I  have  obtained  two  new  Fractions,  \\  and  -%iy 
that  are  of  one  Denomination,  and  of  the  fame  Value  with  the 
two  firft  propofed,  viz.  -*t  =:  \  and  -gt  r= 

And  from  hence  doth  arife  the  general  Rule  for  bringing  all 
Fractions  into  one  Denomination. 


R  U  L  E, 

Multiply  all  the  Denominators  into  each  other  for  a  new  (and 
common)  Denominator.  And  each  Numerator  into  all  the  Deno¬ 
minators  hut  ids  own ,  for  new  Numerators. 


Example.  Let  the’  propofed  Fractions  be  •§,  and 

Then,  by  the  Rule, 


A  new  Denominator 

And  the  new 

Numerators  will 

will  be  thus  found. 

be  thus  found. 

3 

1  . 

2  . 

3  • 

6 

5 

3 

3 

3 

J5 

5 

6 

9 

18 

4 

4 

4 

5 

5 

60 

20 

24 

45 

90 

.  (  7 

7 

7 

7 

4 

420 

140 . 

168  . 

3*5- 

360 

Hence  420  is  the  common  Denominator ;  and  140  .  168 . 315  . 
360,  are  the  new  Numerators,  which  being  placed  Fradtion-wife 
are  ||§  .  the  New  Fractions  required. 

That  is,  i!2=i.  i ™=1.  315  =  3.  and  3^°=*. 

420  3  420  5  420  4  420  7 


Sett.  3.  bring  mix’d  JRumbers  into  fractions,  and 

the  contrary . 

IX’D  Numbers  are  brought  into  improper  Fractions  by  the 
■**^‘*‘  following  Rule. 

RUL  E. 

.  Multiply  the  Integers,  or  whole  Numbers,  with  /^Denomina¬ 
tor  of  the  given  Fraction,  and  to  their  Produft  add  /£<?  Numerator, 
the  Sum  will  be  the  Numerator  of  the  Fraction  required. 

Example .  9  *  by  the  Rule  will  become  For  9  x  5  = 
And,  -}-  f  zr  the  improper  Fraction  required. 

.  Again,  13  yy  will  become For  13  x  15  =:  fi1. 

And  -f  - i y  “=  -ff  •  And  fo  for  any  other  as  occafion  requires. 

To  find  the  true  Value  of  any  improper  Fra&ion  given  is  only 
the  Converfe  of  this  Rule.  For  if  =  9  f,  as  before  is  evident : 

Then 
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Then  it  follows  that  if  49  be  divided  by  5,  the  Quotient  will 
give  9  f.  And  if  206  be  divided  by  15,  it  will  give  1315,  &c. 
confequently  it  follows,  that 

If  the  Numerator  of  any  improper  Fra&ion  be  divided  by  it’s 
Denominator,  the  Quotient  will  difcover  the  true  Value  of  that 
Fra&ion. 

EXAMPLES. 

=  5.  And*!-  =  4  h  And  Wi=  6  X.  Or  */=  3  ^  . 

When  whole  Numbers  are  to  be  exprefled  Fra&ion-wife,  it  is 
but  giving  them  an  Unit  for  a  Denominator!  Thus  45  is 
9  is  and  25  is  V",  &c. 

Sea.  4.  To  stbbietjfate  or  Ecsttce  .fractions!  into 

their  Loweji  or  Leaft  Denomination. 

^T*HIS  is  done,  not  out  of  any  neceffity,  but  for  the  mote 
^  convenient  managing  of  fuch  Fra  Nitons  as  are  either  propofed 
in  large  terms;  or  fweli  into  fuch,  either  by  Addition  or  other- 
wife  :  befides  it  is  moft  like  an  Artift  to  exprefs  or  fet  down  all 
Fractions  in  the  lowed:  terms  poflible;  and  to  perform  that,  it 
will  be  necefiary  to  confider  thefe  following  Proportions. 

Numbers  are  either  or  COIBpOfttU 

1.  A  Prime  Number  is  that  which  can  only  be  meafured  by 
an  Unit.  Euclid  7.  Defin.  11. 

That  is,  3,  5,  7,  11,  13,  17,  &c.  are  faid  to  be  Prime  Num¬ 
bers,  becaufe  it  is  not  poflible  to  divide  them  into  equal  Parts  by 
any  other  Number  but  Unity  or  1. 

2.  Numbers  Prime  the  one  to  the  other,  are  fuch  as  only  an 
Unit  doth  Meafure,  being  their  common  Meafure.  Euclid  7. 
Defin.  12. 

For  indance,  7  and  13  are  Prime  Numbers  to  each  other, 
becaufe  they  cannot  be  divided  by  any  Number  but  an  Unit. 
And  9  and  14  are  alfo  Prime  Numbers  to  each  other,  for  altho* 
3  will  meafure  or  divide  9  without  leaving  a  Remainder;  yet  3 
will  not  meafure  14  without  leaving  a  Remainder  :  Again,  altho’ 
2  will  meafure  14  without  any  Remainder,  yet  2  will  not  mea~ 
fure  9  without  leaving  a  Remainder,  &c. 

3.  A  compofed  Number  is  that  which  fome  certain  Number 
jneafureth.  Euclid  7.  Defin.  13. 

For  inftance,  15  is  a  compofed  Number  of  3  and  5,  for  5  )<  3 
=  15,  confequently  3  or  5  will  juftly  meafure  15.  Alfo  20 
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is  compofed  of  5  and  4,  viz.  5x4  =  20,  therefore  5  and  4  will 
each  juftly  meafure  20. 

4.  Numbers  compofed  the  one  to  the  other,  are  they  which 
fome  Number,  being  a  common  Meafure  to  them  both,  doth  mea- 
fure.  Euclid  7.  Dejin .  14. 

That  is,  if  two  or  more  Numbers  can  be  divided  by  one  and 
the  fame  Divifor  5  then  are  thofe  Numbers  faid  to  be  compofed 
one  to  another, 

For  Inftance,  14  and  21  are  Numbers  compofed  the  one  to 
the  other,  becaufe  they  can  both  be  meafured  or  divided  by  7. 
For  7x2  =  14,  and  7x3  =  21;  therefore  7  is  a  common  Mea¬ 
fure  to  14  and  21.  So  that  if  ir  were  propofed  to  be  abbrevi¬ 
ated,  it  will  become  *£• 


And  how  thofe  greateft  common  Meafures  may  be  found 
comes  from  Euclid  7.  Prob.  1,  2,  3,  and  is  thus: 


RULE. 

Divide  the  greater  Number  by  the  lejjer ,  and  that  Divifor  by  the 
Remainder  (if  there  be  any),  and  fo  on  continually  until  there  be  no 
Remainder  left  :  Then  will  that  laji  Divifor  be  the  greatejl  common 
Meafure  ( and  if  it  happen  to  be  I,  then  are  thofe  Numbers  Prime 
Numbers ,  and  are  already  in  their  loweji  Terms  ;  but  if  otherwife) 
Divide  the  Numbers  by  that  laji  Divifor ,  and  their  Quotients  will 
be  their  leaf  Terms  required. 


EXAMPLE . 

Let  it  be  required  to  find  the  greateft  common  Meafure  of  72 
and  108,  viz.  of  T7S\. 

72)  108  (1 

72 

36)  72  (2  £  Here  becaufe  there  is  no  Remainder  5 

72  t  36  4s  the  greateft  common  Meafure. 

Hence  tbi  is  abbreviated 
36)108  =  3  3  to  |  the  loweft  Terms. 

Again,  to  find  the  greateft  common  Meafure  of  744  and  899. 

Thus, 


T^fore,  {  J 
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Thus,  744)  899  (1 
744 

155J  744  (4 
620 


IH)  *55  (1 

124 

’  30  I24  (4 

124 

(o) 

Here  31  is  found  to  be  the  greateft  common  Meafune  by  which 
744  and  899  may  be  abbreviated  to  24  and  29  their  ioweft  Terms. 

Thus,  §f)  ||  J  (=  &V. 

Note,  If  the  propofed  Numbers  be  even,  they  may  be  brought 
lower  by  a  continued  halfing  of  them,  fo  Jong  as  they  can  be 
halfed,  viz.  divided  by  2. 


E  X  A  M  P  L  E. 

It  is  required  to  Reduce  %%  to  it’s  leaft  Terms. 

Firft,  f)  4-t  ( =  J|.  Again,  \)  ||  ( =  if. 

This  done,  you  eafily  perceive  that  7  will  be  the  common  Meafure 
to  14  and  21,  viz.  |)  ff  (  =  |,  bV. 


If  the  Numbers  propofed  to  be  reduced  have  each  a  Cypher, 
or  Cyphers  annexed  to  them,  they  will  be  abbreviated  by  cutting 
off  a  like  Number  of  Cyphers  from  both. 


Thus,  |£§  be  fo'*  And  |§§  will  be  &c. 

That  is,  #§  =  !§  =  *.  And  f§§  =  f.  And|g§=|§ 


l  8  — —  Q 

10  ’  s  o* 


Sea  5.  aatittlaii  of  jFt;acttait& 

\\7 HAT  bath  been  done  by  the  Rules  in  this  Chapter,  is 
*  ^  chiefly  to  prepare  and  fit  Fractions  of  different  Denomina¬ 
tions  for  Addition  or  Subtraction,  as  Occafion  requires,  viz.  If 
they  are  Compound  Fractions ,  they  muft  be  reduced  to  Simple  or 
Pure  Fractions,  per  Rule,  SeCl.  1. 

If  they  are  of  different  Denominations,  they  muft  be  altered  or 
changed,  per  Rule,  SeCt.  2. 

That  is,  all  Fractions  muft  be  brought  into  one  Denomination 
before  they  can  either  be  added  or  fubtra£ed  j  and  that  being 
done.  Addition  is  thus  performed. 

RULE. 

Add  together  all  the  Numerators ,  and  their  Sum  will  be  a  Neva 
Numerator,  under  which  fubjcribe  the  Common  Denominator . 

Examples 
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Examples  in  ©t’UlplE  jfC£lCttpn@* . 

Let  it  be  propofed  to  add  |,  •§,  and  £  together.  Firft,  4  =  J|, 

zb  4  —  "gu*  Per  Sefi.  2.  .  ■ 

Then  +  f£  +  §§  =  |§>  the  Sum  required,  which  according  to 

Section  3,  is  1  zb  viz.  ||  =  1  f§. 

Examples  in  CcmipOtUlt!  JFraCttOttSL 

Let  it  be  required  to  add  \  and  •§  of  4  into  one  Sum.  Firft  4  of  \ 
becomes  ~  or  \  per  Sect.  1 .  And  (per  Seft.  2.)  4  and  4  is  and  T7?, 
viz,  4  —  Jl,  and  1  —  ;  but  >f  T6$  =  {|  the  Sum  required,  viz. 

■\  ”f*  7  4  — -  I-?*  -  ’  '  ^ 

%  Examples  in  nitreo  I3umfaersf. 

It  is  required  to  add  5  f  to  7  thefc  per  Seft.  3.  will  be  y  and  J4l. 
But  y  and  If  will  become  ff  and  44  per  Seft.  2.  Then  ||  +  1|  = 
y2L,  and  1iy  =  13  T\  the  Sum  required. 

Or  you  may  bring  only  the  Fractions  to  one  Denomination. 

Thus,  5  4  and  7  |  will  become  3  and  7  T\. 

Then  5  -f\  -J-  7  =  1 2  ||.  That  is,  1 3  Tsa-.  As  before. 


Seft.  6.  ©ubtracttcn  «/  jfraettottft. 

RULE. 

qUBTRACF  one  Numerator  from  the  other  (< according  as  the 
^  ^ueftion  requires)  and  their  Difference  will  be  a  new  Nume¬ 
rator  ,  under  which  fubfcribe  the  Common  Denominator ,  as  in 
Addition. 

EXAMPLE  1. 

Let  it  be  required  to  take  4  out  of  \.  Firft  f  and  \  per  Seft.  2.  will 
become  44  and  f  4  j  then  ff  —  44  =  -§4,  that  is,  f  —  |  =  4f.  As 
was  required. 

EXAMPLE  2. 

It  is  required  to  fubtraft  ~  of  J-  from  44.  Firft,  4  of  |  ==  per 
Seft.  1 .  Again  and  44  will  become  and  444.  per  $eft.  2. 


Then  ~  lyf- 


From  6  4 

o 


1  ?,  7 

TTf 


EXAMPLE  3. 


fubtraft  3  If.  Firft,  64  =  */,  and  3  If-  =  \4/  per 
Rule  Seft.  3.  Again,  y  1=  “3^-,  and  4/y  =:  y^4,  per  Rule  Seft.  2. 

Or  otherwife  thus; 

Firft, 


Then, 


1104 

384 


IMS 

5  S* 


~  ?.  8  o  - 

2  784  - 


3  ^ 

*  48' 
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Firft,  6 1  =  5  f ,  then  bring  f  and  into  one  Denomination,  viz* 
5  1=5  11-1  and  3  =  3  f  f-J. 

Then  5  —  3  iff  =  2  ff-J  =  2  Jf .  As  before. 


EXAMPLE. 

Let  it  be  required  to  fubtraft  ^  of  £  of  -J  from  7. 


Firft,  -f  of  i  of  | 


JO 
i  8  9  ■ 


And  7  =  6  iff. 


y  of  f  of  f . 


As  was 


Then  6  9 _ 3j>_  zzl  6  lie.  —  6  s4  —  7 

1  u  1  8  9  18  9  u  1  Ty  u  -  / 

required. 

If  thefe  few  Examples  be  well  underftood,  the  whole  Bufinefs 
of  adding  and  fubtradiing  Vulgar  Fractions  will  be  eafy  ;  which 
is  really  much  more  difficult  to  perform  than  either  Multiplica - 
tion  or  Divifion  ;  as  will  appear  in  the  next  Section. 


Sea.  7.  spulttplicaticit  of  jrracttcnsf. 

TN  order  to  perform  Either  Multiplication  or  Divifion ,  you  muft 
**■  prepare  the  Terms  to  be  multiplied  (or  divided)  thus;  reduce 
Compound  Fractions  to  Simple  ones,  per  Seft,  1.  Bring  mixed 
Numbers  into  improper  Fractions ,  and  exprefs  whole  Numbers 
Fraftion-wife ,  per  Sett.  3.  Alfo  it  will  be  convenient  to  abbre¬ 
viate  them  to  their  fmalleft  Terms,  when  it  can  be  done.  Then 
Multiplication  may  be  thus  performed. 

f  Multiply  the  Numerators  one  into  another  for  a  new  Nu - 
Rule.  merator ;  and  the  Denominators  one  into  another  for  a  new 
t  Denominator .  As  in  thefe 

EXAMPLES . 

1 .  The  Produft  of  |  into  \  zz:  -if.  That  is,  -2  X-^  —  ~ . 

5X7  35 

2.  And  the  Produdts  of  yf  into  Or  . 

3.  Again,  the  Produdt  of T7T  into  -f  off  -/¥°T.  Or 

For  |  of  f  =  if.  Then  T7T  x  f f  =  -&0T  =  TV 

4.  Let  it  be  required  to  multiply  6  with  3  f.  Thefe  prepared  for 
the  Work  will  ftand  thus,  f  x  -f-. 

viz.  6  =  f  and  3  f  ==  Y*  Then  f  x  y  z=  if-,  or  20  f . 

Or,  otherwife  thus  6  x  3  ;=  18.  And  x  6  =  zz  2  f . 

Then  18  -(-  2  f  —  20  f .  As  before. 

5.  Let  it  be  required  to  multiply  7  J  with  $  f. 

Firft  7 1  22:  y  and  5  f  =  y.  Then  V  x  J7&  =  =  40  f f. 

Now  the  Reafon  of  this  Rule  for  multiplying  of  Frafiionsy 
and  confequently  of  thefe  Operations,  and  all  others  performed  by 
it;  will  be  evident  from  this  following. 

Viz . 
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attt&meticfu 


Viz.  If  ±  be  multiplied  with  acccording  to  the  Rule,  their  Pro¬ 
duct  will  be  ±(&.  But  =  8- 

Now  |  =  2,  and  Lf  =  4  per  Se&.  3.  But  4x2=8.  Ergo,  &c. 


Sea.  8.  SDftJtfion  of  jTfactioafj. 

'npHE  Fractions  being  firfl  prepared  as  before  dire&ed,  Divijion 
•*“  may  be  thus  performed  : 

!. Multiply  the  Numerator  of  the  Dividend  into  the  Deno¬ 
minator  of  the  dividing  Fraction  for  a  new  Numerator :  and 
multiply  the  other  Numerator  and  Denominator  together  for  a 
new  denominator. 

EXAMPLES . 

1.  Let  fT  be  divided  by  |,  viz.  \)  [ffj  ==:  -  the  Quotient. 
That  is,  according  to  the  Rqle  6  x  7  22:  42  the  new  Numerator,  and 
35  x  3  — 105,  the  new  Denominator,  &c.  as  above. 

2.  Let  it  be  required  to  divide  by  T\.,  viz.  T\)  (||f  =  1 

For  12X20  —  240  the  new  Numerator,  and  27  x  5  =  1 3  5  the  new 
Denominator. 

3.  Suppofe  it  were  required  to  divide  T\  by  |  of -f. 


Firft,  |  of  4 


JL° 

3  5 


Then  f  70 

-i  iicu  3  5;  t 


7 

j  1  • 


4.  Let  20 1  be  divided  by  3  f ;  ws.  by  ^  : 

For  20|  =  and  3  |  22:  Y-  Then  f1)  (  =2  6  the  Quotient 

5.  Let  it  be  required  to  divide  40  ||  by  5 

Firft,  40  ||  =  and  5  |  22: 


i-i 

7 


Then  -UM  (HZ-~ 

X  uca  7  )  63  l  • 


<: 

T* 


Bat  Vr^r  the  true  Quotient  required. 

6.  Suppofe  it  were  required  to  divide  1 3  by 

Firft,  13  =  V-.  .  Then  |)  ^  22:  18  |,  the  Quotient 

7.  Again,  let  it  be  required  to  divide  |  by  6. 

|)  4  for  the  Quotient  required. 

N.B.  From  hence  you  may  obferve,  that  when  any  whole 
Number  is  divided  by  a  Fraaion  lefs  than  Unity  or  1,  the  Quo¬ 
tient  .will  be  greater  than  the  Number  propofed  to  be  divided: 
Lut  if  any  Fraaion  be  divided  by  a  whole  Number,  greater 
than  1,  then  the  Quotient  will  be  lefs  than  the  Dividend  :  As  in 
the  two  laft  Examples .* 


■v 


As 


T  -  -  ~  -  - - 
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As  to  the  Reafon  (or  Proof )  of  this  Rule  for  dividing  Fractions : 
It  is  only  the  Converfe  to  that  of  Multiplication ,  and  will  be  very 
evident  from  this  following-. 

O 

Let  4-i  be  divided  by  ±.  Which  according  to  the  Rule  is 
thus,  ±)  4~  (|A  =  4.  The  true  Quotient*  Now  ^  =  8.  And 

^  divided  by  £  is  but  the 
2)  8  (4.  The  Quotient  as 

I  could  have  inferted  Geometrical  Demonfirations ,  for  the  Rules 
of  Multiplication  and  Divifion  of  Fractions ;  but  fuppofing  the 
I-earner  as  yet  unacquainted  with  thofe  kind  of  Demonfirations, 
I  thought  thefe  might  be  more  intelligible  to  him,  efpecially  in 
this  place. 


4  =  2,  per  Sett.  3.  Confequentl 
fame  with  8  divided  by  2.  viz. 
before. 


CHAP.  Y. 

Of  decimal  ifracftong. 


TT/*H  E  or  by  whom ,  this  excellent  Invention  a/' Decimal 
55  5  Arithmetick  was  firjl  introduced ,  is  uncertain  ;  but  doubtlefs 
ids  Improvements ,  and  the  Perfection  it  is  now  in,  are  owing  to  later 
Tears. 


Sea.  1.  of  ©oration. 

T  N  Decimal  Fractions ,  the  Integer  or  zvhole  Thing  (whether  it 
be  Coin ,  fVeight,  Meafure ,  or  Time ,  &c.)  is  (uppofed  to  be 
divided  into  Ten  equal  Parts  ;  and  every  one  of  thofe  Ten  Parts 
sire  fuppofed  to  be  fubdivided  into  other  Ten  equal  Parts ,  &c.  ad 
infinitum. 

The  Integer  being  thus  divided  (by  Imagination )  into  10,  IOO, 
1000,  1 0000,  &c,  equal  Parts ,  becomes  the  Denominator  to  the 
Decimal  Fractions. 


T  h  { 1  s  -  \  7  ^ ^ 7  ~  4 .  Eff  c 

x  JJU.3,  -J  Q  •  foo'  To*o  o'  1  0  0  0  5'  IOOCOO)  • 

Now  thefe  Denominators  are  feldom  or  never  let  down,  but 
only  the  Numerators ;  and  thofe  are  either  diftinguifhed,  or  fepa- 
rated  from  whole  Numbers  by  a  Pointy  or  a  Comma. 

Thus,  5,4  is  5  TV  and  0,7  is  ^  35,05  is  35  T-=^,  &c. 

But  before  we  proceed  further  in  Notation ,  it  will  be  conveni¬ 
ent  for  the  Learner  to  confider  the  following  Table^  (taken  out  of 
the  learned  Mr  Oughtred\  Clavis  Mathematica)  which  Ihews  the 
very  Foundation  of  Decimal  Fractions. 

I 


mole 


antfjmttide 


Part  I. 


Whole  Numbers ,  Decimal  Parts . 


543210, 1  23456 


By  this  Table  it  is  evident,  that  as  in  the  whole  Numbers  or  Inte¬ 
gers  ^  every  Degree  from  the  Units  Place  increafes  towards  the 
left-hand  by  a  Ten-fold  Proportion :  So  in  Deci?77al  Parts  every 
Degree  is  decreafed  towards  the  right-hand  by  the  fame  Propor¬ 
tion ,  viz,  by  Tens . 

Therefore  thefe  Decimal  Parts  or  Fractions ,  are  really  more 
Homogeneal ,  or  agreeing  with  whole  Numbers ,  than  Vulgar  Frac¬ 
tions  ;  for  indeed  all  plain  Numbers  are  in  efFedfc  but  Decimal  Parts 
one  to  another. 

That  is,  fuppofe  any  Series  of  equal  Number ,  as  444,  &c. 
The  fir  ft  4  towards  the  Left  is  Ten  times  the  Value  of  the  4  in 
the  middle,  and  that  4  in  the  middle  is  Ten  times  the  Value  of 
the  laft  4  to  the  Right  of  it,  and  but  the  Tenth  Part  of  that  4 
on  the  Left,  iFc. 

Therefore  all  or  any  of  them  may  be  taken  either  as  Integers y 
or  Parts  of  an  Integer  :  If  Integer „c,  then  they  muft  ,be  fet  down 
without  any  Comma  or  feparating  Point  betwixt  them  thus,  444. 
But  if  Integers ,  and  one  Part  or  Fraction,  put  a  Comma  betwixt 
them  thus,  44,4  which  fignifies  44  whole  Numbers ,  and  4  Tenths 
of  an  Unit :  Again,  if  two  Places  of  Parts  be  required,  feparate 
them  with  a  Comma  thus,  4,44  viz.  4  Units  and  44  hundred 
P art s  of  an  Unit ,  Szc. 

From  hence  (duly  compared  with  the  Table)  it  will  be  eafy  to 
conceive  that  Decimal  Farts  take  their  Denomination  from  the 
Place  of  their  iaft  Figure. 


That  is,  \  , 56  rc 

L  ,056  m 


V  ’5  = 


5  6 

T  o  O 


5_ 
1  o 


Paris  of  an  Unity  Uc, 


-  6 


Cyphers 
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Cyphers  annexed  to  Decimal  Parts ,  alter  not  their  Value.  As 
,50,  ,500,  or  ,5000,  fcfr.  are  each  but  5  Tenths  of  an  t/«zY. 

Fnr  5  0  -  5  And  5  00  —  ?  Qr  SQQQ  - _J_  P^rScC 1  A . 

or i  o •  j-qqq-  —  x  o •  100^)0  ~~  i  o *  xr ct  ot  /. 

of  the  laft  Chapter. 

But  Cyphers  prefixed  to  Decimal  Parts  decreafe  their  Value ,  by 
removing  them  further  from  the  Comma. 

,5  =  5  Tenth  Parts. 

,05  =  5  Parts  of  a  Hundred. 

,005  =  5  Parts  of  a  Tlooufand. 

,0005  =  5  Parts  of  Thoufand. 

Confequently  the  true  Value  of  all  Decimal  Parts  are  known 
by  their  Diflance  from  the  Units  Place  j  this  being  once  rightly 
underfiood,  the  reft  will  be  eafy. 


Thus 


Sea.  2 .  atfcUtott  and  0ufotractton  of  Decimals. 

T  N  fetting  down  the  propofed  Numbers  to  be  added,  or  fub- 
*  tracked,  great  care  mull  be  taken  in  placing  every  Figure  di- 
redfly  underneath  thofe  of  the  fame  Value,  whether  they  be  mixed 
Numbers,  or  pure  Decimal  Parts,  and  to  perform  that  you  muff 
have  a  due  regard  to  the  Comma’s,  or  feparating  Points,  which 
ought  always  to  (land  in  a  diredf  Line  one  under  another  ;  and  to 
the  Right-hand  of  them  carefully  place  the  Decimal  Parts,  accord¬ 
ing  to  their  refpedlive  Values,  or  Difiances  from  Unity.  /Then 
f  Add  or  fuhtr aft  them ,  as  if  they  were  all  whole  Numbers  ; 
Rule  j  and  ft  om  their  Sum ,  or  Difference ,  cut  off fo  many  Decimal 
L  Parts  as  are  the  mojl  in  any  of  the  given  Numbers. 

EXAMPLES  in  SJStUttQtt* 


Let  it  be  required  to  find  the  Sum  of  thefc  following  Numbers, 
m'z.  34»5  +  65,3  +  128,7+95  +  87,8  +  7,9,  which  being 
truly  placed,  will  fiand 


Thus, 


34-95 

65>3 

128,7 

95:° 

8y>s 

7>9 


Their  Sum  required,  419,2 

I  2 

/ 


E  XA  M  PIE 


6  o 
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EXAMPLE  2. 

Let  it  be  required  to  find  the  Sum  of  25,854-^- 34,57 8-{“9>07 ^ 

+  I3»9°7- 

25,854 

34>578 

9,076 

i3*9°7 


83,415  The  Sum  required. 

When  the  Decimal  Parts  propofed  to  be  added  (or  fubtra£lcd) 
have  not  the  fame  Number  of  Places,  you  may  for  convenience 
of  Operation  fupply  or  fill  up  the  void  Places,  by  annexing  Cy- 


X AMPLE  3. 

EXAMPLE  4. 

EXAMPLE  5. 

45, °7o° 

574,678953 

0,975642 

50,7580 

95>796430 

*745257 

123,0057 

78,054600 

,000598 

74,7020 

54,789000 

,800700 

24,8000 

8,900000 

,640530 

3l8>3357 

8l2,2l8983 

3,162727 

e  xa  mp  l  E  s  in  Subtract  ion* 

Let  it  be  required  to  find  the  Difference  between  45,375  and 
*74,284. 

EXAMPLE  1.  EXAMPLE  2.  EXAMPLE  3. 
That  is.  From  74,284  From  437,5  From  75,0034 

Take  45*375  Take  **9>65 7  Take  57,875 

Remains  28,909  247*843  17*1284 

EXAMPLE  4. 

Let  it  be  required  to  find  the  Excefs  between  562  and  93,5784 

EXAMPLE  4.  EXAMPLE  5. 

That  is,  From  562,  From  345,7578 

Take  93,5784  Take  157, 


The  Excefs  468,4.216  188,7578 

Xotey  1  he  two  lair  Examples  are  fuppofed  to  be  fupplied  with 
Cyphers,  which  if  a&ually  done  would  (land  thus, 

562,0000  345*7578 

93*57^4  157,0000 


Remains  468,4216  As  before. 


188,7578 

E  XA  M  P  L  E 
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EXAMPLE  6. 
From  0,547893 
Take  0,439758 


EXAMPLE  7.' 
From  1,000000 
Take  0,997543 


0,108135  0,002457 

The  Proof  of  Addition  and  Subtradlion  in  Decimals,  is  the 
fame  with  that  of  whole  Numbers,  page  13,  &c. 


*  *  m 

Sea.  3.  jgptitttpitealton  of  ^Decimals. 

TI7  H  E  T  H  E  R  the  Favors  or  Numbers  to  be  multiplied  are 
*  *  pure  Decimals,  or  mixed,  Multiply  them  as  if  they  were  all 
whole  Numbers,  and  for  the  true  V  alue  of  their  Product  obferve  this 
f  Cut  off  (viz.  feparate  with  a  Comma )  fo  many  Places  of 
Rule.*)  Decimal  Parts  in  the  Product,  as  there  are  in  both  the  Fac- 
L  tors  accounted  together .  As  in  tbefe . 

EXAMPLE  1.  ‘  EXAMPLE  2. 

3,024  32,12 

2,23  24,3 


90  72 
604  8 
6  048 


9  63  6 
128  48 
642  4 


6,74352  780,51  6 

The'  Reafon  why  fuch  a  Number  of  Decimal  Parts  muff  be  cut 
off  in  the  Product,  may  be  eafily  deduced  from  thefe  Examples. 
Thus, 

In  Example  r.  It  is  evident,  that  3,  the  whole  Number  in  the 
Multiplicand,  being  multiplied  with  2,  the  whole  Number  in  the 
Multiplier,  can  produce  but  6  ( viz.  3x  2  -  6).  So  that  of  ne- 
ceffity  all  the  other  Figures  in  the  Produdf  muft  be  Decimal  Parts  ; 
according  as  the  Rule  diredis.  •* 

Or.  the  Rule  is  evident  from  the  Multiplication  of  whcleNum- 
bers  only  :  Thus,  fuppofe  3000  were  to  be  multiplied  with  2CO, 
their  Product  will  be  600000 ;  That  is,  there  will  be  fo  many 
Cyphers  in  theProdudt,  as  are  in  both  the  Factors,  ( Vide  page  j8.J 
Now  if,  inflead  of  thofe  Cyphers  in  the  Fadfors,  we  fuppofe  the 
like  Number  of  Decimal  Parts  ;  then  it  follows,  that  there  ought 
to  be  the  fame  Number  of  Decimal  Parts  in  the  Product,  as  there 
were  Cyphers  in  the  Fadlors. 

Again,  the  Rule  may  be  otherwife  made  evident  from 
Vulgar  Fractions,  thus:  Let  32,12  be  multiplied  with  24,3, 

and 


6  2 


aritf)tnetfcfe. 


Part  i. 


-and  their  Produ£l  will  be  780,516  as  in  Example  2,  above. 
Now  32,12  —  32  Jgs.  and  24,3  zz  24-^,  which  being  brought 
into  Improper  Fra&ions  (per  Sell.  3.  page  50.)  will  become 
32  tw  —  m  and  24  -  W . 

Then  x  VV  ~  74-°-|46.  ^  ^5.  7.  page  55. 

But  7-iwi6  =  780  Tyo6o-  Wz.  780,516,  as  before. 


Any  of  thefe  three  Ways  do,  I  prefume,  fufficiently  prove  the 
Truth  of  the  abovefaid  Rule,  & c. 


EXAMPLE  3. 
78,546 
43^ 


471276 

235638 

314184 


EXAMPLE  4. 

5745 

,0675 


28725 

40215 

3447° 


34246,056 


387>7875 


N.  R.  It  fometimes  happens  in  multiplying  Parts  with  Parts , 
that  there  will  not  be  fo  many  Figures  in  the  Produbl,  as  there  ought 
to  be  Places  of  Decimal  Parts  by  the  Rule  :  In  that  Cafe  you  mujl 
fupply  their  Defell  by  prefixing  Cyphers  to  the  Product  5  as  in  thefe 
Examples, 

EXAMPLE  5. 

>2365 
>2435 

11825 

7°95 

9460 

473° 

>03758775 

When  any  propofed  Number  of  Decimals  is  to  be  multiplied 
with  10  .  100  .  1000  .  10000,  &c.  if  is  only  removing  the 
feparating  Point  in  the  Multiplicand,  fo  many  Places  towards  the 
Right-hand,  as  there  are  Cyphers  in  the  Multiplier. 

Thus,  ,578  x  10  ==  5,78.  And  ,578  x  ico  =  57,8. 

Again,  ,578  x  1000  =  578.  Or,  ,578  x  IQQOO  zz  5780. 

1  -  .  Thefe 


EXAMPLE  6, 

>°347 

,0236 


2082 

1041 

694 


,0008.1892 


* 
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Thefe  things  being  confidered,  it  will  be  eafy  to  multiply 
Decimals,  and  determine  their  true  Products.  As  in  thefe  follow¬ 
ing  Examples. 

57,056  multiplied  into  0,578  will  produce  32,978368 
7J6543  into  5,4246  will  produce  41,52151578 
0,56879  x  0,05674  =  0,0322731446 
0,03246  x  0,02364  —  0,6007672544 
87649  X  0,03687  =  3231,61863 
94,35786  X  6,57869  rzr  620,7511  IOOO34 
3,141592  x  52,7438  =  165,6995001296 

1 

In  general,  it  will  be  needlefs  to  exprefs  all  the  Figures  of  the 
Product  at  large,  (efpecially,  when  the  Factors  have  each  of 
them  many  Places  of  Decimal  Parts,  as  in  the  two  laft  Exam¬ 
ples)  only  fo  many  of  them  as  may  fuffice  for  the  intended 
Defign  ;  and  yet  the  Product  may  be  as  true  to  fo  many  Figures 
as  are  retained,  as  if  the  Factors  had  been  multiplied  at  large. 
And  fuch  compendious  Contractions  are  not  only  of  Curiofity, 
but  may  alfo  be  found  of  great  Eafe  and  Ufe  to  the  ingenious 
Practitioner ;  efpecially  in  refolving  adfected  Equations,  or  in 
calculating  of  Trigonometrical  Problems  by  the  Natural  Sines 
and  Tangents,  &c.  All  which  may  be  thus  performed. 

Viz.  Set  the  Unit's  Place  of  the  Multiplier  directly  underneath  that 
Figure  of  the  Multiplicand ,  whcfe  Place  you  intend  to  keep  in  the 
Product ;  and  place  all  the  other  Figures  of  the  Multiplier  in  a  quite 
contrary  Order  to  the  ufual  way .  Then  in  multiplying  always  begin 
at  that  Figure  of  the  Multiplicand  which  [lands,  over  the  Figure 
wherewith  you  are  then  a  multiplying ,  fetting  down  the  firjl  Figure 
of  each  particular  Product  diredlly  underneath  one  another  ;  yet 
herein  you  mufi  have  a  due  Regard  to  the  Increafe  which  would  arife 
out  of  the  two  next  Figures  to  the  Right-hand  of  that  Figure  in  the 
Multiplicand  which  you  then  begin  ivith. 

E  XA  M  P  L  E.  , 

Let  it  be  required  to  multiply  3,141592  with  52,7438,  and 
retain  only  four  Places  of  Decimal  Parts  in  the  Product. 

If  the  propofed  Numbers  were  to  be  multiplied  at  large,  they 
muff  (land  in  a  direct  Order  as  ufual. 

'T'!.  f  3,141592  5  And  would  produce  ten  Places  of 

‘  us  i  52,7438  (  Parts,  as  in  the  laft  Example. 


But 


\ 


Parc  I. 


But  feeing  it  is  required  to  have  only  four  Places  of  thofe  Parts 
in  the  Product,  fet  them  down  as  before  directed,  and  they  will 
Band 


Thus 


3,141592 

8  ;47,25 

1570796 

62832 

21991 

1257 

94 

25 


465,6995 


The  Multiplicand  placed  as  before. 

The  Multiplier  in  a  reverfe  Order. 

The  Product  with  5,  regard  had  to  5  times  2. 
The  Product  with  2,  increafed  with  9x2. 
Produ£t  with  7,  increafed  with  5  x  7+9  x  7. 
Product  with  4,  increafed  with  1  x  4—}— 5  x  4. 
Product  with  3,  increafed  with  4x3. 

Product  with  8,  increafed  with  4  x  8-j-i  x  8^ 
The  true  Product  as  was  required. 


The  Reafon  of  this  Contraction  is  very  obvious  from  the 
whole  Operation  wrought  at  large. 


Thus  3> 

141592 

52,743S 

25 

l3?-736 

94 

24776 

1256 

6368 

2  1991 

H4 

6  2831 

84 

,57  °796 

D 

165,6995 

001296 

Ft  * om  hence  it  is  evident ,  that  all  the  Fi¬ 
gures  in  the  Square  to  the  Right-hand ,  are 
wholly  omitted  in  the  former  Contraction  ;  and 
that  the  lajl  ftngle  Product  here,  is  the  firji 
there  \  confequently  the  Reafon  for  placing 
the  Multiplier  in  a  reverfe  Order ,  mujl  needs 
appear  very  plain . 


EXAMPLE  3. 

Suppofe  it  were  required  to  multiply  257,356  with  76,48  and 
to  have  only  the  entire  ProduCt  of  Integers. 

257»356 


84,67 


The  fame  at  large  |  2?0356 
0  l  76,4k 


18015 

1544 

103 

20 


19682 


20 
102 
1  544 


18014  92 


58848 

9424 

136 


19682,58688 


f  he  chiefeft  Care  and  Difficulty  that  attends  thefe  Contractions, 
is  the  true  letting  down  of  the  Units  place  in  the  Multiplier  un¬ 
derneath  the  proper  I"  igure  of  the  Multiplicand,  according  to  the 
defigned  Product 

Viz. 
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Viz .  In  Example  1.  It  was  required  to  have  four  Places 
Decimal  Parts  in  the  Product ;  therefore  the  Unit's  Place  of  the 
Multiplier  was  fet  under  the  fourth  Place  of  Decimals  in  the 
Multiplicand  :  And  in  Example  2,  bscaufe  it  was  required  to 
have  an  entire  Produ<H  of  Integers  only  ;  therefore  the  Unit's 
Place  of  the  Multiplier  was  fet  under  the  Unit's  Place  of  the 
Multiplicand,  This,  I  fay,  being  once  rightly  underload,  will 
render  the  Method  eafy  in  Practice. 


Sedt.  4. 


D 


1 IV I S  10  N  is  accounted  the  moft  difficult  Part  of  Decimal 
Arithmetic^  :  In  order  therefore  to  make  it  plain  and  eafy, 
it  will  be  convenient  to  refume  what  has  been  faid  in  page  25. 

c  The  Quotient  Figure  is  always  of  the  fame  Value  or  De- 
Viz.  <gree  juuith  that  Figure  of  the  Dividend ,  under  which  ths 
(  Unit' s  Pfafe  of  it's  Product  Jlands. 

As  for  Inflance,  Let  294  be  divided  by  4. 

f  This  is  not  7  hut  70,  becaufe  the  Units 
4)  294  (7  y  Place  of  4x7  Hands  under  the  Tens  Place 
28  L  of  the  Dividend. 


14  (3  But  this  is  only  3. 

12 


Remains  (2)  Hence  73J  is  the  Quotient. 

Now  if  to  the  Remainder  2  there  be  annexed  a  Cypher  (thus, 
2,o)  and  then  divided  on,  it  muff  needs  follow  that  the  Units  Place 
of  the  Produdt  ariftng  from  the  Divifor  into  the  Quotient,  will 
Hand  under  the  annexed  Cypher ;  confequently  the  Quotient  Fi¬ 
gure  will  be  of  the  fame  Value  or  Degree  with  the  Place  of  that 
Cypher :  But  that  is  the  next  below  the  Units  Place,  therefore  the 
Quotient  Figure  is  of  the  next  Degree  or  Place  below  Unity  ; 
That  is,  in  the  firft  Place  of  Decimal  Parts. 


Thus  4)  2,0  (,5 

So  that  4)  294,0  (73,5  the  true  Quotient  required. 

This  being  well  underftood  ;  Divifion  of  Decimals  rnay  (in  all 
the  various  Cafes)  be  eafily  performed.  However,  that  it  may 
be  rendered  plain  and  eafy  even  to  the  meaneft  Capacity,  if 
fible  j  Let  Divifion  be  again  defined,  as  in  page  21, 

K  Vi* 
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V iz.  If  that  Number  which  Divides  another,  be  multiplied  with 
the  Number  which  is  quoted ,  their  Product  will  be  the  Number  di¬ 
vided. 

This  Definition  alone  (if  compared  with  the  Rule,  page  61.) 
will  afford  a  general  Rule  for  difcovering  the  true  Value  of  the 
Quotient  Figure  in  Divifion  of  Decimals. 

{Phe  Place  of  Decimal  Parts  in  the  Divifor  and  Quotient 
being  counted  together ,  mujl  always  be  equal  in  Number  with 
thofe  in  the  Dividend .  And  from  this  general  Pule  arifeth 
four  Cafes. 

Cafe  i.  When  the  Places  of  Parts  in  the  Divifor  and  Dividend 
are  equal,  the  Quotient  will  be  whole  Numbers. 

As  in  thefe  Examples. 

8,45)  29 5,75  (35  0,0078)  ,4368  (56 

2535  390 


42  25  468 

42  25  468 


Cafe  2.  When  the  Places  of  Parts  in  the  Dividend  exceed 
thofe  in  the  Divifor;  cut  off  the  Excefs  for  Decimal  Parts  in 
the  Quotient.  As  in  thefe  Examples . 

24>3)  780,516  (32,12  436)  34246,056  (78,546 

729  3°52 


5r5 

486 


291 

243 

r  ~  '  * 
486  ,534)  ,30438  (57, 

486  2670 


(°)  3738 

3738 


3726 

3488 


2380 

2180 


2005 
17  44 

2616 

2616 


(°)  (0) 

Pafe  3*  When  there  are  not  fo  many  Places  of  Parts  in  the 
Dividend,  as  are  in  the  Divifor ;  annex  Cyphers  to  the  Divi¬ 
dend  to  make  them  equal.  Then  will  the  Quotient  be  whole 
Numbers,  as  in  Cafe  1. 


EXAMPLES, . 


of  Decimal  Reaction#. 
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E  X  A  M  P  L  E  S. 

Let  it  be  required  to  divide  192,1  by  7,684,  and  441  by  ,7875 
7,684)  192,100  (25  >7875)  441,0000  (560 

*53  68  393  75 


38  420 
38  420 


47  250 
47  250 


(<>)..  .  (o) 

Cafe  4.  If  after  Divifion  is  finifhed,  there  are  not  fo  many  Fi¬ 
gures  in  the  Quotient,  as  there  ought  to  be  Places  of  Parts  by  the 
general  Rule  j  fupply  their  defeat  by  prefixing  Cyphers  to  it. 

E  XA  M  P  L  E  S. 

Let  it  be  required  to  divide  7,25406  by  957. 

957)  7,25406  (,00758  the  true  quotient  required. 

6  699 


5550 

47b>5 

7656 

7656 


Again  ,575)  ,0007475  (,0013 

575 

1725 

1725 


(o)  (o) 

Note ,  When  Decimal  Numbers  are  to  be  divided  by  10.  ioo. 
1000.  ioooo.  &c.  that  is,  when  the  Divifor  is  an  Unit  with 
Cyphers  ;  Divifion  is  performed  by  removing  or  placing  the 
feparating  Point  in  the  Dividend,  fo  many  Places  towards  the 
Left-hand,  as  there  are  Cyphers  in  the  Divifor. 

EXAMPLE . 

10)  5784  (578,4  IOO  (578,4  (57,84 

1000)  5784  (5,784  10000  (578,4  (,05784 

Note,  Thefe  Operations  are  the  direct  Converfe  to  thofe  in  page  62. 

I  prefume  it  needlefs  to  give  more  Examples  at  large  ;  only  I 
fhall  infert  a  few  Dividends,  and  Divifors,  with  their  Quotients, 
wherein  are  contained  all  the  Varieties  that  can  happen  in  Di¬ 
vifion  of  Decimals. 


j574)  493>°66  (  859 
574)  493>°66  (,859 
574)  49>3°66  (,0859  • 
5)74)  493°>66  (  859 


5.74)  49)3°66  (8,59 
5)74)  493066,00  (85900 
)°574)  493,0660  (8590 
,0574)  ,493066  (8,59 
K  2  There 

I 
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There  is  alfo  a  compendious  Way  of  contra&mg  Divifion, 
like  that  of  Multiplication,  page  64,  by  which  much  Labour 
may  be  faved  ;  efpecially  when  the  Divifor  hath  many  Places  of 
Decimal  Parts  in  it :  And  it  is  thus  performed. 

Having  determined  how  many  Places  of  whole  Numbers  there 
will  be  in  the  Quotient,  if  any  at  all  ;  or  if  non£,  of  what  Va¬ 
lue  or  Place  the  firft  Figure  in  the  Quotient  will  be  :  Then 
omit,  or  prick  off  one  Figure  of  the  Divifor  at  each  Operation  ; 
viz.  for  every  Figure  you  place  in  the  Quotient,  prick  off  one 
in  the  Divifor  j  having  a  due  Regard  to  the  Increafe  which 
would  arife  from  the  Figure  fo  omitted. 


E  X  A  M  P  L  E. 

Let  it  be  required  to  divide  70,23  by  7,9863. 
The  Work  contra£led. 


7,9863)  70,2300  (8,7938 
•  •  *  •  63  8904 

b  3396 
S  5904 

7  49  2 
7*87 

3°5 

239 

06 

_ 64 

(a) 


The  fame  at  Length. 
7,9863)  70,2300  (8,7938 
63  89O4! 

6  3396,0 

5 SQ04'i 
7491190 
7187)67 

304,230 

239i589 

04(6410 

63'8904 

017506 


The  Work  contracted  I  prefume  is  fo  obvious  (if  compared 
with  the  fame  at  large)  that  it  is  needlefs  to  give  any  farther 
Explanation  of  it. 


Sect.  5.  To  Reduce  dulpt  jftatf£0It!3  into  <DrCt- 

mal&  and  the  contrary . 

ANY  Vulgar  Fra£lion  being  given,  it  may  be  reduced,  or  ra¬ 
ther  changed  into  Decimal  Parts  equivalent  to  it.  Thus, 

!  Annex  Cyphers  to  the  Numerator ,  and  then  divide  it  ly 
the  Denominator ,  the  Quotient  will  be  the  Decimal  Parts 
equivalent  to  the  given  Fra  Si  ion  ;  or  at  leajl  fo  near  it  as 
may  be  thought  neceffary  to  approach . 

v  '  EXAMPLE * 
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E  XA  M  P  L  E. 

It  is  required  to  change  or  reduce  |  into  Decimals. 

4)  3>00  (?75  The  Decimal  Parts  required. 

That  is,  J  =  t7oso  =  ,75. 

Again  kj=  ,5  5  thus  2)  1,0  (,5.  And  J  =  ,25  ;  4)  r,oo  (,25 

Suppofe  it  were  required  to  change  ~  into  Decimals. 

7)  4,0000000000  (,5714285714  &c.z=z%. 

Note ,  When  the  laft  Figure  of  the  Divifor  (that  is,  the  De¬ 
nominator  of  the  propofed  Fradtion)  happens  to  be  one  of  thefc 
Figures  ;  viz.  1  .  3  .  7  .  or  9  .  (as  in  the  Example)  then 
the  Decimal  Parts  can  never  be  precifely  equal  to  the  given 
Fraction ;  yet  by  continuing  the  Divifion  on,  you  may  bring 
them  to  be  very  near  the  Truth.  As  in  this  Example  ;  Suppofe 
it  was  required  to  Change  Pj  into  Decimal  Parts. 

13)  1,0000  (,07692307692307  c. sV.  nd  infinitum . 

91  . . 

90 

78 

120 

I  17 


3° 

26 


40 

39 


1 

j  •  7.  .  & 

Thefe  being  underflood,  it  will  be  eafy  to  find  the  Decimal 
Parts  equivalent  to  any  known  Part  or  Parts  of  Coin,  Weights, 
Meafures,  Time,  &c.  If  you  firft  reduce  the  given  Parts  of 
Coin,  &c.  into  a  Vulgar  Fraction,  wbofe  Denominator  is  the 
Number  of  thofe  known  Parts  contained  in  the  Integer,  and 
the  given  Parts  it’s  Numerator.  - 

Examples  in  Coin ,  See. 

1.  Let  it  be  reqiiifed  to  find  the  Decimals  of  16  s .  6  d.  Firft 
16  s.  =  ||  of  one  Pound,  and  6  d.  zn  of  1  /. 

But  Po  -f-  ^  z=  ||.  Then  40)  33,000  (,825  the  Decimal 
Parts  required  :  That  is  ,825  =  1 6  s.  6  d. 

Again,  Suppofe  it  were  required  to  find  the  Decimals  equal 
to  3/.  13  s.  4  d. 

Here 


That  is,  0,07692307692307  =  iV  fere . 

And  from  hence  it  may  be  farther 
obferved  ;  that  in  thefe  imperfedt 
Quotients,  the  Figures  do  return  again 
and  circulate  in  the  fame  Order  as  be¬ 
fore  :  as  you  may  eafily  perceive  they 
begin  to  do  in  the  feventh  Place  of 
both  thefe  laft  Examples. 


As  at  firfl. 


7° 


Part  I. 


Here  3/.  is  3  Integers,  and  131.  =  *|  of  1  /.  and  4  d.  =. 

But  +  =  Then  24o)  160,000  (0,666666  tsY. 

Hence  3/.  135-.  4^  =  3,666666  As  was  required. 

2.  What  are  the  Decimals  equal  to  7  |  Inches,  one  Foot 
being  made  the  Integer. 

Firft,  7  Inches  are  of  1  Foot,  and  |  of  1  Inch  are 
But  =  if  Then  48)  31,000  (,64583  £sf<r.  zz  7  i  Inch. 

3.  Let  it  be  required  to  change  8  Oz.  19  Pwf.  8  Grains  into 
Decimals  ;  one  Pound  Troy  being  the  Integer. 

Thefe  being  reduced  into  the  leaft  Terms,  and  added  toge¬ 
ther,  will  become  of  1  Pound. 

Then  5760)  4304,000  (,74722  &c.  The  Decimals  required. 

And  thus  may  any  propofed  Parts  of  Coin,  Weights,  Meafures, 
&c.  be  reduced  or  changed  into  Decimal  Parts  ;  which  perhaps 
may  at  firft  feem  fomewhat  tedious  in  Practice,  but  being  a  little 
acquainted  with  them  it  will  be  found  very  eafy  ;  and  the  ingenious 
PraCtitioner  will  (with  a  little  Confideration)  foon  find  how  to 
reduce  them  almoft  mentally  ;  or  with  the  help  of  a  very  few  Fi¬ 
gures,  without  the  Ufe  of  fuch  large  Tables  as  are  ufually  inferted 
in  Books  of  Decimal  Arithmetick  ;  or  at  moft  they  may  be  con¬ 
tracted  into  fuch  as  thefe  following,  which  if  duly  applied  to 
thofe  Tables  in  Chap.  3.  will  be  found  very  ufefuh 


Decimal  Tables, 


hi  Englilh  Coin. 

0,05 . =  u. 

0,0046667  =  1  d. 
0,00104167  zz:  1  Farthing. 

1  /.  being  the  Integer. 

Averdupois  Weight. 
0,0625  ....-=:  1  Ounce. 
0,00390625  zz  1  Dram. 

1  lb  being  the  Integer. 

Troy  Weight. 

0,05 . —  1  Pwt. 

0,00208333  —  1  Grain. 

1  Oz.  being  the  Integer . 

Averdupois  Great  Weight. 

0,25 . =  i  c. 

0,00892857  zz  I  lb. 
0,00055803=  I  Ounce. 

1  C.  being  the  Integer. 

Apothecaries  Weight. 

0,125 . zz  I  Dram. 

0,04166667  —  1  Scruple. 
0,00208333  zz  i  Grain. 

1  Oz.  being  the  Integer. 

Time. 

0,04166667  zz  1  Hour. 
0,00069444  zr  1  Minute. 
0,00001157  zz  1  Second. 

1  Day,  or  24  Hours ,  being 
made  the  Integer. 

\  •  • 

TJie  Ufe  of  thefe  Tables  will  be  evident  by  the  following 
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Let  it  be  required  to  find  the  Decimal  Parts  equivalent  to 
1 7  5.  ()d.  2  Farthings . 

Firft  0,05  =  1  r.  Therefore  17  x  ,05  =,85  .  .  . .  =  17 
And  ,004 166=1  Therefore  ,004166  x  9  =  ,037494m  9  d. 

Alfo  2),004i66(—  ,002083—  ^d. 

Confequently  their  Sum,  viz.  0,889577  =  17  s. 

„  9  X  dm 

Now  to  find  the  Value  of  Decimals  in  known  Parts  of  Coin 
or  Weights,  &c,  is  only  the  Converfe  of  the  former  Work,  and 
is  thus  performed. 

Multiply  the  given  Decimals  with  the  Denominator  of  the 
Vulgar  Fra&ion  required  :  That  is  multiply  the  Decimals  with 
fuch  a  Number  of  Units  as  are  contained  in  the  next  lower  De¬ 
nomination  of  that  Kind  or  Species  which  your  Decimal  is  of ; 
and  the  Product  will  be  the  Number  required. 

EXAMPLE. 

1.  What  is  the  Value  of  0,825  Decimals  of  1  Pound  Sterling. 
That  is,  how  many  Shillings,  Pence,  =  ,825.  Firft,  the 
next  lower  Denomination  is  20,  becaufe  20  s.  make  one  Pound. 

Therefore  0,825 
20 

Shillings  16,500  and  Parts  of  1  Shilling. 

12 

Pence  6,000  Anfvver  0,825  =  16 s.  6d. 

Again,  What  are  the  known  Parts  of  Englifh  Coin  equal  to 
3,666666  Decimals. 

Here  the  3  Integers  are  3  Pounds.  Then  ,666666 

_ 20 

Shillings  13,333320 

12 


Anfwer  3,666666  =  3/.  13  s.  4  d. 


006640 
3  3332 


Pence  3,999840  =  4  near. 
What  is  the  Value  of  0,74722  Parts  of  1  lb  Troy . 


Firft,  >74722 
12 


Then,  ^96664 
20 


1  4944+ 
7  4722 
Oz.  8,96664 


Pivts.  19,33280 


Oz.  Pwt .  Gr. 


Again,  33280 
24 

1  3312 
6  656 


Thefe  colle&ed  are  8.  19.  8.  very  near. 


7,98720 

And 


1 
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•And  thus  any  propofed  Number  of  Decimals  may  be  turned  or 
changed  into  the  known  Parts  of  what  they  reprefent,  viz.  Whe¬ 
ther  they  be  Parts  of  Coin,  Weights,  Meafures,  or  Time,  &c. 

I  have  omitted  inferring  more  Examples  of  this  kind,  becaufe 
I  take  the  Excellency,  and  indeed  the  chief  Ufe  of  Decimal 
Fradlions  to  confift  more  in  Geometrical  Computations  than  in 
the  common  or  practical  Parts  of  Arithmetic^,  as  will  appear 
further  on  ;  although  even  in  thofe  they  are  very  ufeful  upon 
feveral  Accounts ;  efpecialiy  in  the  Computations  of  Intereft 
and  Annuities,  &c.  But  of  that  more  in  it’s  proper  Place.  I 
{hall  therefore  conclude  this  Chapter  with  a  Remark  or  two  up¬ 
on  the  Nature  and  Properties  of  Fractions  in  general. 

If  any  given  Number  (whether  it  be  whole  or  mixed)  be  mul¬ 
tiplied  with  a  Fra£tion  either  Vulgar  or  Decimal,  the  Produ6fc 
will  be  lefs  than  the  Multiplicand,  in  fuch  a  Proportion  as  the 
multiplying  Fra&ion  is  lefs  than  an  Unit  or  i. 

'That  is  ;  as  the  Denominator  of  the  Frail  ion  is  to  it' s Numerator , 
fo  will  the  given  Number  be  to  the  Product. 

Therefore,  whenever  any  Number  is  to  be  multiplied  with  a 
Fra£lion,  whofe  Numerator  is  an  Unit :  Divide  that  Number  by 
the  Denominator  of  the  Fraction,  and  the  Quotient  will  be  the 
Prod udl  required.  Thus  12  x  J  =  3.  And  1 2-^-4  =3.  Again, 
12x5  =  6.  And  12  2  1=6,  bfc. 

From  hence  it  follows,  that  if  any  Number  be  divided  by  a 
Fra£tion,  the  Quotient  will  be  greater  than  the  Dividend,  by 
fuch  a  Proportion  as  Unity  is  greater  than  the  dividing  Fraction. 

Thus  12 -7- £  =  48,  viz.  £  :  1  ::  12  ;  48,  &c.  But  the 
Truth  of  thefe  will  be  befl  underflood  after  the  next  Chapter. 


CHAP.  VI. 

of  Continued  proportions?,  and  how  to  change  or  vary 

the  Order  of  Things. 

Se6t.  1.  Concerning  Arithmetical  Progrefllon,  ujuatiy  called 
Arithmetical  Proportion  Continued. 

WHEN  any  Rank  or  Series  of  Numbers  do  either  increafe 
or  decreafe  by  an  equal  interval  or  common  Difference  > 
thofe  Numbers  are  faid  to  be  in  Arithmetical  Progreffion. 


As 
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11.2.3.4.5*6.7  &V.  ?  I  Here  the  Interval  or 
•s  (7.  6.  5.  4.  3.  2.  1  3  1  common  Differ,  is  r. 

^  |  2 . 4 . 6  .  8  .  10  .  12  .  14  .  |  Here  the  common 

J^f  (  1  .  3  .  5  .  7  .  9  .11.13.  &c.  J  l  Difference  is  2. 

And  fo  of  any  other  Series,  whole  common  Difference  is 
I  3  .  4  .  5.  &V. 

Lemma  1. 

If  any  three  Numbers  be  in  Arithmetical  Progreffion,  the  Sum 
of  the  two  Extreams  ( viz.  the  firft  and  laft)  will  be  equal  to  the 
Double  of  the  Mean  or  middle  Number. 

As  in  thefe,  2.4.6.  Or  3.  6.  9.  Or  3.  7.11 

Viz.  24-6=44-4*  Or 3+9 :i:6-|-6.  And  3~|~i  1  =  7-1-7.  lAc. 


Lemma  2. 

If  any  four  Numbers  are  in  Arithmetical  Progreffion,  the  Sum  of 
the  two  Extreams  will  be  equal  to  the  Sum  of  the  two  Means. 

As  in  thefe,  2  .  4  .  6  .  8.  Or  3.6.9.  12. 

Viz .  2  +  8  =  4  +  6.  And  3-1-12  =  64-9.  &c. 

Corollary  1. 

From  thefe  two  Lemma's  it  is  eafy  to  conceive ,  that  if  ever  fo 
j  many  Numbers  be  in  Arithmetical  Progreffion ,  the  Sum  of  the  two 
Extreams  will  be  equal  to  the  Sum  of  any  two  Means ,  that  are  equally 
1  dijlant  fro?n  thofe  Extreams . 

As  in  thefe,  2.4.6.  8  .  10.  12  .  14.  16. 

Then  2  4“  1 6  =  4  4“  1 4  —■ *  6  4“  12  =  8  4"  1  o* 

Or  if  the  Number  of  Terms  be  odd,  as  thefe, 

2  .  4  .  6  .  8  .  10  .  12  .  14  .  16  .  18.  &c. 

Then  24"  18=4  4~  *  6~6~|"  14-—  8  4~  1 2  =  1  o-f-  io* 


Lemma  3. 

Each  Term  in  every  Series  of  Numbers  in  Arithmetical  Pro* 
greffion  is  compofed  of  the  Interval  or  common  Difference,  fo 
often  repeated,  and  added  to  the  firft,  as  there  are  Terms  in  the 
J  Progreffion,  after  the  firft. 

As  in  thefe,  1.  3.  5.  7.  9.  11.  13.  15.  17.  *2c. 

Here  the  Interval  or  common  Difference  being  two,  it  will 
be  1+2— 3.  3+2  =  5.  5+2=7.  7+2=9.  9+2  =  11. 

11+2=13.  13+2=15.  15+2=17.  &c. 

Corollary  2. 

Hence  it  is  evident ,  that  the  Difference  betwixt  the  two  Extreams 
'  (viz.  1  and  1 7 )  is  compofed  of  the  common  Difference ,  multiplied 
\  into  the  Number  of  all  the  Verms ,  excepting  the  firff . 

As  in  the  aforefatd  Progreffion,  1.  3.  5.  7.  9.  II.  13*  15’ 

*7- 


7+ 
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The  Number  of  Terms  without  the  firft  is  «  ?Mu|ti  ly 

The  common  Difference  is  2  j  ' 

The  Difference  betwixt  the  two  Extreams  16 

Propofition  1. 

In  any  Series  of  Numbers  in  Arithmetical  Progreflion,  the  two 
Extreams,  and  the  Number  of  Terms  being  given,  thence  to 
find  the  Sum  of  all  the  Series. 

Multiply  the  Sum  of  the  two  Extreams  into  the  Num¬ 
ber  of  all  the  Perms  ;  and  divide  the  Product  by  2. 
The  Quotient  will  be  the  Sum  of  all  that  Series .  Per 
-  Carol.  1, 

EXAMPLE  1. 

It  is  required  to  find  the  Number  of  all  the  Strokes  a  Clock 
ftrikes  in  one  whole  Revolution  of  the  Index,  viz.  twelve  Hours. 
Here  the  Sum  of  the  two  Extreams. 

12  the  Number  of  all  the  Terms. 


Theorem/ 


26 

13 


Then  2)  156  (78.  The  Number  of  Strokes  required. 
EXAMPLE  2. 

Suppofe  one  Hundred  Eggs  were  placed  in  a  Right  Line  a 
Yard  diftant  from  one  another,  and  the  firft  Egg  were  a  Yard 
from  a  Bafket  5  whether  or  no  may  a  Man  gather  up  thefe  100 
Eggs  fingly  one  after  another,  ftill  returning  with  every  Egg  to 
the  Bafket  and  putting  it  in,  before  another  Man  can  run  four 
Miles.  That  is,  which  will  run  the  greater  Number  of  Yards  ? 

In  this  Queftion  200-p2iz202  Is  the  Sum  of  the  two  Extr. 

And  100  IstheNumberofalltheTerms. 

-  f  The  Number  of 

Then  2)  202C0 (ioiocj  Yards  he  runs  that 

C  takes  up  the  Eggs. 

Now  4  Miles  =  7040  Yards  J  The  Yards  he  runs  that  takes  up 
But  10100 — 7C401Z  3060  l  the  Eggs  more  than  the  other. 

Propofition  2. 

In  any  Series  of  Numbers  in  Arithmetical  Progreflion,  the  two 
Extreams  and  Number  of  Terms  being  given ;  thence  to  find  the 
conimos  Difference  of  all  the  Terms  in  that  Series. 

f  The  Difference  betwixt  the  two  Extreams ,  being 
qpi  t  J  divided  by  the  Number  of  Terms  lejjencd  by  Unity  or 

'  *  e°'  m  2t  j  I.  the  Quotient  will  be  the  common  Difference  cf 
the  Series .  Per  Corel.  2. 
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EXAMPLE  i. 

One  had  Twelve  Children  that  differed  alike  in  all  their  Ages; 
the  youngeft  was  Nine  Years  old,  the  eldeft  was  Thirty-fix  and 
i  half ;  what  was  the  Difference  of  their  Ages,  and  the  Age  of 
?ach  ? 

dere  36,5 — 9  =  27,5  The  Difference  of  the  two  Extreams. 
And  12 — 1  =  11.  The  Number  of  Terms  lefs  an  Unit. 

Then  11)  27,5  (2,5  The  common  Difference  required. 
Confequently  9+2,5=11,5  The  Age  of  the  youngeft  but  one. 
And  1 1,5 +2,5  =  14  The  Age  of  the  youngeft  but  two.  And 
fo  on  for  the  reft.  Per  Coral .  2. 

EXAMPLE  2. 

A  Debt  is  to  be  difeharged  at  eleven  feveral  Payments  to  be 
made  in  Arithmetical  Progreflion.  The  firft  Payment  to  be 
Twelve  Pounds  Ten  Shillings,  and  the  laft  to  be  Sixty-three 
Pounds.  What  is  the  whole  Debt,  and  what  mull  each  Payment 
[be  l 

Per  Theorem  1.  Find  the  whole  Debt  thus : 
j 2,5+63  =  75,5  The  Sum  of  the  Extreams. 

1  1  The  Number  of  Terms. 

r~75  5  ~ 

755 _ 

2)  ^3°>5  (415,253 41 5  /.  5*.  The  whole  Debt. 
Then,  per  Theorem  2.  find  the  common  Difference  of  each 
Payment. 

Thus  63 — 12,5:350,5  The  Difference  of  the  Extreams. 

And  11 — j  =  iq  The  Number  of  Terms  lefs  1. 

Then  10)  50,5  (5,053:5  /.  i  s.  The  common  Difference. 

/.  S.  I •  S.  1.  S.  k 

Confequently  12.  10+5.  13:17.  II  The  fecond  Payment. 
/.  s.  /.  s.  1.  s. 

And  17  .  11+5  .  1=22  .  12  The  third  Payment,  idc. 

'  EXAMPLE  3. 

A  Man  is  to  travel  from  London  to  a  certain  Place  in  ten 
■  Days,  and  to  go  but  two  Miles  the  firft  Day,  increaftng  every 
Day’s  Journey  by  an  equal  Excefs ;  fo  that  the  laft  Day’s  Journey 
may  be  Twenty  nine  Miles;  what  will  each  Day’s  Journey  be, 
and  how  many  Miles  is  the  Place  he  goes  to  diftant  from  London  ? 

L  2  Eii  ft 
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,  i  - 1 - 1. 1  i  i,  |  t  _j  i.  i  j,  -  |  L-  j  _  -  i  -  -  - ■ — ■ - i n - ■ - 1  ■■■■"— 

Firft  29 — 2=27  The  Difference  of  the  Extreams. 

And  10 — ir=9  The  Number  of  Terms  lefs  1. 

Then  9)  27(3  The  common  Difference. 

Confequently  2  -j-3  —  5  The  fecond  Day’s  Journey. 

And  5  3—  8  The  third  Day’s  Journey,  Gfe. 

Again  294-2:1131  The  Sum  of  the  Extreams. 

10  The  Number  of  Terms. 

2)  310  (155  The  Diftance  required. 

There  are  eighteen  Theorems  more  relating  to  Quefiions  in 
Arithmetical  Progrefiion  ;  but  becaufe  they  would  require  a  great 
many  Words  to  fhew  the  Reafon  of  them,  I  therefore  refer  the 
Reader  to  the  Second  Part,  viz.  That  of  Algebra,  where  he  may 
find  their  Analytical  Invejligation . 


Seft.  2.  Concerning  <£>0Ont£tElt&l  continued 5 

fometimes  called  Geometrical  ProgreJJion , 

\\7  HEN  a  Rank  or  Series  of  Numbers  do  either  increafe  by  one 

*  common  Multiplicator,  or  decreafe  by  one  common  Divifor, 
thofe  Numbers  are  faid  to  be  in  Geometrical  Proportion  continued. 

V  2 . 4 , 8  .  16  .  32  .  &c.  here  2  is  the  common  Multiplier, 

l  64.  .  32  .  16  .  8  .  4  .  &c.  here  2  is  the  common  Divifor, 
q  f  2  .  6 . 18  .  54 .  1 62  .  &c,  here  3  is  the  common  Multiplier. 

CX62.54.J8.6  .2  here  3  is  the  common  Divifor. 

Note,  The  common  Multiplier  (or  Divifor)  is  called  the  Ratio  ; 
and  it  fhews  the  Habitude  or  Relation  the  Numbers  have  to  one 
another,  viz.  whether  they  are  Double,  Triple,  Quadruple,  &c. 
which  Euclid  thus  defines. 

Ratio  ( or  Rate)  is  the  mutual  Habitude  or  Refpefl  of  two  Mag - 
nitudes  ( confequently  two  Numbers )  of  the  fame  kind  each  to  other , 
according  to  Quantity,  Euc.  5.  Def.  3. 

Proportion  (rather  Proportionality)  is  a  Similitude  of  Ratio's , 
Euc.  5.  Def.  4. 

So  that  there  cannot  be  lefs  than  three  Terms  to  form  a 
Proportionality  or  Similitude  of  Ratio’s  ;  and  if  but  three  Terms, 
the  fecond  muff  fupply  the  Place  of  two,  As  in  thefe  2.4.8, 
That  is,  2:4::  4:8.  (of  :  :  fez  page  5.) 

Here  4  the  middle  Term  fupplies  the  Place  of  two  Terms, 
to  wita  of  the  fecond  and  third  $  8  bearing  the  fame  Reafon, 

Likenefs, 
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Likenefs,  or  Proportion  to  4,  As  4  doth  to  2.  viz.  As  2  :  is  to 
4  : :  So  is  4  :  to  8. 

Lemma  1. 

If  three  Numbers  are  proportional,  the  Re&angle  or  Produ$ 
of  the  two  Extreams,  wz.  of  the  firft  and  laft  Terms,  will  be 
equal  to  the  Square  of  the  Mean  or  middle  Term.  (20  Eucl.  7.) 

As  in  thefe  2:41:4:8.  Here  8x2  =  16  the  Produdl  of 
the  Extreams. 

And  4  x  4  =  1 6  the  Square  of  the  Mean.  Ergo  8  x  2  =  4  x  4. 

Corol.  r. 

Hence  it  follows,  that  if  the  Product  of  any  two  Numbers  be 
equal  to. the  Square  of  a  third  Number;  thole  three  Numbers 
will  be  in  Proportion. 

Lemma  2. 

If  four  Numbers  are  proportional,  the  Produft  of  the  two 
Extreams  will  be  equal  to  the  Produd  of  the  two  Means 
(19  Eudid  7.) 

As  in  thefe,  2  :  4  :  :  8  :  16.  Here  16  X  2  =  32. 

And  8  x  4  zz  32.  Confequently  16x2  —  8x4. 

Corol.  2. 

From  hence  it  follows ,  that  if  the  Product  of  any  two  Numbers 
le  equal  to  the  Product  of  any  other  two  Numbers ,  thofe  four  Num¬ 
bers  are  Proportionals. 

And  from  thefe  two  Lemma's  it  will  be  eafy  to  conceive,  that 
if  ever  fo  many  Numbers  are  in  continued  Proportion,  the  Pro¬ 
duct  of  the  two  Extreams  will  be  equal  to  the  Product  of  any 
two  Means,  that  are  equally  diftant  from  the  Extreams. 

As  in  thefe,  2  .  4  .  8  .  16  .  32  .  64  .  &c. 

Here  64  x  2  —  32  x  4  =  16  x  8.  &c.  And  if  theNumber  of 
Terms  be  odd, 

As  in  thefe,  2.4.8.  16  .  32  .  64  .  128.  &c. 

Then  128  x  2  rz  64  x  4  ~  32  x  8  =  16  X  16. 

Note,  the  Character  made  Ufe  of  to  fgnfy  continued  Pro - 
portiomh  is  -ff . 

i  In 
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In  every  Series  of  -ff  (viz.  of  continual  Proportionals)  that 
Number  which  is  compared  to  another,  is  called  the  Antecedent 
of  the  Ratio  ;  and  that  Number  to  which  it  is  compared,  is 
called  it’s  Confequent. 

As  in  thefe,  2:41:4:8.  Here  2  is  the  Antecedent,  and  4 
is  the  Confequent;  and  4  the  middle  Term  is  an  Antecedent  to 
8  it’s  Confequent :  whence  it  follows,  that  in  every  Series  of 
all  the  middle  Terms  between  the  nrd  and  lad  are  both  Ante¬ 
cedents  and  Confequents. 

As  in  thefe,  2 . 4 . 8  .  16  .  32 . 64,  &c.  Here  4.8.  16  .  32. 
are  both  Confequents  and  Antecedents. 

For  2  :  4 : :  4  :  8  :  :  8  :  16::  16  :  32  : :  32  :  64,  £sV. 

So  that  all  the  Terms  except  the  lad  are  Antecedents.  And 
all  the  Terms  except  the  fird  are  Confequents. 

Lemma  3. 

In  a  Series  of  proportional  Numbers,  it  will  be  :"As  any  one 
of  the  Antecedents  is  to  it’s  Confequent :  So  will  the  Sum  of  all 
the  Antecedents  be  ;  to  the  Sum  of  ad  the  Confequents.  (12 
Euclid  g.) 

That  is,  in  the  fores-oins:  Series, 

2  :  4  : :  2  4  -4~  3  16  -f—  32  :  4  ■+  ^  r*T"  3^  "T  64* 

For  it  is  evident,  that  4  -\~  8  +  1 6  32  -f-  64  the  Sum  of  all 

the  Confequents>  is  double  to  2  -f-  4  -J-  8  -|-  16  +  32  the  Sum 
all  the  Antecedents;  as  4  is  to  2,  according  to  the  Ratio,  and 
would  have  been  Triple,  or  Quadruple,  &c.  had  the  Ratio  been 
3  or  4,  fcfr.  >  # 

Note,  In  every  Series  of  -  the  Ratio  is  found  hy  dividing  any 
cf  the  Confequents  by  ids  Antecedent . 

As  in  thefe,  2  ;  6  :  :  6  :  1 8  :  :  1 8  :  54 :  :  54  :  162. 

Here  2)  6  (3  the  Ratio.  Or  6)  18  (3  &c. 

from  the  fecond  and  third  Lemma’s  may  be  raifed  two  general 
Theorems  or  Rules,  for  finding  the  Sum  of  any  Series  in  -ff-  with¬ 
out  a  continued  Addition  of  all  the  Terms. 

Let  the  Series  2  .  4  .  8  .  16  .  32  .  64  .  128  .  be  given, 
to  find  it’s  Sum. 

Svppofezzz  the  Sum  of  all  the  Terms. 

Then  will  z  —  128™  the  Sum  of  all  the  Antecedents. 

And  z  —  2  —  the  Sum  of  all  the  Confequents. 

Bu  2:41:2  —  I  28  :  z  —  2  .per  Lemma  3. 

Ergo  4  z  —  522  zz  2  z  —  4  .  per  Lemma  2. 


Confequently 
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of  proportion. 


Consequently  42 —  2  2;  nr  5 12  —  4. 

Theorem.  s  z  =  ~ — -  In  Words  at  length  thus, 
c  4 — 2 

From  the  Product  of  the  fecond  and  lajl  Perms 
Th  m  fubtratt  the  Square  of  the  firjl  Term ,  that  Re¬ 

mainder  being  divided  by  the  fecund  Term  lefs  the  firjl y 
_  will  give  the  Sum  of  all  the  Series. 

Or  if  the  firft  Term,  the  common  Ratio,  and  the  laft  Term 
be  only  given  ;  Then, 

{Multiply  the  lajl  Term  into  the  Ratio ,  and  from 
their  Product  fubtradl  the  fir/l  Term  ;  divide  that 
Remainder  by  the  Ratio  lefs  Unity  or  1,  and  it  will 
give  the  Sum  of  all  the  Series. 

For  42:  —  22=512  —  4.  As  above. 

Confequently  2  z  —  zzz  256  —  2  viz.  the  laft  divided  by  2. 

 256  — 


Then  z 


Theorem  2. 


1 . 


EXAMPLE. 

Let  2.6.  18  .  54  .  162  .  486.  be  the  given  Series.  Here 
2  is  the  firft  Term,  3  is  the  Ratio,  and  486  the  laft  Term. 


But  486  X  3  =  1458.  And  1458  —  2=1456. 

Then  3  —  1  =  2)  1456  (728  the  Sum  required. 

That  is,  7*28  m  2  -{-  6  4"  1  $  -p  54  -f-  1 2  — 486. 

Since  in  either  of  thefe  Theorems  it  is  required  to  have  the 
laft  Term  known,  (the  which  in  a  long  Series  of  will  be  very 
tedious  to  come  at  by  a  continued  Multiplication)  it  will  therefore 
be  convenient  to  {hew  how  to  obtain  either  the  laft  Term  or  any 
other  Term,  whole  Place  is  aftigned,  without  producing  all  the 

Terms.  < 

In  order  to  that,  it  will  be  neceffary  to  premife  the  Coherence 
or  Similitude  that  is  betwixt  Numbers  in  Arithmetical  Progrefiion 
and  thofe  in  Geometrical  Proportion. 

If  to  any  Series  of  Numbers  in  -?-r  when  the  firft  Term  is  not 
an  Unit  or  i,  there  be  aftigned  a  Series  of  Numbers  in  Arithme¬ 
tical  Progreftion,  beginning  with  an  Unit  or  1,  and  whofe  com¬ 
mon  Difference  is  1.  called  Indices  or  Exponents  : 


Thus, 

>  % 


1.2.  3.  4.  5.  6.  7  Indices. 

2  .  4  .  8  .N  l6  .  32  .  64  ,  123  -rr 


I 


Then 


arft&mettck 


So 


. . .  ~  . . 
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Then  will  the  Addition  or  Subtraction  of  any  two  of  thofe 
Indices  (or  Numbers  in  Arithmetical  Progreflion)  direCtly  cor- 
refpond  with  the  Product,  or  Quotient  of  their  refpedtive  Terms 
in  the  Series  of 


rpi  ,  •  C  As  3  “p  4  ~~  7 

a  1S’ t  So  8  x  16  =  128  the  feventh  Term  in 
*  .  r  As  6+4  ==  10. 

gam,  |  g0  5^  x  x5  =  1024.  tenth  Term  i 


Or,  { 


As  7  —  3  =  4.  7 

So  128  -r-  8  m  16.  3 


Or 


As  6 
So  64 


2  =  4  t 
4  =  163 


But  if  the  Series  of  -rr  begin  with  an  Unit,  the  Indices  muft 
begin  with  a  Cypher. 


As  in  thefe,  {  °  *  * 

I  K  I  •  2 


2  .  3  .  4  .  5  .  6.  &c, 
4  .  8  .  x6  .  32  .  64. 


Now  by  the  help  of  the  Indices,  and  a  few  of  the  firfl  Terms 
in  any  Series  of  it  is  plain  that  any  Term  whofe  Place  or  Di- 
ftance  from  the  firft  Term  is  affigned,  may  be  fpeedily  obtained 
without  producing  the  whole  Series. 


EXAMPLE  1. 


A  Man  bought  a  Horfe,  and  was  to  give  a  Farthing  for  the  firft 
Nail,  two  for  the  fecond,  four  for  the  third,  &c.  in  ■=,  the 
Number  of  Nails  was  to  be  7  in  every  Shoe,  viz.  28  Nails  in  all. 
What  muft  he  have  paid  for  the  Horfe  ? 


Firft  j  0  •  1  • 

(  I  .  2  . 

Then,  | 
Again,  | 


2  .  3  .  4  .  5  Indices 
4  .  8  .  16  .  32.  Farthings  in 
5  4-5  =2  10  And  {  10+10 


20 


32  x  32  =  1024 

4  +  3  —  7 

i6x  8=128 


Laflly,  |  ( 


1024  X  IC24  1048576 
20  +  7  =  27 

048576  x  128—134217728 


Which  is  here  to  be  accounted  the  28  th  and  la  ft  Term.  Becaufe 
the  firft  Term  in  the  Series  is  1,  wjftch  doth  neither  multiply 
nor  divide. 

Now  this  134217728  being  the  Number  of  Farthings  to  be 
paid  for  the  laft  Nail,  by  it,  the  common  Ratio  which  is  2,  and 
the  firft  Term  which  is  1,  may  be  found  the  Sum  of  all  the 

Series,  per  Theorem  2. 


/ 
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134217728 
2 

268435456  From  this  Produ&  fubftraft  1. 

Viz.  268435456  —  1  =;  268435455.  Then  2  —  1  1  the  Divifor. 

Confequently  268435455  is  the  Sum  of  all  the  Series,  or  Price 
of  the  Horfe  in  Farthings,  which  being  brought  into  Pounds* 
(See  page  46)  will  be  279620  /.  5  s.  3  d.  3  qrs. 

EXAMPLE  2. 

A  cunning  Servant  agreed  with  a  Mafter  (unfkilled  in  Num* 
bers)  to  ferve  him  Eleven  Years  without  any  other  Reward  for  his 
Service  but  the  Produce  of  one  Wheat  Corn  for  the  firft  Year; 
and  that  Product  to  be  fowed  the  fecond  Year,  and  fo  on  from 
Year  to  Year  until  the  end  of  the  Time,  allowing  the  Increafe 
to  be  but  in  a  ten-fold  Proportion. 

It  is  required  to  find  the  Sum  of  the  whole  Produce. 

Firft  5  1  •  2  •  3  •  4  •  5*  Indices  or  Years. 

lr  l  10 . 100 . 1000 . 10000  .  ioo/)oo  Wheat  Corns  in 

Then  5  As  4  4-  2  =  6. 

C  So  10000  x  100  =  iooopoo.  the  6th  Year’s  Produce. 
And  S6  +  S  =  ii. 

I  1000000  x  100000  z=  i  opoopoopooo.  The  eleventh 
or  laft  Year’s  Produce. 

Then  (either  by  Theorem  1,  or  2)  the  Sum  of  all  the  Series  will 
be  ;i,i  i,i;i.i,iiio  Corns-  Now  it  may  be  computed  from  Page 
31  and  34,  that  7680  Wheat  Corns,  round  and  dry  out  of  the 
middle  of  the  Ear,  will  fill  a  Statute  Pint.  If  fo, 

Then  7680)  111111111110  (14467592  Pints,  but  64  Pints 
are  contained  in  a  Bufhel. 

Therefore  64)  14467502  (226056 1  Bufhels.  Suppofe  it  to  be 
fold  for  3  Shillings  the  Bufhel ; 


Then  j  226o56  i 


Shillings  -  078108  |  —  33908/.  8 s.  A  very  good  Re- 
compence  for  Eleven  Years  Service. 

There  are  feveral  pretty  Queftions  refolved  by  Numbers  in 
Arithmetical  Progreffion,  and  by  thofe  in  -ff,  which  the  ingeni¬ 
ous  Learner  will  eafdy  perceive  hereafter;  viz.  When  we  come 
to  the  Solution  of  Queftions  relating  to  Intereft  and  Annui¬ 
ties,  &V. 

M  There 
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There  is  alfo  a  third  Kind  of  Proportion,  called  Mui.cal, 
which  being  but  of  little  or  no  common  Ufe,  I  (hall  therefore 
give  but  a  fhort  Account  of  it. 

Mufical  Proportion  or  Habitude  is,  when  of  three  Numbers ; 
the  firft  hath  the  fame  Proportion  to  the  third,  as  the  Difference 
between  the  firft  and  fecond  hath  to  the  Difference  between  the 
fecond  and  third. 

As  in  thefe,  6  .  8  .  12.  viz.  6  :  12  ::8  —  6  :  12 — 8 

If  there  are  four  Numbers  in  Mufical  Proportion  ;  The  firft 
will  have  the  fame  Proportion  to  the  fourth,  as  the  Difference 
between  the  firft  and  fecond  hath  to  the  Difference  between  the 
third  and  fourth. 

As  in  thefe  8  .  14  ,  21  .  84. 

Here  8  :  84  : :  14  —  8  =  6:  84  —  2 1  =  63. 

That  is,  8  :  84  : :  6  :  63. 

The  Method  of  finding  out  Numbers  in  Mufical  Proportion, 
is  beft  expreffed  by  Letters;  as  fhall  be  (hewed  in  the  Algebraick 
Part . 


Sedt.  3.  How  to  CStUljJfc  or  dfttp  the  Order  of  Things ,  &c. 

^TpHIS  being  a  Thing  not  treated  of  in  any  common  Books  of 
Arithmetick  (that  I  have  had  the  Opportunity  of  perufing), 
made  me  think  it  would  be  acceptable  to  the  young  Learner,  to 
know  how  oft  it  is  poftible  to  vary  or  change  the  Order  or  Pofi- 
tion  of  any  propofed  Number  of  Things. 

As  how  many  feveral  Changes  may  be  rung  upon  any  pro¬ 
pofed  Number  of  Bells  ;  or  how  many  feveral  Variations  may  be 
made  of  any  determined  Number  of  Letters,  or  any  other  Things 
propofed  to  be  varied.  * 

The  Method  of  finding  out  the  Number  of  Changes  is  by  a  conti¬ 
nual  Multiplication  of  all  the  Perms  in  a  Series  of  Arithjnetical  Pro- 
greffions ,  whofe  firft  Term  and  common  Difference  is  Unity  or  I. 
And  the  laft  Term  the  Number  of  Things  propofed  to  be  varied ,  viz. 
Ix2x3x4x5x6x7,  &c.  As  will  appear  from  what  follows. 

1.  If  the  Things  propofed  to  be  varied  are  only  two,  they  ad¬ 
mit  of  a  double  Pofition  (as  to  Order  of  Place)  and  no  more. 

Thus,  {  2  '  1  }=2=IX2. 

2.  And  if  three  Things  are  propofed  to  be  varied,  they  may 

be 
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2 

3 


be  changed  fix  feveral  Ways  (as  to  their  Order  of  Place)  and  no 
more. 

For,  beginning  with  I,  there  will  be  -J  1  * 

t  t  • 

Next,  beginning  with  2,  there  will  be  Jj  ^  *  1 

Again,  beginning  with  3,  it  will  be  |  3  •  * 

Which  in  all  make  6  or  3  Times  2,  viz.  1  x  2  x  3  =  6 
Suppofe  four  Things  are  propofed  to  be  varied ; 


3 

2 

3 

1 

2 
1 


Then  they  will  admit  of  24  feveral  Changes,  as  to  their  Order 
of  different  Places. 


For  beginning  the  Order  with  1  it  will  be 


3  •  4 

4  .  3 


2 

4 

2 

3 


4 

2 

3 
2 


Here  is  fix  different  Changes. 

And  for  the  fameReafon  there  will  be  6  different  Cha.  ges, 
when  2  begins  the  Order,  and  as  many  when  3  and  4  begins  the 
Order;  which  in  all  is  24  =  1  x  2  x  3  X4.  And  by  this  Method 
of  proceeding,  it  may  be  made  evident,  that  5  Things  admit  of 
120  feveral  Variations  or  Changes  ;  and  6  Things  of  720,  &V. 
As  in  this  following  Table. 


The  Number 
of  Things 
propofed  to 
he  varied. 

The  manner  how 
their  feveral  Va¬ 
riations  are  pro¬ 
duced. 

The  different  Changes  or 
Variations  every  one 
of  the  propofed  Num¬ 
bers  can  admit  of. 

I 

1 

ZZ  I 

2 

1x2 

=  2 

3 

2x3 

=  6 

4 

6x4 

—  24 

5 

24  x  5 

=  120 

6 

120  x  6 

—  720 

7 

720  x  7 

=  5040 

8 

5040  x  8 

=  40320 

9 

40320  X  9 

=  362880 

10 

362880  x IO 

—  3628800 

1 1 

3628800  X II 

=  39916800 

12 

39916800  x 12 

=  479001600 

tffr. 

&c. 

6fr. 

M  2 


Thefe 


S4 


antfmtetfcft. 


Parc  I. 


Thefe  may  be  thus  continued  on  to  any  affigned  Number. 
Suppofe  to  24  the  Number  of  Letters  in  the  Alphabet,  which  will 
admit  of  620448401733239439360000  feveral  Variations. 

From  thefe  Computations  may  be  ftarted  feveral  pretty,  and 
indeed,  very  ftrange  Queftions. 

EXAMPLES.  : 

Six  Gentlemen,  that  were  travelling,  met  together  by  Chance 
at  a  certain  Inn  upon  the  Road,  where  they  were  fo  pleafed  with 
their  Hoft,  and  each  other’s  Company,  that  in  a  Frolick  they 
made  a  Contract  to  ftay  at  that  Place,  fo  long  as  they,  together 
with  their  Hoft,  could  fit  every  Day  in  a  different  Order  or  Po- 
fition  at  Dinner ;  which  by  the  foregoing  Computations  will  be 
found  near  14  Years.  For  they  being  made  7  with  their  Hoft, 
will  admit  of  5040  different  Pofitions ;  but  5040  being  divided 
by  365  |  (the  Number  of  the  Days  in  one  Year)  will  give  13 
Years  and  291  Days.  A  very  pretty  Frolick  indeed. 

I  have  been  told,  that  before  the  Fire  of  London  (which  happen¬ 
ed  Anno  1666)  there  were  12  Bells  in  Sr  Mary  Le  Bow's  Church 
in  Cheap  fide,  London.  Suppofe  it  Were  required  to  tell  how  many 
feveral  Changes  might  have  been  rung  upon  thofe  12  Bells ;  and 
at  a  moderate  Computation  how  long  all  thofe  Changes  would 
have  been  ringing  but  once  over. 

Firft,  1*2x3x4x5x6x7x8x9x10x11x12  =  47900 1 600, 
the  Number  of  Changes. 

Then  fuppoffng  there  might  be  rung  10  Changes  in  one  Mi¬ 
nute :  viz.  12  x  1  o  ~  120  Strokes  in  a  Minute,  which  is  2 
Strokes  in  a  Second  of  Time  :  Now  according  to  that  Rate  there 
muff:  be  allowed  47900160  Minutes  to  ring  them  once  over  in  all 
their  different  Changes  ;  viz.  10)479001600(47900160. 

In  one  Year  there  is  365  Days,  5  Hours,  and  49  Minutes; 
which,  being  reduced  into  Minutes,  is  525949. 

Then  525949)  47900160  (91  Years  and  26  Days. 

So  long  would  thofe  12  Bells  have  been  continually  ring¬ 
ing  without  any  Intermiffion,  before  all  their  different  Changes 
could  have  been  truly  rung  but  once  over.  It  is  ftrange,  and 
feems  almoft  incredible,  that  a  few  Things  fhould  produce  fuch 
Varieties. 

But  that  which  feems  yet  more  ftrange  and  furprifing  (yea,  even 
impoftrble  to  thofe  who  are  not  verfed  in  the  Power  of  Numbers) 

is5 
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is,  that  if  two  Bells  more  had  been  added  to  the  aforefaid  12,  they 
would  have  advanced  the  Number  of  Changes  (and  confequently 
the  Time)  beyond  common  Belief.  For  14  Bells  would  require 
(at  the  fame  rate  of  ringing  as  before)  about  16575  Years  to  ring 
all  their  different  Changes  but  onceover. 

And  if  it  were  poflible  to  ring  24  Bells  in  Changes  (and  at  the 
fame  rate  of  10  Changes  in  a  Minute,  which  is  2  Strokes  in  one 
Second)  they  would  require  more  than  1 17000.000000.000000 
Years  to  ring  them  but  once  over  in  all  their  different  Cnanges  1 
as  may  eafily  be  computed  from  the  precedent  Table. 


CHAP.  VII. 

Of  pjopoitfoit  Disjunct ;  commonly  called  the  ©OlSJCU 

Elite. 


Jp  "Proportion  Disjunct  or  the  is  either  Dire£I  or 

Reciprocal,  called  Inverfe.  And  thofe  are  both  Simple  and 
Compound. 

SECT.  I. 


T^Ireff  Proportion  is,  when  of  four  Numbers,  the  firfl  bearing 
the  fame  Ratio  or  Proportion  to  the  fecond  ;  as  the  third 
doth  to  the  fourth. 

As  in  thefe  2  :  8  : :  6  :  24. 


Confequently,  the  greater  the  fecond  Term  is,  in  refpedt  to 
the  firft  ;  the  greater  will  the  fourth  Term  be,  in  refpect  to  the 
third. 

That  is,  as  8  the  fecond  Term  is  4  Times  greater  than  2  the 
firft  Term:  So  is  24  the  fourth  Term,  4 Times  greater  than  6 
the  third  Term. 

Whence  it  follows,  that  if  four  Numbers  are  in  Dire£  Pro¬ 
portion,  the  Product  of  the  two  Extremes  will  always  be  equal 
to  the  Product  of  the  two  Means,  as  well  in  Disjunct  as  in  con¬ 
tinued  Proportion  ;  according  to  Lemma  2.  page  77. 

For  As2:2x4::6:6x4.  Or  As  3  :  3  x  5  : :  6  :  6  x  5* 

But  2  x  6  x  4  =  2  x  4  x  6.  Or3x6x5  =  3x5x6. 

That  is,  the  Produdt  of  the  Extremes  is  equal  to  that  of  the 
Means. 

Again, 
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Again,  the  lefs  the  fecond  Term  is,  in  refpeft  to  the  firft  5 
the  lefs  will  the  fourth  Term  be  in  refped  to  the  third. 

As  in  thefe  18  :  6  : :  12  :  4. 

That  is,  18  :  18  -r-  3  ::  12  :  12  -r-  3. 

But  18  x  12  -r-  3  =  18  -r-  3  x  12.  Viz.  18x4  =  6x12. 

Confequently  2  .  8  .  6  .  24.  And  18  .  6  .  12  .  4.  are 
true  Proportionals,  per  Cor ol.  2.  page  77. 

From  thefe  Confederations,  comes  the  Invention  of  finding  a 
fourth  Number  in  Proportion  to  any  three  given  Numbers. 
Whence  it  is  called  the  Rule  of  Three. 

For  if  the  fecond  Number  multiplied  into  the  third,  be  equal 
to  the  firft  multiplied  into  the  fourth,  it  is  eafy  to  conceive,  that 
if  the  Product  of  the  fecond  and  third  be  divided  by  the  firft,  the 
Quotient  muft  needs  be  the  fourth  Number.  For  if  that  Num¬ 
ber,  which  divides  another,  be  multiplied  into  the  Quotient  pro¬ 
duced  by  that  Divifion  ;  their  Produft  will  be  equal  to  the  Num¬ 
ber  divided.  Seepage'll. 

As  in  thefe  2  :  8  : :  6  :  24.  Here  8  x  6  =  48  1=  24  x  2. 

But  if  24X  2=48,  then  will  48 -4-2  = 24.  Or  48-7-24  =  2, 

Note,  Any  four  Numbers  in  dire<ft  Proportion  may  be  varied 
feveral  Ways.  As  in  thefe. 

Viz.  If  2  :  8  : :  6  :  24.  Then  2  :  6  : :  8  :  24. 

And  6  :  24  : :  2  :  8.  Or  24  :  6  : :  8  :  2.  &c. 

Thefe  V aviations  being  zuell  under  flood,  will  be  of  no  fmall  Ufe  in 
the  fating  of  any  ffueflion  in  this  Rule  of  Three. 

When  three  Numbers  are  given,  and  it  is  required  to  find  a 
fourth  Proportional ;  the  greateft  Difficulty  (if  there  be  any)  will 
be  in  the  right  ftating  the  Queftion,  or  abftradling  the  Numbers 
out  of  the  Words  in  the  Queftion,  and  pacing  them  down  in 
their  proper  Order. 

Now  this  will  be  very  eafy,  if  it  be  truly  confidered,  that 
always  two  of  the  three  given  Terms,  are  only  fuppofed,  and 
affigned  or  limit  the  Ratio  or  Proportion.  The  third  moves  the 
Queftion  ;  and  the  fourth  gives  the  Anfwer. 

As  for  inftance;  if  3  Yards  of  Cloth  coft  9  Shillings:  What 
will  6  Yards  coft  at  the  fame  Rate  or  Proportion  ? 

Here  3  Yards,  and  9  Shillings,  are  two  fuppofed  Numbers 
that  imply  the  Rate;  as  appears  by  the  Word  [if]  viz.  If  3 
Yards  coft  9  Shillings  (then  comes  the  Queftion)  What  will 
6  Yards  coft  ? 


N.B. 
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N.  B.  The  Term,  which  moves  the  Queftion,  hath  generally 
fome  of  thofe  Words  before  it ;  viz.  U)Ui  ?  ntSn^  * 

long  ?  far  f  ©otu  mucl)  ?  &c. 

Then  (carefully  obferve  this ;  viz.)  The  firft  Term  in  the 
Suppofition  muft  always  be  of  the  fame  kind  and  Denomination 
with  that  Term  which  moves  the  Queftion.  And  the  Term 
fought  will  always  be  of  the  fame  kind  and  Denomination  with 
the  fecond  Term  in  the  Suppofition. 


Thus, 


i 


yds  Jhil.  yds  Jhil. 

3  :  9  :  :  6  :  - 


Then 


All  Queftions  in  diredt  Proportion  may  be  anfwered  by  three 
feveral  Theorems. 


f  Multiply  the  fecond  and  third  Terms  together ,  and 
Theorem  1.  •<  divide  their  Product  by  the  firfi  Term ;  the  Quo- 
C  tient  will  be  the  Anfwer  required . 


Thus 


yds  Jhil .  yds  Jhil. 

3  :  9  :  :  6  :  18.  The  Anfwer. 

6 

{becaufe  the  fecond  Term 
was  Shillings. 


f  Divide  the  fecond  Term  by  the  firfi ,  then  multiply 
Theorem  2.  <  the  Quotient  into  the  third  Term  ;  and  their  Pro- 
C  duft  will  be  the  Anfwer  required. 


yds  Jhil .  yds  Jhil. 

3  :  9  :  :  6  :  18. 

Thus  3)  9  (=3.  Then  3x6  =  18,  as  before. 

r  Divide  the  third  Term  by  the  firfi ,  then  multiply 
Theorem  3.  \  the  Quotient  into  the  fecond  Term^  and  their  Pro* 
(  duTt  will  be  the  Anfwer. 

yds  Jhil.  yds  Jhil. 

3  :  9  :  :  6  :  18. 

Thus  3)  6  (=2.  And  9x2  =  18,  as  before. 


Here  you  fee  that  all  the  three  Theorems  are  equally  true;  but 
the  firft  is  moft  general,  and  ufually  pradtifed.  Yet  the  two  laft 
may  be  readily  performed,  when  either  the  fecond  or  third  Term 
can  be  divided  by  the  firft;  and  will  be  found  of  fingularUfe  in 
the  Rules  of  Felkwlhipi  &c.  as  will  appear  further  on. 

Quejl, 
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)ueji .  2.  If  8  Pounds  of  Tobacco  coft  14  Shillings ;  what  will 
half  a  hundred  Weight  [viz.  56  Pounds)  coft  at  the  fame  Rate  ? 

Thus  81b  :  141.  ::  561b  :  4/.  18  x.  The  Anfwer. 

14 

224 

56 

8)  784  (=985,  =  4/.  18  x. 

Or  thus  8)  56  (=r  7.  Then  14  x  7  =  98  s.  as  before. 

^uejl.  3.  If  14  Shillings  will  buy  8  Pounds  of  Tobacco ;  how 
much  will  4/.  18 s.  buy  after  the  fame  Rate? 

Stated  thus,  14  :  81b  :  :  4/.  18  x.  rz:  981.  :  — — 

Then  98  x  8  =  784.  And  14)  784  (56  lb.  The  Anfwer. 

Queji.  4.  If  half  a  hundred  Weight  of  Tobacco  be  worth  4/.  i8.f4 
How  much  may  I  buy  for  14  Shillings  at  that  Rate  ? 

Stated  thus,  4/.  18  x.  =  98  s.  :  561b  :  :  14  x.  :  — — 

Then  56  x  14  =  784.  And  98)  784  (8  lb.  The  Anfwer. 

S$uejl.  5.  Suppofe  4  /.  1 8  s.  will  buy  5  6  Pounds  of  Tobacco ; 
what  will  8  Pounds  of  the  fame  Tobacco  coft  ? 

This  Queftion  is  thus  ftated,  5 6 lb  :  4/,  i8x.  =98/.  : :  81b 

Then  98  x  8  =  784.  And  56)  784  (=  14  j.  The  Anfwer. 

Note,  The  three  laft  Queftions  are  only  the  fecond  varied,  be¬ 
ing  propofed  purely  to  give  an  Inftance  how  any  Queftion  in  this 
Rule  of  Three  may  be  varied,  according  to  page  86. 

Quejl.  6.  What  will  three  quarters  of  a  Yard  of  Velvet  coft* 
when  the  Price  of  21  Yards  and  a  half  is  worth  22/.  10  x.  6  d* 
This  Queftion  truly  ftated  will  ftand 

Thus,  21  \  yds  :  22/.  10  x.  6d.  ::  |  to  the  Anfwer. 

Which  may  be  found  three  feveral  Ways;  viz.  by  Reduction  $ 
by  Vulgar  Fractions',  and  by  Decimals. 

1.  By  Reduftion.  Bring  the  firft  and  third  Terms  into  one 
Denomination  ;  viz.  into  Quarters,  and  reduce  the  fecond  Term 
into  it’s  leaft  Denomination,  per  Seft.  4.  page  42. 

Thus  2i”  =  86  Quarters.  And  22/.  iox.  6d.  z=z  $4.06  Pence. 
Then  86  :  5406  : :  3  :  15X.  Sj^d.  For  5406  x  3  =  16218. 

And 
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And  86)  16218  (  =  188 Then  1 88  44  Pence  —  15  f. 
8  d.  2  -jt  Farthings  ;  the  Anfwer  required. 

2.  The  fame  Queftion  ftated  in  Vulgar  Fractions  will  ftand 

(See  Scfl.  7.  page  sc.) 

(  =  zi T-o  t*s*  55.  56- 


Thus  2r  4r  —  \3 
Then  ».V  x  4-  - 


22 


.1  . 

+  • 

2703 


_  9_ojt  • 

4  O  4  O 

2703  And  t-2) 

TTo  *  T  )  7T?  . 

lhefe  44-?-a-  Parts  of  a  Pound  are  brought  into  Shillings  by 


4  o 


6  8  8  0 


multiplying  the  Numerator  with  20,  and  dividing  the  Product 
by  it’s  Denominator,  iffc. 

Thus  5406  x  20  =  108120.  And  6880)  108120  (15*. 
And  there  remains  4920.  Again  4920  x  12  =  59040. 

Then  6880)  59040  (8  d.  and  I~|,  as  before. 


3.  The  fame  wrought  by  Decimal  Fractions  will  be  thus 
21  A  =  21,5  :  22  L  10  s.  6 -cl.  —  22,525,  and  A  zz  0,75 
Therefore  21,5  :  22,525  :  :  0,75  :  to  the  Anfwer. 

Then  22,525  x  0,75  =  16,89375 

And  21,5)  16,89375  (0,7857/.-  15*.  8d.  2 far.  TVoV 

Quejl.  7.  If  2  C.  3  qrs.  ;2l  lb.  of  Sugar  coft  6/.  is.  8  d. 
What  will  12  C,  2  qrs.  coft  at  the  fame  Rate  ? 


That  is,  2  C.  3  qrs.  21  lb  :  61.  1  s. 

8i. : :  12C.  2 qrs.  To  what? 

4 

20 

4 

1 1  qrs . 

^  121  S. 

50  qrs . 

28 

12 

28 

T  88 

25O 

1400  lb. 

22 

I  2  I 

Viz.  308-4- 2 

33291b:  1460 d.  : 

:  :  1400  lb  : - - 

Then  1460  X  1400—2044000.  And  329)  2044000  (6212 ^ 
—  25/.  17  s.  8  Id.  the  Anfwer  required. 

The  fame  Queftion  ftated  in  Decimals  will  ftand 

Thus  2,9375  :  6,0833  :  :  12,5  :  To  the  Anfwer. 

Then  6,0833  x  12,5  =  76,04125,  which  being  divided  by 
2,9375  will  give  25,8863,  &c.  the  Anfwer  in  Decimals,  which 
brought  into  Coin,  will  be  25/.  ijs.  8^d.  as  before. 

Note,  When  the  firjl  "Term  is  an  Unit  or  I,  the  §h»cJiion  is 
anfwer ed  by  Multiplication  only.  ( 


Example.  Suppofe  I  give  5  Shillings  4  Pence  for  one  Ounce  of 
Silver,  What  muft  I  pay  for  32  \  Ounces  at  the  fame  Rate  ? 

That  is,  1  Ounce  :  5  s.  \d.  : :  32  \  Ounces;  To, 
Which  is  beft  ftated  thus  i  ;  64  d.  32,5  : 

’  N 


Then 
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Then  32,5x64^2080^.^8/.  135.  4 d,  the  Anfwer  required. 
For  1  neither  multiplies  nor  divides. 

When  the  fecond  or  third  Term  is  an  Unit  or  I,  then  the 
Queftion  is  anfwered  by  Diviiion  only.  As  in  this  Example. 

If  a  Silver  Tankard  weighing  21  Ounces,  coft  5  /.  195.  What 
is  that  an  Ounce? 

Thus  21  oz,  :  5  /.  igs.  ~  119  s.  :  :  1:5  s,  8  d.  the  Anfwer. 

That  is  21)  1 19  (—  5  s.  5  s.  8  d. 

The  Proof  of  all  Queftions  in  the  Rule  of  Three  Directs  may 
be  eafily  conceived  from  what  hath  been  already  faid  ;  viz. 
That  the  Product  of  the  firft  and  fourth  Terms,  mu  (I  always  be 
equal  to  the  Product  of  the  fecond  and  third  Terms. 

Or  otherwife,  by  varying  the  Queftion,  as  in  the  fecond, 
third,  fourth,  and  fifth  Queftions. 

I  {hall  conclude  this  Sedfton  with  inferting  a  few  Queftions 

and  their  Anfwers ;  leaving  their  Work,  for  the  Learner’s  Practice. 

\ 

QueJI.  1.  What  will  the  Carriage  of  17  C.  3  qrs.  11  lb.  come 
to,  at  the  Rate  of  7  s.  the  Hundred  ? 

Anfwer,  61,  4  s.  1 1  ~d, 

Queft.  2.  If  6  /.  45.  1 1  ^d.  be  paid  for  the  Carriage  of  17  C, 
3  qrs,  1 1  lb ;  What  was  paid  for  the  Carriage  of  1  lb  ? 

Anfwer,  3  Farthings. 

Qucjl.  3.  A  Grocer  bought  3  C,  I  qr,  14  lb.  Weight  of  Cloves^ 
at  the  Rate  of  2  s.  4  d.  per  Pound ,  and  fold  them  for  52  /.  14^. 
Whether  did  he  gain  or  lofe  by  the  Bargain,  and  how  much  ? 

Anfwer,  he  gained  8/.  12  s, 

•  # 

§uejl.  4.  A  Draper  bought  of  a  Merchant  eight  Packs  of 
Cloth  ;  every  Pack  had  four  Parcels  in  it  y  and  each  Parcel  con¬ 
tained  ten  Pieces  3  every  Piece  was  twenty-fix  Yards  ;  he  gave 
after  the  Rate  of  four  Pounds  fixteen  Shillings  for  6  Yards. 
What  came  the  eight  Packs  to,  and  what  were  they  worth  per 
Yard  ? 

Anfw,  They  came  to  6656  /.  And  were  worth  16  s,  per  Yard . 

Pfuejl,  5.  A  Merchant  bought  436  Yards  of  Broad  Cloth  for 
8  s.  6 d.  per  Yard)  and  fold  it  again  for  10  s.  ^d.  per  Yard* 
What  did  he  gain  by  the  436  Yards  ? 

Anfw .  he  gained  39  /.  1 9  s,  4  d. 


Chap.  7.  Of  pJOpOjttOtt?  &c.  91 

Epueft.  6.  A  Goldfmith  bought  a  W edge  of  Gold ,  which  weighed 
14  lb.  3  oz.  Spw.  for  514/.  4*.  What  did  he  pay/w* Ounce? 

Anfvv.  3/.  per  Ounce. 

Ppueji.  7.  What  will  48  *z.  17  />zo.  20  Grains  of  Silver  Plate 
come  to,  at  the  Rate  of  5  s.  6  d.  per  Ounce  P 

Anfw.  13/.  1  s.  10  ^d. 

£$uejl.  8.  If  in  four  Weeks  one  fpend  135.  4  d.  How  long 
will  53/.  6s.  laft  at  that  Rate? 

Anfvv.  6  Years,  47  Days,  2  Hours,  2'4. 

Apuejt.  9.  What  will  the  one  eighth  Part  of  a  Ship  be  worth, 
when  the  half  is  valued  at  1015 /.  10  s. 

Anfw.  253/.  17  s.  6  d. 

Spur  ft.  10.  The  Sun  is  faid  to  perform  one  entire  Revolution 
(or  360  Degrees)  in  the  Space  of  365  Days,  5  Hours,  48  Minutes, 
and  57  Seconds  of  Time,  called  a  'Tropical  or  Solar  Tear  ;  How 

much  doth  it  move  in  one  Day  ?  ,  „ 

Anfw.  59  .  8  .  19  &c. 

Tfueft.  11.  If  4  of  a  Yard  of  Velvet  coft  4  of  a  Pound  Sterling , 
What  will  Ye  a  Y ard  coft  of  the  fame  Velvet  at  that  Rate  ? 

Anfw.  vz  1  s.  Afd. 

^ueji.  12.  Suppofe  2  /.  and  ]  of  j  of  a  Pound  Sterling  will 
buy  3  Yards  and  4  of  4  of  a  Yard  of  Cloth ,  How  much  will  4  °f 
a  Yard  coft  at  that  Rate  ? 

Anfw.  4w!  a  P°und  —  9 s‘  4t  ^ 


Sed.  2.  0/  Eectp?0cal  p|0p0?tt0tt;  ufually  called 

The  Rule  of  Three  In-verfe. 

TTpE clpro cal  Proportion  is,  when  cf  four  Numbers  tne  third  (viz. 

that  which  moves  the  Queftion)  beareth  the  fame  Ratio  to 
the  firft  :  As  the  fecond  does  to  the  fourth. 

Therefore,  the  lefs  the  rhird  I  erm  is,  in  refpeff  to  the  firft  ; 
the  oreater  will  the  fourth  Term  be,  in  refpedl  to  the  fecond. 

o 

E  XA  M  P  L  E  1. 

If  fixteen  Men  can  do  a  Piece  of  Work  in  fix  Days;  How 
many  Days  will  eight  Men  require  to  do  the  fame  Woik,  at 
the  fame  Rate  of  working  ? 

Here  it  is  plain  that  eight  Men  muft  needs  have  more  T  ime 
than  16  Men  to  do  the  fame  Work.  Confequently  the  greater 

N  2  the 
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the  third  1'erm  is,  in  refpedt  to  the  firft,  the  lefs  will  the  fourth 
Term  be,  in  refpect  to  the  fecond. 

Example  2.  If  8  Men  can  do  a  Piece  of  Work  in  12  Day?, 
How  many  Days  will  16  Men  require  to  do  the  fame  Work  ? 
Here  it  is  plain  the  fourth  Term  muff  be  lefs  than  the  fecond, 
becaufe  16  Men  undoubtedly  can  do  the  fame  Work  in  lefs  Time 
than  8  Men  can. 


From  thefee  Confederations,  compared  with  thofee  in  page  85.  it 
will  he  eafy  to  perceive ,  whether  the  Terms  of  any  propofeed  Quefeion 
are  in  DireSl  or  Reciprocal  Proportion. 

For  when ,  according  to  the  true  Meaning  and  Defegn  of  any 
Quefeioh  in  Proportion ,  More  requires  More ,  or  Lefs  requires  Lefes , 
we  Terms  are  in  DireFt  Proportion  ;  as  in  this  lafe  Section. 

Bui  if  More  requires  Lefs ,  or  Lefes  requires  More  ( as  above )  then 
the  Terms  will  he  in  Reciprocal  Proportion. 

The  Manner  of  placing  down  the  propofed  Terms  is  the  fame 
in  both  Rules,  viz.  The  hrft  Term  in  the  Suppofition  mult  be  of 
the  fame  Kind  and  Denomination  with  the  third  Term  which 
moves  the  Queftion  ;  and  the  Term  fought  mull  be  of  the  fame 
JKind  and  Denomination  with  the  fecond  Term  in  the  Suppofition. 
As  in  the  two  laft  Examples . 


Thus, 


in 


J  Example  1. 
I  Example  2. 


Men 

16 


Days 

6 


o 

o 


12 


Men 

8 

16 


Days 


The  Queftion  being  truly  Rated,  obferve  this  Theorem. 

f  Multiply  the  firfe  and  fecond  Terms  together ,  and 
Theorem.  0  divide  the  Product  by  the  third  Term,  the  Quotient 
L  will  be  the  Anfewer  required. 

Thus  in  the  fecond  Example  12  x  8  m  96. 

Then  16)  96  (—  6  Days,  the  Anfwer  required. 

That  is,  16  Men  may  do  the  fame  Work  in  6  Days  as  8  Men 
can  do  in  12  Days. 

Now  the  Reafon  of  this  Operation  (and  confequently  of  the 
Theorem )  is  grounded  upon  this  Confideration ;  viz.  If  8  Men 
require  1 2  Days  to  do  the  Work,  it  is  plain  that  one  Man  would 
require  8  Times  12  Days  11-96  Days  to  do  the  fame  Work  ;  but 
if  one  Man  can  do  it  in  96  Days,  mod  certainly  16  Men  can  do  it 
in  one  1 6th  Part  of  that  Time.  Therefore  96  divided  by  1 6  will 
give  the  Anfwer  required,  viz.  16)  96  (6  as  before,  ( Ac . 

Quefe.  3.  Suppose  800  Soldiers  were  beheged  in  a  Town,  and 
their  Victuals  were  computed  to  ferve  them  two  Months  (or  56 
Days)  How  many  of  thofe  Soldiers  muft  depart  the  Garrifon,  that 
$he  fame  Victuals  may  ferve  the  remaining  Soldiers  5  Months  ? 

The 
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The  Queftion  truly  ftated  will  ftand 
Monthi.  Soldiers.  Months .  Soldiers . 

Thus,  2  •  800  •  •  ^5  •  ■  1  1 

2 

5)  1600  (320  :  So  many  Soldiers  may  flay  in  the 

Garrifon. 

Confequently,  800 — 320—480  Soldiers  that  mull  go  out  of 
the  Garrifon,  which  is  the  Anfwer  required. 

Queftion  4.  A  borrowed  of  his  Friend  B  250  /.  for  fix  Months, 
promifing  to  do  him  the  like  Kindnef^  upon  Demand :  Some 
Time  after  B  defires  A  to  lend  him  400 1  the  Queftion  is,  how 
long  B  mull  keep  the  400/.  to  be  fully  fatisfied  for  his  former 
Kindnefs  to  A. 

Thus,  250/.  :  6  Months  :  :  400/.  :  ■  ■ 

_ 6 

400)  1500  (3  Months. 

12 


28  Days  in  one  Month. 

4)  84  (21  Days.  Anfw.  3  Months,  21  Days. 

Queftion  5.  If  a  Penny  White  Loaf  ought  to  weigh  eight 
Ounces  Troy  Weighty  when  Wheat  is  fold  for  fix  Shillings  fix 
Pence  the  Bufhel,  what  muft  it  weigh  when  Wheat  is  fold  for 
four  Shillings  the  Bufhel  ? 

Thus  6s.  6d.—  y8d.  :  8  oz.  :  :  4 s.  =  48 d.  :  to  the  Anfwer, 

8 

48)  624  (13  oz.  the  Anfwer  required. 

,48 


144 

144 


(°) 

The  Proof  of  this  Inverfe  Rule  is  eafily  deduced  from  it’s 
Operations  \  rJi%.  The  Product  of  the  firft  and  fecond  Terms, 
muft  be  equal  to  the  Product  of  the  third  and  fourth  Teims. 

Note,  Any  Qiieftion  that  falls  under  this  Inverfe  Rule  or  Re¬ 
ciprocal  Proportion,  may  be  fo  ftated  as  to  have  it’s  Terms  in 
Direct  Proportion  ;  by  only  changing  the  Places  of  the  firft  and 
third  Terms  in  the  Queftion.  T  hus, 

Queftion 
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pTueJlion  6.  If  a  Field  will  feed  eighteen  Hcrfes  for  feven 
Weeks :  how  long  will  it  feed  forty-two  Hotfes  at  the  fame  Rate 
of  feeding  ? 

Fird,  1 8  Horfes  :  7  Weeks  : :  42  Horfes  :  3  Weeks. 

Here  the  Terms  are  fated  inverfely,  as  before. 

Otherwife  thus,  42  Horfes  :  7  Weeks  :  :  18  Horfes  :  3  Weeks. 
Then  18  x  7  ™  126.  And  126  -r*  42  n:  3  Weeks.  TheAnfwer 
required. 

,  r-  — -  -  —  — >.  — - 

Seel.  3.  0/  COH!p0tUt3  P|0p0^ti0!i ;  commonly  called 

The  Double  Kule  or  Three. 


J^Ompcvnd  Proportion  (as  it  is  here  meant)  is,  when  there  are 
^  five  Numbers ‘given  to  find  out  a  fixth  Proportional ;  and  this 


is  generally  performed  by  a  Double  Pofition  ;  that  is,  by  dating 
and  working  the  Quedion  at  two  Operations,  either  in  Diredi 
or  Reciprocal  Proportion,  according  as  the  Queftion  requires. 

And  therefore  it  is  called ,  The  Double  Golden  R.ii\e,  or  Double 
Rule  cf  Three. 

The  Double  Rule  Direct  is,  when  the  fixth  Term  or  Number 
fought,  is  found  by  two  Operations,  both  of  them  in  Diredd 
Proportion. 


Example  1.  If  a  hundred  Pounds  gain  fix  Pounds  Interefl  in 
twelve  Months  ;  how  much  will  three  hundred  Pounds  gain  1:1 
nine  Months,  at  the  fame  Rate  ? 


Fird  100/.  :  6  L  ::  300/.  :  18/. 

6 

-  -  -  —  -  ■  -  rr  1  u  .  f 

100)  1800  (18/.  f  The  Intered  of  300  /. 

\  for  twelve  Months. 

Months.  Months. 

Then,  12  :  18/.  ::  9  :  13/.  105. 

_ 9 

12)  162  (13/.  10 x.  The  Anfwer  required. 


I  fuppofe  the  Learner  will  eafily  conceive  the  Reafon  of  thefe 
two  Operations.  For,  fird,  it  is  plain  by  Diredi  Proportion,  that 
if '100 1.  gain,  6/.  in  twelve  Months,  300/.  will  gain  18  /.  in  the 
fame  Time,  and  at  the  fame  Rate. 

I 
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And  by  the  fame  Rule  it  is  plain,  that  if  12  Months  will  pro- 
duce  or  give  18  l.  Interefl  for  300/.  then  9  Months  mull  needs 
give  13  A  for  the  fame  Sum,  viz.  30 Q /. 

The  Double  Ernie  of  Three  Tnverfe  is,  when  the  fixth  Terra 
or  Number  fought  is  found  at  two  Operations  (as  befote.)  But 
one  of  them  requires  an  Anfwer  in  Reciprocal  Proportion. 

hfhteflion  2.  If  6  Bufhels  of  Oats  will  ferve  4  Horfes  8  Days, 
How  many  Days  will  21  Bufhels  ferve  16  Horfes,  at  the  fame 
Rate  of  feeding  ? 

This  ghtejiion  being  parted  into  two  Pofitions,  the  hrll  will 
be  thus :  v 

If  6  Bufhels  of  Oats  will  ferve  4  Horfes  8  Days,  How  many 
Days  will  21  Bufhels  ferve  them  ? 

Here  it  is  plain,  that  21  Bufhels  will  ferve  them  longer  than  6 
Bufhels  y  therefore  the  firfl  Pofition.  falls  in  Direct  Proportion, 

Bujh.  Days .  Bufh.  Days . 

Thus,  6  :  8  :  :  21  :  28 

:  8 

6)  168  (28  Days 

That  is,  if  6  Bufhels  will  ferve  4  Horfes  8  DaySy  2 1  Bujhds 
will  ferve  them  28  Days . 

The  next  Pofition  mufi  be  to  find  how  long  the  Paid  2 1  Bufhels 
will  ferve  16  Horfes  at  the  fame  Rate  of  feeding:  it  is  plain, 
that  21  Bufhels  cannot  ferve  16  Horfes  fo  many  Days  as  they  will 
ferve  4  Horfes ;  therefore  this  fecond  Pofition  faiio  in  Reciprocal 
Proportion. 

Horfes.  Days.  Horfes.  Days. 

Thus,  4  :  28  :  :  16  :  7  the  Anfwer  required. 

After  the  like  Manner  any  Queflton  in  the  Double  Rule  of 
Three  may  be  anfwered  by  two  tingle  Pofitions,  if  Care  be  taken 
in  flating  them  right,  viz.  Whether  their  Operation  mufi  be 
performed  by  the  fingic  Rule  Direcl,  or  Inverfe. 

But  all  Quellions  in  this  Double  Rule,  where  five  Numbers  are 
propofed  to  find  a  fixth,  may  more  eafiiy.  and  readily  be  anfwered 
by  one  general  Theorem  ;  which  comprifeth  both  the  Diredi  and 
Inverfe  Rulesq  without  confidering  either  of  them  being  deduced 
from  the  fingle  Operations  before-going. 

But  firfl  you  mull  carefully  note,  that  in  all  Quetlions  of  this 
Natyre,  three  of  the  five  propofed  Terms  are  always  conditional 

and 
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and  fuppofed ;  and  that  the  other  two  move  the  Queftion:  As 
for  Inftance  in  Example  i. 

Viz.  If  ioo/.  will  gain  6/.  in  12  Months:  thefe  three  Terms 
are  only  fuppofed  or  conditional.  Then  comes  the  Queftion ; 
What  will  300/.  gain  in  9  Months  ?  Now,  in  order  to  raife  the 
general  Theorem,  let  us  fuppofe,  inftead  of  Numbers,  thefe 
Letters. 


Viz .  Let 


(P=li 


And 


00.  The  Principal, 

12.  The  77 me. 

LG  6.  The  Gain.  * 

p  “  300.  The  Principal. 

The  Time. 


(  P-  300. 
j  *=  9- 

13  >5 


H 

H 


In  the  Suppofition 
of  any  propofed 
Queftion. 

The  three  Terms 
wherein  the  Que¬ 
ftion  lies. 


,5  The  Gain. 

'Thpn  P'CZ  •  •  />  •  Gp  j  The  Produftof  the  two  Means  divided 
r.  ..p.  p  -j  by  the  firft  Extream. 


That  is,  100  :  6  : :  300 


300x6 

100 


Then  T : 
Viz. 


P 


t:g 


12 


18 


Which  is  the 
firft  Part  oF  the?* 
3  L  Queftion. 

Which  is  the 
fecond  Part  of 
the  Queftion. 


*  9  :  13.5 

Ergo  T  2  •=.  Gp*  X  3  That  is,  the  Produdt  of  the  Extre.ams  is 
P  3  L  equal  to  that  of  the  Means. 


Confequently,  T g  P  =  Gp  t  is  the  Theorem. 


This  Theorem  affords  two  Rules,  by  which  all  Queftions  ft* 
this  Double  Rule  of  Three,  or  rather  of  five  Numbers,  may  be' 
refolved  ;  due  Regard  being  had  to  the  true  placing  down  of  the 
propofed  Terms,  which  muft  be  thus : 

Always  place  the  three  conditional  Terms  in  this  Order  ;  let 
that  Number  which  is  the  principal  Caufe  of  Gain,  Lofs,  or 
Adfion,  &c.  (viz.  P.)  be  put  in  the  firft  Place  ;  that  Number 
which  denotes  the  Space  of  Time,  or  Diftance  of  Place,  &c. 
(viz.  T. )  be  put  in  the  fecond  Place;  and  that  Number  which 
is  the  Gain,  Lofs,  or  Adlion,  &c.  (viz.  G.)  be  put  in  the  third 
Place.  Now  according  to  thefe  Directions,  the  conditional  Terms 
of  the  laft  Queftion  will  ftand  thus;  P.  T.  G. 

That  done,  place  the  other  two  Terms  which  move  the  Que- 
ftion,  underneath  thofe  of  the  fame  Name, 


1 


Thus, 


P.  T.  G. 

p.  t. 


\ 


Then 


.4. 
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Then  if  the  Blank  or  Term  fought,  fall  under  the  third  Place, 
as  in  this  Queftion, 

It  will  be  |  — ~-  —  g.  Which  gives  this  Rule. 

t  Multiply  the  three  hfi  'Terms  together  for  a  Dlsjldendy 
Rule  I.  <  dnd  the  two  firjl  together  for  a  D  hi  for  ;  the  fpuoti&it 
{_  arifing  from  them  will  be  the  fixth  Term . 

That  is,  in  our  propofed  Example  1. 

Thus  6  x  300  x  9  16200  the  Dividend. 

Apd  100  x  1 2  szz.  1200  the  Divifor. 

Then  1200)  16200  (13  i  the  Anfwer,  as  before. 

But  if  the  Blank  or  Term  fought  fall  under  the  fir  ft  Place, 
then 

C  n  P 

It  will  be |  ~Jq~: —p' 

Or  if  the  Blank  fall  under  .the  fecond  Place, 

*•  < 

It  will  be  j  =  t.  Either  of  thefe  gives  this  Rule. 

.  i  G/>  7 

*  '  J 

.  f  ■  1 

f  Multiply  the  firjl ,  fecond ,  andlajl  Terms  together  for  a 
.Rule  2.  *%  Dividend ,  and  the  other  two  together  for  a  Divifor  5  the 
L  Quotient  arifing  from  them  will  be  the  fixth  Term. 

.  Arrd  becaufe  our  Example  2.  falls  under  the  Confideration  both 
of  Direa  and  Reciprocal  Proportion,  let  it  be  here  propofed  again. 

Viz.  If  6  Bufhels  of  Oats  will  ferve  4  Horfes  8  Days  ;  how 
many  Days  will  21  Bufhels  ferve  16  Horfes,  &c. 

If  the  Terms  of  this  Queftion  be  placed  down  as  before  direft~ 

ed  they  will  Rand 

C  Horfes.  Days.  Bujhels. 

Thus-?  4  .  8'  .  6  Terms  in  the  Suppofition. 

C  16  21 

Here  the  Blank  falls  under  the  fecond  Place,  therefore  h  mull 
be  found  by  the  fecond  Rule. 

Thus  4  x  8  x  2r  —  672  the  Dividend. 

And  16  x  6  ^96  the  Divifor. 

Then  96)  672  (7  the  Anfwer,  as  before. 


98 
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£htejf.  3.  What  Principal  or  Stock  will  gain  20/.  in  8  Months 
at  6  per  Cent,  per  Annum  ? 

Prin.  Time,  Gain. 

100  .  12  .  h  Terms  in  the  Suppofition. 

8  20 

In  this  Queftion  the  Blank  falls  under  the  firft  Place,  therefore 
it  muft  be  found  by  the  feccnd  Rule. 

Thus  100  xi2x20  =  24000  the  Dividend. 

And  8  x  6  =  48  the  Divifor. 

Then  48)  24000  (500A  the  Anfwer  required. 

The  Proof  of  all  Queftions  in  this  Double  Rule  of  five  Num¬ 
bers,  is  beft  performed  by  varying  the  Queftion ;  viz.  by  ftating 
it  in  another  Order,  as  in  the  laft  Example :  Thus, 

If  100/.  gain  61.  in  12  Months,  what  will  500/.  gain  in  8 
Months  ? 

The  Anfwer  to  this  Queftion  muft  be  20/.  if  the  Work  of  the 
laft  Example  be  true. 


Prin.  Time.  Gain. 

Stated  thus  j  '  6  j- then, Rule  1, 

500  x  8  x  6  =  24000.  And  100  x  12  =  1200. 

Then  1200)  24000  (20/.  the  Anfwer,  i$c.  < 

^uejl.  4.  If  two  Men  can  do  12  Rods  of  Ditching  in  6  Days, 
How  many  Rods  may  be  done  by  8  Men  in  24  Days,  at  the  fame 
Rate  of  working  ? 

Anfw.  192  Rods. 

Queji.  5.  If  the  Carriage  of  5  C.  3  qrs.  Weighty  150  Miles, 
coft  3  /.  7  s.  4  d.  What  muft  be  paid  for  the  Carriage  of  7  C.  2  qrs . ' 
25  lb  Weighty  64  Miles,  at  the  fame  Rate  ? 

Anfw.  1  /.  18  s.  7  i  d. 

hiejl .  6.  If  8  Men  deferve  2  l.  Wages  for  5  Days  Work,  How 
much  will  32  Men  deferve  for  24  Days,  at  the  fame  Rate  ? 

Anfw.  38  /.  8  s. 

§uej}.  7.  Suppofe  a  Hundred  Pounds  wTould  defray  the  Ex- 
pences  of  five  Men  for  Twenty-two  Weeks  and  fix  Days,  How 
long  would  -twelve  Men  be  in  fpending  of  one  Hundred  and  Fifty 
Pounds,  at  the  fame  Rate  ? 

Anfw.  14  Weeks- and  2  Days. 


CHAR 
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CHAP.  YIII. 

Of  Trading  in  Company ,  ufually  called  the  EltlC  Of  Jfcllofo- 
fljip ;  afro  JBaCtClillff,  and  CrCDaitgtllg  of  Coins ,  &c. 

THE  Rule  of  Fellowjhip  is  that  by  which  the  Accompts  of  feveral 
Partners  T rading  in  a  Company,  are  fo  adjufted  or  made  up, 
that  every  Partner  may  have  his  juft  Part  of  the  Gain,  or  fuftam 
his  juft  Part  of  the  Lofs ;  according  to  the  Proportion  or  Share  of 
Money  he  hath  in  the  Joint-Stock :  Now  this  falls  under  two 
Confiderations,  called  the  Single  and  Double  Rules  of  Fellowjhip . 


Sea.  i.  The  ©ingle  Ettle  of  jfellotofljtp ; 

without  Time. 


VIZ. 


! That 


with 

each 


BY  the  Single  Rule  of  Fellowjhip  is  adjufted  the  Accompts  of 
thofe  Partners  that  put  all  their  feveral  and  perhaps  different 
Sums  of  Money,  into  a  common  Stock  at  one  and  the  fame  Fime  ; 
and  therefore  it  is  ufually  called  the  Rule  of  Fellowfloip  without 
Time :  Now  all  Queftions  of  this  Nature  are  anfwered  by  fo 
many  feveral  Operations  in  the  Rule  of  Three  Direct ,  as  there  are 
Partners  in  the  Stock. 

For,  as  the  Total  Sum  of  Money  in  the  Stock  is  in  Proportion  to 
the  whole  Gain ,  or  Lofs :  fo  is  every  Man  s  particular  Part  of  that 
•Stock  ;  to  his  particular  Share  of  that  Gain ,  or  Lofs . 

Shiejl.  i.  Three  Partners,  fuppofe^,  R ,  and  C,  make  a  Joint- 
Stock  of  96/.  in  this  manner, 

A puts  in  24/.  B ,  puts  in  32/.  and  C,  puts  in  40  /. 
this  96/.  they  trade  and  gain  12/.  It  is  required  to  find 
Man’s  true  Part  of  that  Gain. 

The  Operation  will  ftand,  thus 

f  24/.  :  3  /.  =  A’ si 

96/.  :  12/.  ::  j  32  /.  :  4/.  =:  ZFs  ^Part  of  the  Gain. 

.  C  40  /.  :  5  /.  C’s  j 

Proof  3  /.  -f  4/.  +  5  /  =  12  /.  the  whole  Gain. 

That  is,  if  the  Sum  of  each  Mans  particular  Gain ,  amount  to 
the  whole  Gain ,  the  Work  is  true  3  if  not ,  fome  Error  is  committed 
which  mujl  be  found  out. 

Note,  Thefe  Operations  will  be  very  much  abbreviated,  if  you 
work  them  by  Theorem  2.  page  87.  For  here  96  is  a  common 
Antecedent,  and  12  is  the  common -Confequent  in  all  the  three 

Proportions,  '  Q  .  There- 


100 
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Therefore  96  :  12  : :  1  :  0,125  is  a  common  Multiplicator. 

Then  24  0  C 3 7 

32  r  x  0,125  “%4/.  r  for*)  5,  fas  before. 

40  3  C  5  /.  3  t  C,  3 

Now  this  Method  is  more  readily  performed  than  the  other, 
efpecially  when  the  Partners  are  many  ;  becaufe  one  Single  Divifion 
ferves  for  all  the  Work. 

Qucjl.  2.  Three  Merchants,  Ay  By  and  C,  freight  a  Ship  with 
248  Tun  of  Wine:  Thus,  A ,  loaded  98  Tun,  By  86  Tun,  and 
C,  64  Tun.  By  Extremity  of  Weather  the  Seamen  were  forced 
to  caff  or  throw  93  Tun  of  it  over-board.  How  much  of  this 
Lofs  muft  each  Merchant  fuft^jn  ? 

Firfl  248  :  93  :  :  1  :  0,375  the  common  Multiplier. 

Then  98^  C  36,75  for  A’sl 

86  f  x  0,375  —  *)  32,25  for  B’s  f  Lofs. 

1  64'  t 24,00  for  C's  3 

Proof  93,00  =  the  whole  Lofs. 

Now  if  the  Quefiion  were  to  find  how  much  of  the  remaining 
Wine  that  was  faved,  belongs  to  A>  to  B,  and  to  C . 

Then  98  —  36,75  =  61,25  ?a  C  A. 

86  —  32,25  =53,75  r  belongs  to <  B. 

64  —  24,00  =  40,00  3  LC. 

That  is,  Ay  ought  to  have  61  Tun  and  63  Gallons.  By  ought 
to  have  53  Tun  and  189  Gallons.  And  C,  ought  to  have  40  Tun 
of  what  was  left. 

£)uejl.  3.  Suppofe  fix  Men,  viz.  Ay  B ,  C,  D,  T,  and  F,  make 
a  Joint-Stock  of  2558  /. 

1.  s.  Decimals . 
r-  654  .  101=  654,50 

\  5 43  •  15  =  543*75 
)  480  .  ©0—480,00 
J  254  .  10  =  254,50 
I  365  .  05  =  365,25 
L  260  .  00  =  260,00 

The  whole  Stock  2558  .  00=2558,00  according  to  the  Quejl. 

With 


Thus  A  ~\ 

B  I 
C  ( 
D  ( 

E  \ 

F  J 
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With  this  Stock  of  2558  /.  they  Trade  eighteen  Months,  and 
Gain  831  A  7  s.  It  is  required  to  find  every  Man’s  Part  or  Share 
of  that  Gain. 

Note,  Although  the  Time  of  Tradings  viz.  eighteen  Months ,  he 
mentioned  in  the  Queftion,  yet  it  is  no  Way  concerned  in  anfwering  of 
it ;  as  you  may  obferve  in  the  following  Work . 

Firft,  2558  /.  :  831,35/.  ::  1 /.  :  0,325  Decimal  Parts. 

Consequently,  1 1,  :  0,325  ::  654,5  :  212,7125.  That  is. 


654.50 

543*75 

480,00 

254.50 

365>25 

260,00- 


x  0,325  = 


gams 


212,71250 
176, 7^75 
156,00000 
82,7x250 
1 18,70625 
84,50000 

/.  parts.  1. 
212,71250  =  212 
176,71875  =  176 
156,00000  =156 
82,71250=  82 
118,70625  =  118 
84,50000  =  84 


Proof. 


Sum  831,35  =^831  .  07 


00 


I  have  omitted  refolving  this  Queftion  according  to  the  ufual 
Method  (as  before  directed)  of  finding  every  Man’s  particular  Part 
of  the  Gain  by  the  Golden  Rule,  as  in  the  firft  Work  of  Example  I* 
leaving  that  for  the  Learner’s  Pradlke. 


Sea.  2 .  The  Double  Ettle  of  jf ellotofljtp  er  that  with 

Time. 

»  0  1 

THIS  is  ufually  called  the  Double  Rule  of  Fellow/hip,  becaufe 
every  particular  Man’s  Money  is  to  be  confidered  with  Relation 
to  the  Time  of  it’s  Continuance  in  the  Joint-Stock. 

Queftion  1.  A ,  and  5,  join  in  Partnerfhip  upon  thefe  Terms, 
viz.  Ay  agrees  to  lay  down  100  /.  and  to  employ  it  in  Trade  3 
Months :  Then  B ,  is  to  lay  down  his  100/.  and  with  the  whole 
Stock  of  200  /.  they  are  to  trade  3  Months  more.  Now  at  the 
End  of  that  Time,  they  find  their  whole  Gain  to  be  21  /.  It  is 
required  to  know  what  each  Man’s  Part  of  the  Gain  ought  to  be, 

according  to  his  Stock,  and  the  Time  of  employing  it. 

1  Here 


£02 
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Here  it  is  but  reafonable  to  conclude,  that  A,  ought  to  gain 
more  than  B ,  notwithftanding  their  Stocks  of  Money  are  equal ; 
becaufe  A  employed  his  Money  a  longer  Time  than  B. 

Now  for  folving  of  this  Queftion,  let  us  fuppofe  A’s  ioo  /. 
employed  the  firft  3  Months  to  gain  Z  m  a  Sum  as  yet  unknown  ; 
then  it  mult  gain  2  Z  in  6  Months;  and  to  find  what  B ,  muft 
gain,  it  will  be. 


/. 

100 

IOO 


Months. 

/  6  . 

•  3  , 

„  IOO  X  3  X  2  Z  D 
Ergo  - - — 7 B 


*2.  Z  =  A’s  Gain  ?  D  .  n 

to  B’s  Gain  Yer  *•  Pat*  97 • 


ioo  x  6 


Gain. 


But  A’s  Gain  added  to  -S’sGain  muft  ~  21  /.  the  whole  Gain 
by  the  Queftion. 

c  rr  .  100  x  3  x  2  Z  , 

Therefore  2  Z  -j - - — > —  —  21  /. 

*  100  x  6 


That  is,  100  x  6  x  2  Z  -|-  100  x3x  2Z=2i  x  ioo  ,x  6. 
Which  contracted  is,  900  x2Z  =  2i  x  600. 


Confequently, 


21  x  600 
900 


5  which  gives  the  following 


Analogy. 

Viz.  900  :  21  :  :  600  :  2Z11  14/.  for  A’s  Gain. 
And  900  :  2j  : :  100  x  3  =  300  :  7  /.  for  B’s  Gain. 


Now  this  way  of  arguing  hath  not  only  refolved  the  prefent 
Queftion,  but  it  alfo  affords  (and  demonftrates)  a  general  Rule 
for  refolding  all  Queftions  of  this  Nature,  be  the  Partners  never 
fo  many. 


r- Multiply  every  particular  Man’s  Stock ,  with  the  Time  it 
\  is  employed ,  then  it  will  be ,  as  the  Sum  of  all  thofe 
Rule.<  Produffs ;  is  to  the  whole  Gain  (or  Lofs).  So  is  every 

I  one  cf  thofe  Produffs  :  to  it’s  proportional  Part  of  that 
L  whole  Gain  (or  Lofs). 

Queftion  2.  Three  Merchants  A ,  B ,  and  C,  enter  into  Partner¬ 
ship,  thus ;  A  puts  into  the  Stock  65  /.  for  8  Months ;  B  puts  in 
78/.  for  12  Months  ;  and  C  puts  in  $4/.  for  6  Months.  With 
thefe  they  traftick,  and  gain  166/.  12  s.  It  is  required  to  find 
each  Man’s  Share  of  the  Gain,  proportionable  to  the  Stock  and 
Time  of  employing  it. 


1.  A’s 
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1.  A'sl  { 

2.  B’$  £ Stock** 

3.  C’s)  ( 

h  *  ^  ?  Months ,  the  Time  i 

'•  was\  S 

t.504 

The  Sum  of  thofe  Produ&s  is,  i960 

Then,  according  to  the  Rule,  the  feveral  Proportions  will 
Rand  thus. 


C  520  :  44,20  =  44/.  4 
i960  :  166,6  :  :  }  936  :  79,5 6  =  79  /.  11 


504  :  42,84  =  42/.  i6r.  9 


s.  od.  1  CA. 
s.  2  hd.  f  for}  B. 
s.  Q  h  d.  3  C  C. 


The  whole  Gain  =  166/.  I2r.  o  d. 

-  I  V  4  _ 

Or  you  may  work  as  in  fome  of  the  former  Examples ,  vix.  by 
finding  the  proportional  Part  of  the  Gain  due  to  one  Pound, 

Thus  i960  *.  166,6  :  :  1  :  0,085  the  common  Multiplier. 

Then  520 1  C  44,2  1  C  A.  1 

936  >  x  0,085  =  j  79,56  >  for  <  B.  >  As.  before. 

504}  642,84-)  Lc.j 

Ghiejlion  3.  Six  Merchants,  viz.  A,  B,  C,  D,  E ,  and  F,  enter 
into  Partnerfhip,  and  eompofe  a  Joint-Stock  in  this  manner ; 

/.  s. 

64  .  10 
78  .  15 
100  .  <5o 
80  .  IO 
74  .  12 
125  .  15 

They  traffick,  and  gain  258/.  18  s.  4 hd.  It  is  required  to 
find  every  Man’s  Share  of  the  Gain,  according  to  the  Stock  and 
Time  it  was  employed. 

The  feveral  Stocks  of  Money,  and  their  refpe&ive  Times  be¬ 
ing  iirft  brought  into  Decimals,  and  then  multiplied  together, 
will  produce  thefe  following  Products. 


Viz. 


put9  in 


for 


Months. 


Stock 


/.  Months. 

64.50  x  4,50 
78,75  x  6,00 

100,00  x  8,25 

80.50  x  12,00 
74,6  X  9,50 

125,15  X  7,00 


the  Time  it  was  em¬ 
ployed  = 


200.25 

472>5° 

825,00 

966,00 

708,70 

880.25 


The  Sum  of  thofe  Products  —  4142,70 

Then 
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Then  if  you  work  by  the  common  Way  ;  it  will  be 
4142,7  :  258,91875  : :  290,25  :  18,140625  ~  18  /.  2  s.  9  l  d. 
for  Ay s  part  of  the  Gain  ;  and  fp  on  for  the  reft. 

Bat  if  you  work  by  the  eafteft  Way,  viz.  by  finding  the  pro¬ 
portional  Part  of  the  Gain  due  to  one  Pound. 

Thus  4142,7  :  258,91875  : :  1  :  0,0625.  * 

Then  L  s.  d. 

290.25- 1  r-  18,140625“  18 . 02 , 09* -*  rA 

472,50/  129,531250  =  29.10.07 il  I  B 

'  825'00  L0062?—  1  5I.562SO°--5i.  u.°3  If  )C 

966,00  j  ’  ^  j  60,375000  =  60.07.06  f'  j  D 

708,70  I  I  44,293750=44 . 05  .  loi  I  J  B 

880.25- *  1.55,015625=55^00^03^ 

The  whole  Gain  =  258  .  18 . 04  \ 

* 

Thefe  few  Examples  being  well  underftood,  are  fufficient  to 
fhew  the  whole  Bufinefs  of  Fellowfhip,  t5'c. 


Sea  3.  Of  bartering. 


WHEN  Merchants,  orTradefmen,  exchange  one  Commodity 
for  another,  it  is  called  Bartering  ;  and  the  only  Difficulty  in 
this  way  of  dealing,  lies  in  duly  proportioning  the  Commodities  to 
be  exchanged  fo,  as  that  neither  Party  may  fuftain  Lofs. 

ftfueflion  1.  Two  Merchants,  A ,  and  B ,  Barter ;  A  would 
exchange  5  C.  3  qrs.  impound  of  Pepper,  which  is  worth  3  /.  10  j. 
perC.  with  B  for  Cotton ,  wTorth  10 d.  per  pound  weight;  hew 
much  Cotton  muft  B  give  to  A  for  his  Pepper  I 

Note,  In  order  to  the  refolving  of  this  fhteftion  [and  all  other 
Efuejlions  of  this  Nature)  you  mujl  fir  ft  find ,  by  the  Rule  of  Three 
(or  otherwife)  the  true  Value  of  that  Commodity  whofe  Quantity  is 
given  ( which  in  this  ftfueflion  is  Pepper).  And  then  find  how  much 
of  the  other  Commodity  will  amount  to  that  Sum9  at  the  Rate  pro - 
pofed. 


Firft  5  C.  3  qrs.  141b. 
And  3  /.  1  o  r.  o  d. 


=5,875 1 

=  3,500  5 


in  Decimals. 


Then  1  :  3,5  :  :  5,875  :  20,5625  =  20  /.  11  r.  <$d.  the  true 
Value  of  the  Pepper. 

Next,  It.  is  eafy  to  conceive,  that  A  ought  to  have  as  much 
Cotton  at  10  d.  per  Pounds  as  will  amount  to  20/.  iiy.  3  d, 
which  may  be  thus  found ; 

10  d .  :  1  lb.  : :  20/.  11  s.  3  d.  ==  4235  d.  :  493,5  lb. 

That 


--  —  -r  -  --  --  -  _  ■  -  _ _ _ 
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That  is,  4  C.  lqr ,  17!  pound  of  Cotton.  And  fo  much  B  muft 
give  to  A  in  exchange  for  his  5  C.  3  qrs.  14  pound  of  Pepper. 

Sjuejlion  2.  Two  Merchants  A  and  B  barter  thus;  A  hath 
86  Yards  of  Broad  Cloth  worth  9 s.  2d.  perTard  ready  Money : 
but  in  Barter  he  will  have  nr.  perTard.  B  hath  Shalloon 
worth  2  s.  id.  per  Yard  ready  Money ;  it  is  required  to  find  how 
many  Yards  of  the  Shalloon  B  muft  give  to^  for  his  Cloth,  to 
make  his  Gain  in  the  Barter;  equal  to  that  of  A's. 

The  Method  of  refolving  this,  and  the  like  Queftions,  differs 
a  little  from  the  laft  Cafe ;  for  in  this  you  muft  firft  find  what 
Advance  B  ought  to  make  perTard  upon  his  Shalloon,  in  pro¬ 
portion  to  what  A  hath  done  upon  a  Yard  of  his  Cloth. 

Thus  1  s’  d'  dt  s'  d •  s-  d ’  d ‘  d-  d‘ 

J9.2  =  iio:ii=i32::2.i  —  25:2.6  =  30 

the  advanced  Price  for  a  Yard  of  B’ s  Shalloon.  Then  proceed  as 

before  in  the  laft  Example. 

Thus  1  Yard  :  nr.  : :  86  Yards  :  946 s.  =  47/.  6  s.  the  ad¬ 
vanced  Value  of  all  the  Cloth. 

Next,  If  2  s.  6  d.  will  buy  one  Yard  of  Shalloon,  at  it’s  ad¬ 
vanced  Price,  how  many  Yards  will  47/.  6  s.  buy. 

Thus  2,5  :  1  :  :  946  :  378,4  Yards. 

That  is,  B  muft  give  378  \  Yards  of  his  Shalloon  to  Ay  for 
his  86  Yards  of  Broad  Cloth. 

Thefe  two  Examples  are  fufficient  to  {hew  the  Learner,  that 
the  Method  of  bartering,  or  exchanging  Commodities  for  Com¬ 
modities,  wholly  depends  upon  a  clear  underftanding  of  the 
Golden  Rule;  which  indeed  is  fo  called,  becaufe  of  it’sUniver- 
fal  Ufe.. 


Sea.  4.  of  cErcfjaitgmg  coing. 

TJ'Xcbanging  the  Coins  of  one  Country  for  thofe  of  another,  is 
like  the  Bufinefs  of  bartering  Commodities.  That  is,  it  con- 
fifts  in  finding  what  Sum  of  one  Country  Coin  will  be  equal  in 
Value  to  any  propofed  Sum  of  another  Country  Coin.  And,  in 
order  to  perform  that,  it  will  be  very  neceffary  to  have  a  true 
Account  at  all  times  of  the  juft  Value  of  thofe  Foreign  Coins  which 
are  to  be  exchanged,  as  they  are  compared  in  Value  with  our  En - 
glijh  Coin. 

I  fay,  at  all  times,  becaufe  the  Par  of  Exchange  (as  the  Mer¬ 
chants  call  it)  differs  almoft  every  Day  from  London  to  other  Coun¬ 
tries.  That  is,  it  rifes  and  falls,  according  as  Money  is  plenty  or 
fcarce ;  or  according  to  the  Time  allowed  for  Payment  of  the  Mo¬ 
ney  in  Exchange,  p  Thofe 


arttftmettcft. 


io  6 
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Thofe  that  define  to  be  fully  Satisfied  in  the  common  Values  of 
Foreign  Coinsf,  Weights,  Meafures,  &c.  may  find  them  in  a  Book 
called  the  Merchants  Map  of  Commerce ,  which  for  Brevity  fake  I 
have  omitted  tranferibing,  and  only  colle&ed  thefe  few  of  Coins. 


Foreign  Coins. 


French  Coin.  A  Denier : 

1 2  Deniers  nr  i  Soulz : 
12  Soulz  m  i  Livre ; 
3  Livres  ==.  I  Crown : 
Low'Country  Coin.  A  Stiver : 

6  Stivers  —  I  Flemifh  Shilling : 

20  Stivers  ==  I  Gilder : 
10  Gilders  =3  33  -3-  Shillings  1  m 
or  a  Flemifh  Pound  J 

SEmbden  Dollar : 
Campen  Dollar : 
Zealand  Dollar : 
Zyir/x  Dollar : 
Specie  Dollar : 
Duccatoon : 
C  A  Rixdollar  of  the  Empire : 
£  A  Gilder  of  Nuremberg : 
TheZ/tfr*  at  Leghorn : 
Florence  Crown  Current : 
Venice  Ducat  de  Banco : 
The  Current  Ducat  . 
The  Naples  Ducat : 
The  Cadiz  Ducat'. 
The  Barcelona  Ducat  '. 
The  Valencia  Ducat : 
The  Bergonia  Ducat ; 
The  Portugal  Tejloon : 
The  Piece  of  Eight: 


Germany. 


In  Italy 
and 
Spain. 


/ 


Lnghjh  Coin. 
1.  s.  d. 


o  . 
o  . 
o  . 
o  . 
o  . 
o  . 
o  . 


o 

o 

o 

o 

o 

o 


o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 


o 

o 

I 

4 

o 


2 

2 

3 

4 

5 

6 


o  „  4 

o  .  7 


o 

5 

4 

3 

5 

5 

6 

5 

4 

1 

4 


o+q 

O* 

6 

6 

It 


O  •  7  T 

2  .  O 


I  .  o  .  o 


•  3* 

•  7  T 


.  o 


3f 

51 


9 

3 

4 
4 
o 

o 

3 

4 

3 

6 


2VW,  The  Englijh  generally  reckon  their  Exchange  with  other 
Countries  by  Pence,  t//z.  other  Countries  value  their  Crowns, 
Dollars,  or  Ducats,  &c.  by  Englijh  Pence.  Except  with  fome 
Parts  of  the  Low ‘Countries ,  with  whom  the  Exchange  is  in 
Pounds  Sterling. 


ave  " 


UhVilllJg. 

f ejl.  I.  How  many  Dollars  at  4*.  6  d.  per  Dollar ,  may  o; 
for  162/.  l8r.  Anfwer  724  Dollars. 

»  Thus 


may  one 


/ 


io7 
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Thus  162/.  i8j.  cr  3258 s.  and  4 s.  6.  ■=.  54  d. 

Then  54  :  1  :  :  3258  :  724  the  Anfwer. 

Sjuejl.  2.  How  many  Saragojfa  Ducats,  of  5  s.  6  d.  the  Ducat, 
may  be  had  for  275  Bergonia  Ducats,  at  4 s.  4  d.  the  Piece? 

Anfwer  216  and  3;.  8  d.  over. 
Thus  5  s.  6  d.  —  66 d.  and  4  s.  4  d.  $zd. 

Then  275  x  52  =  14300  d.  275  Ducats. 

Confequentjy  66)  14300  (216  \  the  Anfwer  required. 


Quejl.  3.  A  Traveller  would  change  233/.  16  s.  8  d.  Sterling 
Money  ;  for  V mice  Ducats  at  4  s.  9  ^  d.  per  Ducat ;  How  many 
Ducats  muft  he  have?  Anfwer  976  Ducats. 

Thus  4j.  C)\d.  =  57,5^.  and  233/.  i6r.  8^.  ™ 56 120^. 
Then  57,5  d.)  56120  d .  (976  the  Anfwer  required. 


Queji.  4.  A  Caftiier  hath  received  759  Ducats,  at  7  s.  6  d. 
per  Ducat ;  And  579  Dollars  at  41.  8^?.  per  Dollar :  Which  he 
would  exchange  for  Flemijh  Marks  at  14*.  3  d.  per  Piece:  How 
many  ought  he  to  have  ? 

Anfwer  589  Marks,  and  15  d.  over. 

For  7  r.  6d.  =z  90  </.  and  4  r.  8^?.  =  56^. 

Then  {  759  x  90  =  68310^.  the  Value  of  the  Ducats, 
c  579  x  56  =:  32424*/.  the  Value  of  the  Dollars. 

their  Sum  =,  100734*/. 


And  1 4/.  3  d.  ss  lyid.  the  Flemijh  Mark  in  Pence. 
Confequently  17 1)  100734  (589  lAc.  the  Anfwer  required. 


Sfutfi-  5-  A  Bill  of  Exchange  was  accepted  at  London  for  the 
Payment  of  400  /.  Sterling,  for  the  like  Value  delivered  in  Am - 
Jlerdam ,  at  1 /.  13;.  6 d.  for  1  /.  Sterling;  How  much  money 
Was  delivered  at  Amjlerdam  ? 

Anfwer.  670  /.  Flemijh . 

For  1  /.  =  240 d.  and  1 /.  1 3  r.  6  */.  =  402 */, 

Then  240  :  402  : :  400  :  670  the  Anfwer  required. 


Sjuejl.  6.  When  the  Exchange  from  Antwerp  to  London  is  at 
I  /.  4/.  yd.  Flemijh ,  fori/.  Sterling;  How  many  Pounds  Sterling 
rnult  be  paid  at  London ;  to  ballance  236  /.  Flemijh  at  Antwerp . 

Anfwer  192/.  Sterling. 

Thus  1  /.  4*.  yd.  =  295^.  and  1/.  =  240 

Then  295  :  240  : :  236  ;  192  the  Anfwer. 

P  2 


Part  I* 


108 


F^uejl.  7.  A  Merchant  delivered  at  London  120/.  Sterling  to 
receive  147/.  Flemijh  at  Amjierdam 5  How  much  was  1  /.  Sterling 
Valued  at,  in  Flemijh  Money  ? 

Anfwer.  1  /.  4  s.  6d. 

Thus  120  :  147  ::  240^.  :  294  d.  =  il.  4*.  6d.  &V. 


Fjjuejly  8.  A  Factor  hath  fold  Goods  at  Cadiz  for  1468  Pieces 
of  Eight,  valued  at  4  s.  6  \  d.  Sterling  per  Piece  ;  How  much 
Sterling  Money  do  thofe  Pieces  of  Eight  amount  to  ? 

Anfwer  333  /.  7  s.  2  d. 
Thus,  if  1  =  54,5  d.  then  1468  x  54,5  83006  d.  ts'c. 


jjjjuefl.  9»  A  Traveller  would  have  an  equal  Number  of  Crowns 
at  5;.  6 d.  per  Crown  ;  and  Dollars  at  4/.  5^.  per  Piece  How 
many  of  each  fort  may  he  have  for  309 1.  8  s.  I 

Anfwer  624  of  each. 

Thus  309/.  8  s.  =  74256  d. 

And  5  s.  6  d.  -|-  4  s.  5  d.  1 19  d. 

Then  119)  74256  (624  the  Anfwer  required* 


Fjhiejl.  10.  Suppofe  I  would  exchange  527/.  17 s.  6d.  for  Dol¬ 
lars  at  4  s.  6  d.  a  Piece,  Ducats  at  5  s.  8  d.  a  Piece,  and  Crowns 
at  6  s.  id.  aPiece;  and  would  have  2  Dollars  for  i'Ducat,  and 
3  Dollars  for  2  Crowns.  How  many  of  each  fort  muff  I  have  ? 

Anfwer  927  Dollars,  463  \  Ducats,  and  618  Crowns. 

r  54  d.  =,  1  Dollar.  1 
For  ^  68  d.  ~  1  Ducat.  >  per  Quejlton. 
t  73  d.  ~  1  Crown.  3 

And  1 26690  d.  —  527/.  17s.  6  d. 


Now  if  the  Crowns,  Dollars,  and  Ducats,  were  to  be  equal  in 
Number  ;  then  73  -f-  54  68  muft  have  been  the  Divifor,  by 

which  126690  mull:  have  been  divided,  and  the  Quotient  would 
have  been  the  Anfwer  to  the  Queftion.  As  in  the  laft  Example. 

But  here  inftead  of  their  Sum,  fuch  Parts  of  them  muft  be 
taken  as  are  affigned  or  limited  by  the  Queftion;  that  fo  the  Num% 
ber  of  fome  one  of  them  may  be  found. 

And  becaufe  there  muft  be  j  2  f>°!!ars  {°r  1  °ucat’  and 

t  3  Dollars  for  2  Crowns, 

Therefore  it  will  be  \  of  a  Ducat  for  one  Dollar,  and  \  of  a 
Crown  for  one  Dollar. 


Confequently, 
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s  Confequently,  54  -f-  ¥  :  +  f  of  73  =.  136  h  or  will  be 
the  Divifor  to  find  the  Number  of  Dollars. 


Thus  *'3~)  126690  (927  the  Number  of  Dollars. 

Then  £•  of  927  =  463  £  is  the  Number  of  Ducats. 

And  f  of  927  =  618  is  the  Number  of  Crowns. 

Or  if  you  pieafe  you  may  form  Divifors  to  find  either  the  Du¬ 
cats  or  Crowns  firft :  For  if  it  be  2  Dollars  for  1  Ducat,  and  3 
Dollars  for  2  Crowns,  as  before ; 

Then  will  6  Dollars  be  for  3  Ducats,  and  6  Dollars  for  4 
Crowns. 

Therefore,  |  |  }  will  be  for  i  Crown. 

Confequently,  \  of  54  :  -4“  f  of  68  :  -F  73  ~  205  will  be 
the  Divifor  to  find  the  Crowns  firft,  &c. 


Quejl.  11.  A  Cafhier  is  to  receive  500/.  He  is  offered  Crowns 
at  6  s.  1  \d.  per  Crown,  which  are  worth  but  6  s.  Or  he  may 
have  Dollars  at  4  s.  5  d.  the  Piece,  which  are  worth  but  4  s.  4 d. 
Which  of  thefe  ftiall  he  receive  to  have  the  leaft  Lofs  ?  And  how 
much  will  he  lofe  in  the  Payment? 

1  1  1  Dollar1  —-52^*  1  according  to  their  true  Values. 

2  <  1  nWn  1  the  advanced  Values. 

I  1  Dollar  =:  53,0^.  3 

Now  to  find  which  will  be  the  leaft  Lofs ;  find  what  the  ad¬ 
vanced  Value  of  a  Dollar  ought  to  be  in  Proportion  to  that  of  1 
Crown. 

Thus  72  :  73,5  ::  52  :  53*083  &c.  But  he  may  have  Dollars 
at  5  3  d.  per  Piece,  therefore  the  Payment  in  Dollars  will  be  the 

leaft  Lofs;  viz.  53  is  lefs  than  53’°^3 

Next,  to  find  what  the  whole  Lofs  will  be  by  receiving  Dollars. 
Becaufe  the  500/.  =  120000  d.  is  advanced  as  much  above  the 
true  Value,  as  53J.  is  above  52^.  Therefore  fay,  If  53  d.  ad¬ 
vance  1  d.  zr  5 3 d. —  52 d.\  what  will  120000 d.  advance?  i.  e, 

53  d.  :  id.  ; :  120000  d.  :  226433-  d.  =  9  /.  8  s.  4  33  d.  =  the 
Lofs. 

Queft.  12.  Suppofe  I  exchange  4/.  ior.  10^.  for  11  Crowns 
and  7  Dollars ;  and  at  another  Time  I  have  4  Crowns  and  3  Dol¬ 
lars  for  1 /.  15  s.  each  being  of  the  fame  Value  with  the  firft. 
What  is  the  Value  of  a  Crown,  and  of  a  Dollar  ? 

Firft 


atitfjmeticft. 


no 
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Firft  1 1  Crowns  -}-  7  Dollars  =  1090  d.  } 
Second  j^Crowns  -f*  3  Dollars  =  420  d.  ) 


by  the  Queftion. 


Then  in  order  to  find  the  Value  of  1  Crown,  you  mull  caft  off 
the  Dollars  by  making  them  of  the  fame  Number  ;  Thus, 

33  Crowns  4-  21  Dollars  =  3270^.  the  firft  multipl.  with  3. 
28  Crowns  -f*  ^1  Dollars  =  2940  d.  the  fecond  multipl.  with  7, 
Then  5  Crowns  =  330  d.  being  the  Difference. 

Confequently  5)  330  (66d.  =  5;.  6 d.  is  the  Value  of  1  Crown, 
And  4  Crowns  =  264  d. 

Then  will  3  Dollars  =  420^.  —  264^.  =  156  d. 

Confequently  3)  156  (52 d.  1=4 s.  4 d.  the  Value  of  1  Dollar, 


CHAP.  IX. 

of  3UMgatt0tt. 


VJfyTHEN  it  is  required  to  mix  feveral  Sorts  of  Ingredients  to- 
**  gether;  as  different  forts  of  Corn,  Wines,  Wool,  Spices, 
or  Metals ;  or  to  compofe  Medicines,  &c.  the  Method  of  propor¬ 
tioning  fuch  Mixtures,  is  called  the  Rule  of  Alligation ;  and  is  di¬ 
vided  into  two  Parts  or  Branches ;  called  Medial  and  Alternate , 


se<a.  1.  of  alligation  spotiial. 

Alligation  Medial ,  is  that  by  which  the  Mean  Rate  or  Price 
of  any  Mixture  is  found,  when  the  particular  Quantities  of 
the  Mixtures  and  Rates  are  given  ;  and  is  thus  performed. 

Firft  find  the  Sum  of  all  the  Quantities  propofed  to  be  mixed  ? 
And  alfo  the  Sum  of  all  their  particular  Rates. 


Then  the  Proportion  will  be, 

C  As  the  Sum  of  all  the  Quantities  :  Is  to  the  Sum  of  all  their 
Rule  Rates  :  :  So  is  any  Part  of  the  Mixture  :  "To  the  Mean 
L  Rate  or  Price  of  that  Part. 

Quejl.  1.  Suppofe  15  Bufhels  of  Wheat  at  5  /.  the  Bufhel,  and 
12  Bufhels  of  Rye  at  3  f,  6  d .  the  Bufhel,  were  mixed  together ; 

What 
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What  is  the  Mean  Rate  or  Price,  it  may  be  fold  for  a  Bufhel 

without  Lofs  or  Gain  ?  * 


This  Queftion  prepared  as  dire&ed  above,  will  (land 

Thus?  Wheat  at  5 s.  /w  Bufhel,  comes  to  900*/. 

c  12  Bufhels  of  Rye  at  3  s.  6  d.  each,  comes  to  504^. 

27  r=  their  Sum.  And  their  total  Value  z=  1404^. 

Then  27  Bufhels  :  1404^.  : :  1  Bufhel :  52^.  =  4 s.  4 d.  the 
Anfwer  required. 

Queft.  2.  A  Grocer  mixeth  36  Pounds  of  Tobacco,  worth 
is.  6d.  a  Pound,  with  12  Pounds  of  another  fort  at  2r.  a  Pound, 
and  12  Pounds  of  a  third  fort  at  1  s.  10  d.  the  Pound.  How 
may  he  fell  the  Mixture  per  Pound  ? 

lb.  s .  d.  d. 

f  36  ,  at  1  .  6  1  C  648 

Firft  J  12  .  at  2  .  o  >  per  Pound  amounts  to  <  288 

(12  .  at  i  .  10  J  l  264 

60  =:  the  Number  of  Pounds.  Their  Value  ==  1200 


Then  60  lb  ;  I2ooi.  : :  1  lb  :  20  d.  =  u.  8  d.  the  Anfwer 
required. 

i.'  / 

Quejl.  3.  A  Vintner  mixeth  31  Gallons  and  a  half  of  Malaga 
Sack  worth  7  s.  6  d.  the  Gallon  ;  with  18  Gallons  of  Canary  at 
6  s.  9  d.  the  Gallon  ;  13  Gallons  and  a  half  of  Sherry  at  5  s.  the 
Gallon  j  and  27  Gallons  of  White  Wine  at  4  s.  3  d.  the  Gallon. 
It  is  required  to  find  what  one  Gallon  of  this  Mixture  is  worth. 


’  Gal.  s.  d.  Pence. 


90  =  the  Number  of  Gall.  Their  Value  1=  6480 


Then  90  :  6480  : :  1  :  72  d.  =  6  s.  the  Rate  or  Price  of  one 
Gallon,  as  was  required. 


The  Proof  of  all  Operations  in  thefe  fort  of  Mixtures,  is  done 
by  comparing  the  Value  of  all  the  Mixture  (being  fold  at  the 
Mean  Rate)  with  the  total  Value  of  all  the  particular  Quantities, 
fuppofing  they  had  been  fold  at  their  refpe&ive  Rates  unmixed  ; 
if  thofeSums  are  equal-  the  Work  is  true. 

Sea. 
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Sett.  2.  of  allegation  alternate* 


y^Lligation  Alternate ,  is  that  by  which  the  particular  Quanti¬ 
ties  of  every  Ingredient  concerned  in  any  Mixture  are  found  ; 
when  the  particular  Rates  of  everyone  of  thofe  Ingredients,  and 
the  mean  Rate  are  given  ;  being  (as  it  were)  the  Converfe  to  Al¬ 
ligation  Medial ;  as  will  appear  by  the  following  Operations, 
which  admit  of  three  Cafes. 


Cafe  I.  The  Particular  Rates  of  any  Ingredients  propofed  to 
be  mixed,  and  the  Mean  Rate  of  the  whole  Mixture  being  given. 
To  find  how  much  of  each  Ingredient  is  requifite  tocompofe  the 
Mixture ;  when  the  whole  Quantity,  or  any  Part  thereof,  is  not 
limited. 


Queft.  I.  How  much  Wheat  at  5-f.  the  Bufhel,  and  Rye  at 
3  s.  6  el.  the  Bufhel,  will  compofe  a  Mixture  that  may  be  fold 
for  4  s.  4  d.  the  Bufhel  ? 

Note,  In  all  Quefiions  of  this  Nature ,  it  will  he  convenient  to 
place  the  Mean  Rate  fo,  as  that  it  tnay  be  eafily  compared  with  the 
Particular  Rates,  in  order  to  find  every  one  of  their  Differences  from 
the  Mean  Rate ,  by  Infpe Elion  only. 

Thus,  the  Mean  Rate  ==  52  d.  \  l^eat  6°^- 

J  L  Rye  42  d. 

Then  take  the  fever al  Differences  between  the  Mean  Rate ,  and 
the  Particular  Rates  ;  fetting  down  thofe  Differences  alternately , 
and  they  will  be  the  Quantities  required. 

Thus  C2  J  60  U  10  =  52  —  42 

1  nus  52 1 42  n  8  =  60  —  52 

That  is  52  —  42  ~  10  for  the  Quantity  of  Wheat. 

And  60  —  52  =  8  for  the  Quantity  of  Rye,  that  will 

compofe  the  Mixture  required. 

The  Proof  by  Alligation  Medial. 

A  , ,  C  10  Bufhels  of  Wheat  at  6 od.  per  Bufhel  —  600  d. 

\  8  Bufhels  of  Rye  at  42^.  per  Bufhel  ==  33 6dt 
18  —  the  Number  of  Bufhels.  —  936  d. 

Then  18  :  936  : :  1  :  52  d.  zz:  4.S.  4 d.  the  Mean  Rate. 

Note ,  Although  10  and  8  do  anfwer  the  Queftion,  as  plainly 
appears  by  the  Proof,  yet  they  are  not  the  only  two  Numbers; 
for  thisQueftion,  and  all  others  of  this  kind,  will  admit  of  va¬ 
rious  Anfwers,  and  all  whole  Numbers ;  for  any  two  Numbers 
that  are  in  the  fame  Proportion  to  one  another,  as  10  is  to  8,  will 
as  truly  anfwer  the  Quefiicn. 

#  Vi  <r 

c  I 
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Que/i'  2.  A  Grocer  would  mix  three  Sorts  of  Tobacco  together, 
viz .  one  Sort  of  18  d.  per  lb,  another  Sort  of  2  id.  per  lb,  and 
a  third  Sort  of  2  s.  the  lb.  How  much  of  each  Sort  muft  he  take, 
that  the  whole  Mixture  may  be  fold  for  20  d.  the  Pound  ? 

Having  fet  down  the  given  Rates,  as  before,  then  find  each  of 
their  Differences  from  the  propofed  Mean  Rate,  ajid  place  thofe 
Differences  alternately.  Thus, 


ri8^f4  +  2  =24.  —  20  and  22  —  20 
Mean  Rate  20  <  22  r  •%  2  =  20 —  18 

l  24  3  (2  —  20 — 18 


Thefe  Differences,  6.2.2  are  the  Quantities  required. 

f  6  lb  of  Tobacco  at  18  d.  1  r  108  7 

Proof  s  2  lb  at  22  d.  rthe  Pound  come  to3  44  r  d . 

C  2  lb  at  24^.  3  l  48  3 

10  =  the  Number  of  Pounds.  Their  Value  =  200  4. 

Then  10)  200  (20  the  Mean  Rate. 

Or  indeed  any  three  Numbers  that  have  the  fame  Ratio  to  one 
another  as  6  and  2  have,  will  anfwer  the  Queftion. 


That  is, 


But  if  only  one  of  the  three  given  Rates  had  been  greater  than 
the  Mean  Rate;  as  fuppofe  14 d.  per  Pound,  18  d.  per  Pound,  and 
24^.  per  Pound,  and  the  Mean  Rate  2Qd.  as  before;  then  their 
Differences  muft  have  been  placed, 

*4  7  C  4  7 

18  r  |  4  (  as  before: 

24  3  L  6  -f-  2  3 

Quejl.  3.  A  Vintner  would  make  a  Mixture  of  Malaga*  worth 
7  s.  6  d.  per  Gallon,  with  Canary  at  6  s.  qd.  per  Gallon,  Sheri/ 
at  51.  per  Gallon,  and  White  Wine  at  4;.  3^.  per  Gallon  ; 
What  Quantity  of  each  Sort  muft  he  take,  that  the  Mixture  may 
be  fold  for  6s.  per  Gallon? 

In  all  Queftions  of  this  Kind,  wherein  it  is  required  to  mix 
four  Things  together,  two  of  them  having  their  Prices  greater, 
and  two  lefs  than  the  mean  Rate  *  jou  muft  always  aliigate  or 

Q_  compare 
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compare  a  greater  and  lefs  Pfice  with  the  mean  Price,  fetting 
down  their  Differences  alternately,  as  in  the  firft  Example  of  this 

Section.  j 

{Malaga  god.lf  21  ==  72  —  51 

Canary  81  J.  J  1  12  r  72  —  60 


Hence  21  Gallons  of  Malaga,  12  of  Canary,  9  of  Sherry,  and  18 
of  White  will  compofe  the  Mixture  required. 


f  Malaga  90  d.  1  f  1 2  Malaga  "} 
3  Sherry  60  d.  5  \  1 


_  ,  ,  Sherry  60  d.  S  l  18  Sherry  I  ...  c. 

Or  ths,  72  ^  Canary  80  d.  ?  f  21  Canary  j  W1  9  c * 

White  Kid.iX  Q  White  J 


v.  White  5U.J  1  9 
Either  of  thefe  Mixtures  equally  anfwer  the  Queftion,  which 


may  be  eafily  tried  as  before  in  the  laft,  iff c . 


Cafell.  The  particular  Rates  of  all  the  Ingredients  propofed 
to  be  mixed,  the  Mean  Rate  of  the  whole  Mixture,  and  any  one 
of  the  Quantities  to  be  mixed  being  given  :  Thence  to  find  how 
much  of  every  one  of  the  other  Ingredients  is  requifite  to  compofe 
the  Mixture. 

Note ,  This  is  ufually  called  Alligation  Partial. 

Queft.  4.  How  much  Wheat  at  55.  the  Bufhel,  mud  be  mixed 
with  12  Bufhels  of  Rye  at. 3*!  6  d.  a  Bufhel,  that  the  \yhole  Mix¬ 
ture  may  be  fold  for  4  s.  4  d.  the  Bufhel  ? 

In  this  Cafe  you  muff  fet  down  all  the  particular  Rates,  with 
the  Mean  Rate,  and  find  their  Differences  juft  as  before  ;  without 
any  regard  had  to  the  Quantity  given. 

tv*  r,  „  „  >  f  Wheat  60  d.}  f  10 

Thus,  Mean  Rate  52  *|R  42rf.||8 


f  As  the  Quantity  found  by  the  Differences  of  the  fame 
3  Name  puith  the  Quantity  given  :  Is  to  the  Quantity  given  : : 
en  )  So  is  any  of  the  other  Quantities  found  by  the  Differences  : 
the  Quantity  of  it’s  Name . 

Thus  8  82  : :  16  :  15,  the  Quantity  or  Number  of  Bufhels  of 

Wheat  required. 


Qiieft.  5.  How  much  Malaga  at  7 s.  6  d.  the  Gallon,  Sherry  at 
5  s.  the  Gallon,  and  White  Wine  at  4  s.  3  d.  the  Gallon,  muft  be 
mixed  with  18  Gallons  of  Canary  at  6  s.  9  d.  the  Gallon  j  that  the 
whole  Mixture  may  be  fold  for  6  s.  the  Gallon? 


The 


Chap.  9, 


of  suuptfctt,  &c. 


The  Terms  being  fet  down,  & c.  as  before,  will  Hand 

f  Malaga  90^,  I  f  21 

Thus,  Mean  Rate  -}2d.  ^  j 


Then,  as  12  :  18 


C21  :  314 
;  A  18  :  27 

£  Q  :  12^ 


j  Sherry  . .  r  . 

£  Canary  8 1  d,  *  t  £2 

Gallons  of  Malaga. 

Gallons  of  White.  ^ 

9  :  13  ~  Gallons  of  Sherry. 

That  is,  31  ~  Gallons  of  Malaga,  27  of  White  Wine,  and  132. 
of  Sherry,  being  mixed  with  18  Gallons  of  Canary,  will  make  the 
Mixture  required. 

(Malaga  90  7  f  12 
Sherry  60  if  18 
Canary  81  U  21 
White  r  I  3  l 


Then,  21  :  18 


51  t  9 

2  :  10  fL  the  Malaga 

8  :  15  t9t  the  Sher 

9  :  7  44  the  White 


aga.  *) 
-ry.  i 
ite.  J 


&c. 


Gallons. 

‘  I O  4r  at  90  d.  1 

T>  r  I  5  St  at  60  d.  [  , 

Proof.  D  *  *  t  j  keach 

■>  7  il  at  51  d\ 

-  18  at  81  d.  J 

Value 


Pence. 

9*5  4Sr 
925  44 

393  it 

1458 


Sum  51  fL.  Value  —  3702  the  Mean  Rate. 

Then  51  r~T)  3702-14  (jid.  =z  6  s. 

Therefore  the  Quantities  are  as  truly  afligned  here,  as  in  the 
laft  Work. 

Cafe  III.  The  particular  Rates  of  all  the  Ingredients  propofed 
to  be  mixed  ;  and  the  Sum  of  all  their  Quantities  with  the  Mean 
Rate  of  that  Sum  being  given  ;  to  find  the  particular  Quantities 
of  the  Mixture.  . .  ,  „  -  • 

This  is  called  Alligation  Totals  2nd  is  thus  performed. 

Set  down  all  the  particular  Rates,  with  the  Mean  Rate,  and  find 
their  Differences,  as  before  :  add  together  all  the  Differences  into 
one  Sum ;  *  ♦  - 

C  As  the  Sum  of  all  the  Differences  :  Is  to  the  Sum  of  all  the 

Then  j  Quantities  given  :  :  So  is  every  particular  Difference  : 
L  Do  it's  particular  Quantity . 

Quefl.  6.  Let  it  be  required  to  mix  Wheat  at  5  5.  the  Bufhel, 
with  Rye  at  3  s.  6  d.  the  Bufhel ;  fo  that  the  whole  Quantity  may 
be  27  Buihels,  to  be  fold  for  4*.  4 d.  a  Bufhel;  what  Quantity 
of  each  mult  be  taken  to  make  up  the  Mixture  ? 

2  Mean 
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Mean  Rate  52  |  Rye 

1 8  =  their  Sum. 

Then  18  :  27  ::  |  Xg  j  Jthe  Quantities  required. 

Quejlion  7.  Suppofe  it  were  required  to  mix  Malaga  at  7  s.  6d. 
theGallon,  with  Canary  at  6  j.  9 d.  the  Gallon,  Sherry  at  5 x.  the 
Gallon,  and  White  Wine-  at  4*.  3 d.  the  Gallon;  fo  that  the 
whole  Mixture  may  be  90  Gallons  ;  to  be  fold  for  6  s.  the  Gallon : 
How  much  of  each  fort  will  compofe  that  Mixture  ? 

f  Malaga  90  ?  (  21 
i.  j)  White  51  J  C  18 

Mean  Rate  =  72  ..-j  Ca„ary  8r|  {  9 


L  Sherry  60  J  *  12 


60  their  Sum. 


f  Malaga. 

1  O 


Then  60  :  90 


121  :  3i~1 

18:27  ltP„  f  J  White  Wine. 
9  ;  ,7  ,  >the  Gallons  of  }  Sherry. 

12  :  18  1  3  L  Canary. 


{Malaga  90  7  J  12 
Sherry  603  1  18 
Canary  8.1! 
White  <  i  ” 


21 

9 


6o  their  Sum. 


Then  60 :  90 


112  :  18 

28  :  27 

21  : 

Q  :  12  i- J 


[Malaga. 
Sherry. 
Canary. 
White  Wine. 


9  : 

Either  of  thefe  Ways  do  equally  anfwer  the  Queftion,  as  may 
be  eafily  tried  by  Alligation  Medial .  As  before,  tsfr. 

Note,  of  thefe  Proportions  may  be  much  fhortened 

(efpecially  when  there  are  many  Ingredients  to  be  mixed )  if  you  obferve 
the  fame  Method  as  was  propofed  in  the  Rule  of  Fellowfhip,  page 
99,  (Ac. 

I  have  made  Ufe  of  the  very  fame  Examples  both  in  Alligation 
Medial^  and  Alternate ,  throughout  the  three  Cafes ;  being,  as  I 
prefume,  much  better  than  if  they  had  been  different  ones  ;  be- 
caufe  the  Learner  may  (if  he  confiders  them  a  little)  eafily  perceive, 
not  only  the  Difference  between  the  two  Rules,  but  alfo  wherein 

the 
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the  chief  Difference  of  each  Cafe  in  the  Alternate  Rule  depends, 
&c.  Not  but  that  I  could  have  inferted  many  various  Example s9 
as  alfo  the  Manner  of  compofing  Medicines,  &c.  which,  for 
Brevity  fake,  I  have  omitted,  and  refer  thofe  that  defire  to  fee 
into  that  Bufmefs  to  Sir  Jonas  Mere's  Arithmetic^ ,  wherein  he 
will  find  it  largely  handled.  And  fo  I  fhall  conclude  with  Alli¬ 
gation  Alternate ,  which  altho’  it  gives  true  Anfwers  to  Queftions 
of  that  Kind,  with  fome  little  Variety,  according  as  the  Ingre¬ 
dients  are  more  or  lefs  in  Number;  as  appears  by  the  foregoing 
Examples ;  yet  it  will  not  give  all  the  Anfwers  fuch  Queflions  arc 
capable  of,  nor  perhaps  thofe  which  fuit  befl  with  the  prefent  Oc¬ 
casion  :  Nor  can  this  Imperfection  be  remedied  by  common 
Arithmetic!?  ;  but  by  an  Algebraick  Way  of  arguing  it  may; 
whereby  all  the  pofiible  Anfwers  to  any  Queftion  may  be  clearly 
and  eafily  difeovered ;  as  fhall  be  (hewed  further  on  in  the  Second 
Part. 


CHAP.  X. 

Of  and  their  ©peCl'fiCfc  ©MWt 

Sed.  1.  Of  <25013  and  StlSCE* 


PURE  Gold,  free  from  Mixture  with  other  Metals,  ufually 
called  Fine  Gold,  is  of  fuch  a  Nature  and  Purity  that  it  will 
endure  the  Fire  without  wafling,  although  it  be  kept  continually 
melted  :  and  therefore  fome  of  the  ancient  Philofophers  have  fup- 
pofed  the  Sun  to  be  a  Globe  of  liquid  or  melted  Gold. 

Silver  having  not  the  Purity  of  Gold,  will  not  endure  the  Fire 
like  it :  Yet  Fine  Silver  will  wafte  bur  a  very  little  by  being  in 
the  Fire  any  reafonable  time  ;  whereas  Copper,  7  in,  Lead,  &c. 
will  not  only  wafte,  but  may  be  calcined  or  burnt  to  a  Powder. 

Both  Gold  and  Silver  in  their  Purity,  are  fo  very  flexible  or 
foft  (like  new  Lead,  &c.)  that  they  *re  not  fo  ufeful  either  in 
Coin,  or  other  wife  (except  to'  beat  in  Leaf- Gold  or  Si^yer )  as 
when  they  are  allay’d,  or  mixed  and  hardened  with  Copper. 
And  altho’  moft  Places  differ  more  or  lefs  in  the  Quantity  of  fuch 
Allay,  yet  in  England  it  is  generally  agreed  on,  that, 


Standard 
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Standard  for  $50ltU 

22  Caradfs  of  Fine  Gold,  and  2  Cara&s  of  Copper,  being 
melted  together,  {hall  be  efteemed  the  true  Standard  for  Gold  Coin, 
&c.  (The  French  and  Spanijh  Gold  being  very  near  of  the  fame  Stan¬ 
dard \ )  That  is,  if  any  Quantity  or  Weight  of  Fine  Gold,  be 
divided  into  Twenty-four  equal  Parts,  and  22  of  thofe  Parts  be 
mixed  with  2  of  the  like  Parts  of  Copper j  that  Mixture  is  called 
Standard  Gold. 

Whence  you  may  obferve,  that  a  Caradl  is  not  any  certain 
Quantity  or  Weight,  but  Part  of  any  Quantity  or  Weight ; 
and  the  Minters  and  Goldfmiths  divide  it  into  4  equal  Parts,  which 
they  call  Grains  of  a  Caradt  $  alfo  they  fubdivide  one  of  thofe 
Grains,  into  Halves,  Quarters,  Gfc, 

Standard  for 

Eleven  Ounces  and  T  wo  Penny- weight  of  Fine  Silver,  and  Eigh¬ 
teen  Penny- weight  of  Copper  being  melted  together,  is  efteemed 
the  true  Standard  for  Silver  Coin,  called  Sterling  Silver.  And  fo  in 
Proportion  for  a  greater  or  lefs  Quantity ;  which  is  a  lefs  Pro¬ 
portion  of  Allay  for  Silver,  than  the  other  is  for  Gold. 

Note ,  When  either  Silver  or  Gold  is  finer  than  Standard,  it  is 
called  Better ;  if  coarfer,  it  is  called  Worfe ;  and  that  Betternefs 
or  Worfenefs,  is  reckoned  by  Caradls  and  Grains  of  a  Caradt  in 
Gold,  and  by  Penny-weights  in  Silver ;  and  is  thus  difcovered  : 
The  Goldfmiths  or  Rcfi;:ersy  &c.  take  a  fmall  Quantity  of  fuch 
Gold  as  they  intend  to  try  (which  they  call  making  an  Affay )  and 
weigh  it  very  exadfly,  then  they  put  it  into  a  Crucible,  and  melt 
it  in  a  flrong  Fiie,  fo  long,  that  if  there  be  any  Copper,  or  other 
Allay  mixt  with  it,  that  Allay  may  be  confumed  or  burnt  away  : 
When  it  is  cold  they  weigh  it  very  exadlly  again,  and  if  it  have 
loft  nothing  of  it’s  firft  Weight,  they  conclude  it  is  Fine  Gold, 
but  if  the  Lofs  be  T~  Part,  they  call  it  23  Caradfs  Fine,  or  one 
Caradf  better  than  Standard  :  If  it  have  loft  JL  Parts,  it  is  22  Ca¬ 
racas  fine,  or  Standard:  If  T3-  Parts,  it  is  Paid  to  be  21  Caradfs 
fine,  or  rather  one  CaradI  worfe  than  Standard,  and  fo  in  Pro¬ 
portion  as  it  happens  to  be  better  or  worfe. 

In  the  fame  Manner  they  make  their  Allay  on  Silver,  only  they 
compure  it’s  Lofs  by  Penny-weights,  &c. 

The  Author  of  the  Prefent  State  of  England ,  mentioned  before 

(M*  3 20  rays> 
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4  That  the  Englijh  Coin  may  want  neither  the  Purity  nor 
*  Weight  required,  it  is  mod  wifely  and  carefully  provided,  that 
4  once  every  Year  the  chief  Officers  of  the  Mini  appear  before  the 
4  Lords  of  the  Council  in  the  Star-Chamber  at  Weftminjier ,  with 
4  fome  Pieces  of  all  Sorts  of  Monies  coined  the  foregoing  Year, 

4  taken  at  Adventure  out  of  the  Mint ,  and  kept  under  feveral 
4  Locks,  by  feveral  Perfons,  till  that  Appearance;  and  then  by  a 
4  Jury  of  24  able  Goldfmiths ,  in  the  Prefence  of  the  faid  Lords, 

4  every  Piece  is  mod  exa&ly  weighed  and  aftay’d/ 

This,  if  it  were  conftantly  pradtifed,  would  keep  our  Coin  to  it’s 
true  Standard,  &c.  . 

Many  pretty  Queftions  may  be  ftarted  concerning  the  Finenefs 
of  Gold  and  Silver,  OV. 

v  '  EXAMPLE  1. 

\  * 

If  an  Ingot  of  Silver  weighing  787  Oz.  14  Pwt.  6  Grains ,  be 
II  Oz.  6  Pwt.  fine;  How  much  fine  Silver  is  there  in  it,  and 
what  amounts  it  to,  at  5  s.  1  ~d.  the  Ounce  ? 

This  Ingot  is  better  than  Standard  by  4  Pwt.  For  n  Oz. 
2  Pwt.  =  222  Pwt.  the  fine  Silver  in  12  Oz.  of  Standard.  But 
11  Oz.  6  Pwt.  5126  Pwt.  the  fine  Silver  in  12  Oz.  according 

r  O 

to  the  Queftion. 

Firft  787  Oz.  14  Pwt.  6  Grains  =  378102  Grains. 

And  12  Oz.  —  240  Pwt. 

Then,  As  240  :  226  ::  378102  :  356046^  —  741  Oz. 
15  Pwt.  6  Tr-o  Gtains,  the  fine  Silver  in  that  Ingot. 

Which  at  5*.  1  \  d.  the  Ounce,  amounts  to  190/.  n.  6  d. 
and  near  a  Half* penny. 

EXAMPLE  2. 


If  an  Ingot  of  Gold  weighing  115  Oz.  13  Plot.  18  Grains , 
be  i  of  a  Grain  worfe  than  Standard  :  How  much  Standard  Gold 
is  tfeere  in  it,  and  what  comes  it  to  at  3  /.  1 1  s.  an  Ounce  ? 

Firft  1 15  Oz.  13  Pwt.  18  Grains—  55530  Grains  Troy. 

Then  24)  55530  (2313,75  =sa  Cara£t  of  that  Quantity. 

And  4)  2313,75  (578,4375  =:  a  Grain  of  that  Cara£t. 
Confequently  4)  578,4375  (1545609375  =  ~  of  a  Grain, 


Again,  2313,75  X22  =  50902,5  ought  to  be  the  fine  Gold  in 
that  Ingot,  if  it  had  been  Standard  : 

. .  But 
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But  50902,5  —  144., 609375  in  50757,890625  is  the  Quantity 
of  fine  Gold  according  to  the  Queftion.  Therefore  50902,5  : 

50757,890625  ::  5553°  :  5537^* 2 344>  Grains  ==  1 15  Oz. 
7  Pwt.  4,244,  Grains  Troy ,  being  the  Quantity  of  Standard 
Gold  in  that  Ingot,  as  was  required. 

Next  for  the  Value  of  it  at  3/.  1 1  s.  per  Ounce  ;  1  Oz.  =  480 
Grains;  and  3/.  in.  =  71J.  Confequcntly  480  :  71  :  : 
55372,244,  &c.  :  8190,4777,  &c.  zz  409/.  lor.  5 \d.  very 
near ;  being  the  Value  of  that  Ingot,  as  was  required. 

Or  the  laft  Queftion  may  be  other  wife  wrought  thus ;  1 15  Oz . 
13  Pwt.  18  Grains  ~  1 15,6875.  And  ^  of  a  Grain  of  a  Cara& 
is  (viz.  the  l  of  {-.)  Then  22—  r'z  —  21  ||  =  21,9375. 
Confequently  22  :  21,9375  :  :  115,6875  :  115,358842, 

~  115  Oz.  7  Pwt.  4,244  Grains ,  6cc.  as  before. 

Next  for  the  Value;  as  1 :  3,55  :  :  115,358842  :  409,523889 
—  409 /.  10 s.  5 \d.  very  near:  as  before. 

Sect.  2.  The  gipCCtfiCk  ©taUltp  ‘f  petals?,  &c. 

T  Take  an  Enquiry  made  about  the  different  Gravities,  or 
Weights  of  Metals,  and  other  Bodies,  to  be  (not  only  a  Work 
of  Curiofity,  but  alfo)  of  very  good  Ufe  upon  many  Occafions. 
Therefore  feveral  Authors  have  given  us  fuch  Proportions,  or 
Difference  of  their  Weights,  as  they  are  faid  to  have  one  to  ano¬ 
ther  ;  fuppofing  every  one  of  them  to  be  of  the  fame  Magnitude 
or  Bis;nefs.  Some  of  which  I  Ihall  here  infert. 

t.  Henry  van  Etten ,  in  his  Mathe?natical  Recreations ,  printed 
Anno  1633,  fets  down  the  Proportion  of  their  Weights  thus;  Gold 
1875.  Lead  1165.  Silver  1 040  .  Copper  910.  Iron  8 1 0  .  Tin  750. 
Water  100. 

2.  One  Aljlead,  in  his  Encyclopedia ,  printed  1649,  hath  them 
thus  :  Gold  1875  .  Quickfilver  1500  .  Lead  1165.  Silver  1040  . 
Copper  910  .  Iron  806  .  Tin  750  .  Honey  150  .  Water  100  . 
Oil  90.  Thefe  feem  to  be  taken  from  thofe  of  Van  Etten's,  with 
forne  Additions  only. 

3.  The  ingenicus  Mr  Oughtred ,  in  his  Circles  of  Proportions , 
printed  Anno  1660,  hath  their  Proportions  (according  to  the  Ex¬ 
periments  of  one  Marinas  G hetaldiy  in  his  Tra£t  called  Archimedes 
Pro-mot  as )  thus  :  Gold  3090  .  Quickfilver  2850  .  Lead  2415  . 
Silver  2)70  .  Brafs  1890  .  Iron  1600  .  Tin  1554* 
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4.  In  the  Philofophical  TranfaCtions,  ( Number  169  and  199) 
there  is  an  Account  of  a  great  many  Experiments  of  this  Kind  ; 
from  whence  I  collected  thefe  following,  viz.  Gold  18888. 
Mercury  14019.  Lead  11343.  Silver  11087.  Copper  8843. 
Hammered  Brafs  8349.  Caft  Brafs  8ico.  Steel  7852.  Iron 
7643.  Tin  7321.  Pump-water  1000. 


Thefe  laft  Proportions  being  approved  of  and  published  by* 
Order  of  the  Royal  Society  feem  to  be  unqueftionably  true :  Never* 
thelefs,  becaufe  they  differ  fo  much  from  the  beforementioned 
( and  thofe  from  one  another)  I  have  for  my  own  Satisfaction  made 
fcveral  Experiments  of  that  Kind  :  And  have  (/ prefume)  obtain¬ 
ed  the  Proportions  of  Weight  that  one  Body  bears  to  another  of 
the  fame  Bulk  or  Magnitude,  as  nicely  as  the  Nature  of  fuch 
Matter,  which  may  be  contraCIed  or  brought  into  a  Idler  Body 
(viz.  either  by  Drying,  or  Hammering,  or  otherwife)  will  admit 
of  •>  which  are  as  follow  : 


A  Cubick 
Inch  of 


r 

Ounces  Troy. 

{  Ounces  Awird. 

Fine  Gold ,  is 

- 

I0, 359273 

-- 11,365602 

Standard  Gold 

-  - 

9,962625 

=  10,930422 

Ifiiickjilver  - 

7,384411 

=  8,10^53 

Lead  - 

-  - 

5.984OIO 

=  6,553885 

Fine  Silver  - 

***  mm 

5,850035 

—  6,418324  i 

Standard  Silver 

5>55M9 

~  6,096569 

Rcfe  Copper  - 

- 

4>747121 

—  5,208369 

Plate  Brafs  - 

•—  mm 

4,404273 

=  4,832116 

Caft  Brajs  - 

-  - 

4,272409 

=  4,6303oo 

Steel  - 

- 

4, 142127 

=  4, S44S°5 

Common  Iron 

- 

4,03136! 

—  4,422979 

Block  Tin 

mm  mm 

3,861519 

=  4,236638 

|  Fine  Marble 

m»  «• 

1,42941 1 

=  I,56S859 

Common  Glafs 

- 

1,360841 

=  H493°37 

Alab  after 

*  mt 

0,988456 

=  1,084477 

Dry  Ivory 

-« 

0,962083 

=  1, 055542 

Dry  Box- wood 

- 

0,543282 

=  0,596057 

Sea  Water 

- 

0,542742 

™  0,594894 

Common  clear  Water 

0,527458 

=  0,578697 

Red  Wine 

—  — 

0,523766 

—  0,574646 

Proof  Spirits  of  Brandy 

0,489268 

—  0,536796 

Sound  Dry  Oak 

- 

0,489008 

=  0,536569 

Linfeed  Oil  - 

- 

o,49 1 59 1 

=  0,539345 

Oil  Olive 

mm  mm 

0,481569 

=  0,528350 
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In  this  Table  you  have  the  Specifick  Gravity  or  Weight  of  a 
Cubic  Inch,  of  various  forts  of  Bodies,  both  in  Troy  Ounces 
and  Avoirdupois  Ounces,  and  Decimal  Parts  of  an  Ounce,  which 
I  can  allure  you  required  more  Charge,  Care,  and  Trouble,  to 
find  out  nicely,  than  I  was  at  firft  aware  of. 

Now  from  hence  it  will  be  eafy  to  determine  the  Weight  of 
any  propofed  Quantity,  of  the  fame  Matter  and  Kind  with  thofe 
in  the  Table  ;  it’s  Solid  Content  being  given  in  Cubic  Inches. 
For  it  is  plain,  that  if  the  Number  of  Cubic  Inches  contained  in 
any  given  Quantity,  be  multiplied  with  the  tabularWeight  of  one 
Inch,  (of  the  fame  Kind  of  Matter )  the  Product  will  be  the  Weight 
of  that  Quantity  in  Ounces,  SAc. 

EXAMPLE.  '  ■  i 

Suppofe  it  were  required  to  find  the  Weight  of  a  Piece  of 
Marble,  containing  three  Solid  Feet,  and  40  Cubic  Inches. 

Firft  1728  x  3  =  5184  the  Cubic  Inches  in  3  Solid  Feet. 

And  5 1 84  -f-  4°  =  5224  the  Number  of  Cubic  Inches  in  the 
Piece  of  Marble. 

Then  5224  x  1,42941 1  =  7410,066624  Ounces  Troy . 

Or  5224  x  1,568859  =  8 195,7 1941 6  Ounces  Avoirdupois, 

The  Weight  of  that  Piece  of  Marble,  in  Ounces,  &c.  which  is 
eafily  brought  into  Pounds,  &c.  The  like  for  any  of  the  reft. 

The  Converfe  of  this  Work  is  as  eafy;  viz.  if  the  Weight  of 
any  propofed  Quantity  be  given,  thence  to  find  the  Solid  Con¬ 
tent  of  that  Quantity  in  Cubic  Inches,  &c. 

Thus,  divide  the  given  Weight  of  the  propofed  Quantity  (it 
being  frji  reduced  into  Ounces ,  Sec.),  by  the  tabular  Weight  of  one 
Inch  (of  the  fame  Kind  of  Matter ),  and  the  Quotient  will  be  the 
Number  of  Cubic  Inches  contained  in  that  Quantity. 

Note ,  If  you  would  find  what  Weight  any  Quantity  of  thofe 
Bodies  mentioned  in  the  Table  will  have,  when  it  is  immerfed 
or  put  into  Water,  you  muft  fubftracl  the  Weight  of  an  equal 
Quantity  of  Water  (with  that  of  the  Body),  from  the  Weight  of 
the  propofed  Body  (if  it  be  heavier  than  Water),  and  there  will 
remain  the  Weight  required.  As  for  Inftance, 

A  Cubic  Inch  of  Lead  =5,984010 

A  Cubic  Inch  of  SeaWater  =  0,542742  3  unces 

their  Difference  is  =  5,441268  the  Weight  of  a  Cubic 
Inch  of  Lead  in  the  Water,  £sYv 


Troy ,  See. 
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CHAP.  XI. 

CfiOlUtlOlt,  or  Extracting  the  BOOtS  out  °f  ©tHglC 

IPOlOErS  >  b  one  Geometrical  Method . 

SECT.  I. 

Volution  is  the  Unravelling,  or  as  it  were  the  Unfolding  and 
Refolving  any  propofed  Power  or  Number,  into  the  fame 
Parts  of  which  it  was  compofed,  or  fuppofed  to  be  made  up. 
Now  in  order  to  perform  that,  it  will  be  convenient  to  confider 
how  thofe  Powers  are  compofed,  &c. 

A  Square  Number  is  that  which  is  equally  equal ;  or  which  is 
contained  under  two  equal  Numbers.  Euclid.  7.  Def.  18.  Thus 
the  Square  Number  4  is  compofed  of  the  two  equal  Numbers  2 
and  2.  viz.  2x2  —  4.  Or  the  Square  Number  9  is  compofed 
of  the  two  equal  Numbers  3  and  3.  viz.  3x3  —  9:  according 
to  Euclid.  That  is,  if  any  Number  be  multiplied  into  itfeifj 
that  ProdudI  is  called  a  Square  Number. 

A  Cube  is  that  Number  which  is  equally  equally  equal,  or 
which  is  contained  under  three  equal  Numbers.  End.  7.  E)ef.  19. 
Thus  the  Cube  Number  8  is  compofed  of  the  three  equal  Num¬ 
bers  2  and  2  and  2.  viz.  2  x  2  x  2  —  8,  idc.  That  is,  if  any 
Number  be  multiplied  into  itfelr,  and  that  Product  be  multipli¬ 
ed  with  the  fame  Number  ;  the  fecond  Produ<5I  is  called  a  Cube 
Number. 

Thefe  two,  viz.  the  Square  and  Cube  Numbers,  borrow  their 
Names  from  Geometrical  Extensions  or  Figures  ;  as  from  the 
three  Signal  Quantities  mentioned  in  page  2.  That  is,  a  Root  is 
reprefented  by  a^tiHC  or  having  but  one  Dimenfion,  viz. 

that  of  iEcngft)  only.  The  Square  is  a  Plane  or  Figure  of  two 
Dimenfions,  having  equal  TOlgtl)  and  JlBrfflfctb*  The  Cube  is  a 
Solid  Body  of  three  Dimenfions ;  having  equal  lUngtlb  )i5rC3$tlk 
and  Eljicfcncfe :  But  beyond  thefe  three,  Nature  proceeds  not, 
as  to  Local  Extenfion.  That  is,  the  Nature  of  Place  or  Space, 
admits  no  Room  for  other  ways  of  Extenfion,  than  Length, 
Breadth,  and  Thicknefs.  Neither  is  it  pofbblp  to  form,  or  com- 
pofe  any  Figure  or  Body  beyond  that  of  a  Solid. 

And  therefore  all  the  fuperior  Powers  above  the  Cube  qr  third 
Power  ;  as  the  Biquadrat  or  fourth  Power,  the  Surfolid  or  filth 
Power,  £sV.  are  beff  explained  and  underftood  by  a  Rank  or  Series 
of  Numbers  in  Geometrical  Proportion.  For  Inftance  :  Suppofe 
any  Rank  of  Geometrical  Proportionals ,  whofe  firft  Term  and 
Jlatio  are  the  fame  j  and  to  them  let  there  be  affigned  a  Series 

U  of 
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of  Numbers  in  Arithmetical  Progrejfion ,  beginning  with  an  Unit 
or  i,  whofe  common  Difference  is  alfo  i,  as  in  page  79. 

*r.  5  1  •  2  •  3  *  4  •  5  -  6  .  7  Indices. 

’12.4.8.  16  .  32  .  64  .  128  &V.  in  -ff 
Then  are  thofe  Numbers  in  -ff  produced  by  a  continued  Multi¬ 
plication  of  the  firfUFerm  or  Root  into  itfelf ;  and  thofe  in  Arith¬ 
metical  Progreffion  or  do  (hew  what  Degree  or  Power  each 

Term  in  the  Geometrical  Proportion  is  of  For  Example  ;  In  this 
Series  of  ~  2  is  both  the  firft  Term  or  Root,  and  common  Ratio 
of  the  Series.  Then  2x2  —  4  the  fecond  Term  or  Square  ;  and 
2x2  x  2  in  8,  or4X  2~8,  the  Cube  or  third  Term ;  2x  2x  2  x  21=16, 
or  8  x  2  =  16  the  fourth  Term  or  Biquadrat.  And  fo  on  for  the 
reft. 

Note,  This  is  called,  Kntiolutioit,  viz.  TVhen  any  Number  is 
drawn  into  itfelf  ,  and  afterwards  into  that  Product ,  £cc.  it  is  faid 
to  be  fo  often  involved  into  itfelf ;  and  the  Indices  are  the  Exponents 
of  their  refpefiive  Powers  Jo  involved. 

And  according  to  thefe  Involutions,  is  formed  the  following 
Table  of  Powers  5  wherein  the  Root  is  only  one  fingle  Figure. 


Root ,  or  finglc  Side. 

b 

§i 

0 

0 

<0 

B 

co 

b 

0 

Os 

* 

0 

S  h 

su 

O  -*s» 

b 

£3  S  § 

£  ^ 

Surf  olid,  or  the  fifth  Power. 

Q  r  • 

0  £ 

i.  3° 

,*>  ■*** 

H 

•w 

,r* 

S  ^ 

co"  3 

3 

c 

Co  . 

S  ^ 

-■s 
§  s 
? 

7 'he  Bi quadrat  fquared. 
or  the  eighth  Power. 

^  \ 

•a 

0 

^  • 

U 

73  ^ 

Vj 

i  § 

O  5 

b-  - 
* 

Index 

(a) 

Index 

(3) 

Index 

U) 

Index 

(5) 

I  n  dex 
(6) 

Index 

(?) 

Index 

(8) 

Index 

■(9) 

1 

I 

1 

I 

1 

r 

I 

] 

2 

4 

j.  8 

ib 

32 

64 

128 

2  c6 

512 

* 

3 

9 

27 

8  r 

,  24-3 

72  s 

2187 

6l6l 

1  0683 

4 

16 

64. 

2^6 

1024 

4096 

19384 

65336 

262144 

5 

25 

»*5 

62; 

*56*5 

78  f  2, 

390625 

1953125- 

6 

36 

2 1  6 

1  296 

7776 

46a  56 

279436 

16796 |6 

10077696 

7 

49 

.  343 

2401 

>68'  7 

1 1 7649 

823541 

576480I 

40353607 

8 

I  <>4 

S,z 

4096 

12268 

*62144 

2097!  i.2 

1 6777216 

134217728 

9 

!  81 

yiQ 

-6  <6t 

■C . . 

>9040 

33*441 

4782969 

43O4672I 

3874204S9 

This  Table  plainly  (hews  (by  Infpe&ion)  any  Power  (under  the 
Tenth)  of  all  the  nine  Figures ;  and  from  thence  may  be  taken  the 
neareft  Root  of  any  Square,  Cube,  Biquadrat,  &c,  of  any  Num¬ 
ber  whofe  Root  or  Side  is  a  fmgle  Figure. 

But 
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But  if  the  Root  confifts  of  two,  three,  or  more  places  of  Fi¬ 
gures,  then  it  muft  be  found  by  piece-meal,  or  Figure  after  Fi¬ 
gure,  at  feveral  Operations. 

The  Extraction  of  all  Roots,  above  the  Square  [viz.  of  the 
Cube,  Biquadrat,  Surfolid,  &c.)  hath  heretofore  been  a  very  tedi¬ 
ous  and  troublefome  Piece  of  Work  :  All  which  is  now  very  much 
fhortened,  and  rendered  eafy,  as  will  appear  further  on. 

When  any  Number  is  propofed  to  have  it’s  Root  extra&ed,  the 
firft  Work  is  to  prepare  it,  by  Points  fet  over  (or  under)  their  pro¬ 
per  Figures  ;  according  as  the  given  Power,  whofe  Root  is  fought 
doth  require;  and  that  is  done  by  confidering  the  Index  of  the 
given  Power,  which  for  the  Square  is  2,  for  the  Cube  3,  for  the 
Biquadrat  is  4,  &c.  (as  in  the  precedent  Table)  Then  allow  fo 
many  Places  of  Figures  in  the  given  Power,  for  each  Tingle  Fi¬ 
gure  of  the  Root,  as  it’s  Index  denotes ;  always  beginning  thofe 
Points  over  the  Place  of  Unity,  and  afcend  towards  the  Left- 
Hand  if  the  given  Number  be  Integers,  and  defcend  towards  the 
Right-Hand  in  Decimal  Parts.  As  in  thefe  following. 

Suppofe  any  given  Number;  as  75640387246  which  I  fhall  all 
along  hereafter  call  the  Refolvend. 

Then  if  it  be  required  to  extrad:  any  of  the  following  Roots, 
it  muft  be  pointed  (according  to  the  forementioned  Confideration) 

in  this  manner  :  . 

r  Square  Root  Thus  75640387246 


Viz.  For  the 


Cube  Root 

\ 

Biquadrat  Root 


75640387246 

•  •  • 

75640387246 


^  Surfolid  Root 


75640387246 


Or  fuppofe  the  Number  to  be  0,674035982 


\ 


Then  for  the 


Square  Root  Thus 
Cube  Root 
Bi quadrat  Root 


0,6740359820 

•  •  •  « 

°.674°35982 

•  •  •  « 

0,674035982000 


Now  the  Reafon  of  pointing  the  given  Refolvend  in  this  man* 
ner;  viz.  the  allowing  two  Figures  in  the  Square ;  three  Figures 
in  the  Cube,  and  four  Figures  in  the  Biquadrat,  &c.  for  one 
Figure  in  the  Root,  may  be  made  evident  feveral  ways  ;  but  I 
think  it  is  eafily  conceived  from  the  Table  of  fingle  Powers, 
wherein  you  may  obferve  that  all  the  Powers  of  the  Figure  9 

(which 
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(which  is  but  a  fingle  Figure)  have  the  fame  Number  of  Places  of 
Figures,  as  the  Index  of  thofe  Powers  denotes :  Therefore  fo  many 
Places  of  Figures  muft  be  taken  or  afligned  for  every  fingle  Figure 
in  the  Root.  Confequently  by  thefe  Points  is  known  how  many 
Places  of  Figures  there  will  be  in  the  Root,  viz.  So  many  Points 
as  there  are,  fo  many  Figures  there  muft  be  in  the  Root,  and 
whether  they  muft  be  Integers  or  Decimal  Parts,  is  eafily  deter¬ 
mined  by  the  refpe&ive  Places  of  the  Points. 


1 


s eft.  2.  To  crttact  the  square  Eoot 


Having  pointed  the  given  Refolvend  into  Periods  of  two  Figures 
as  before  dire&ed  ;  then  by  the  Table  of  Powers  (or  otherwife) 
find  the  greateft  Square  that  is  contained  in  the  firft  Period  to¬ 
wards  the  Left-Hand  (fetting  down  it’s  Root,  like  a  Quotient 
Figure  in  Divifion )  and  fubftra£I  that  Square  out  of  the  faid  Period 
of  the  Refolvend  :  To  the  Remainder  bring  down  the  next  Period 
of  Figures,  for  a  Dividend,  and  double  the  Root  of  the  firft  Square 
for  a  Divifor ;  enquiring  how  oft  it  may  be  had  in  that  Dividend, 
fo  as  when  the  Quotient  Figure  is  annexed  to  the  Divifor,  and 
that  increafed  Divifor  multiplied  with  the  fame  Quotient  Figure, 
the  Product  may  be  the  greateft  Number  that  can  be  taken  out  of 
that  Dividend  ;  which  fubftradf  from  the  faid  Dividend,  and  to  the 
Remainder  bring  down  the  next  Period  of  Figures,  for  another 
new  Dividend  :  Then  fee  how  often  the  laft  increafed  Divifor,  can 
be  had  in  the  new  Dividend  [with  the  fame  Caution  at  before ,  viz.), 
fo  as  that  the  Quotient  Figure  being  annexed  to  the  Divifor,  and 
that  increafed  Divifor  multiplied  with  the  fame  Quotient  Figure, 
their  Produ£!  may  be  the  greateft  Number  that  can  be  fubftradfed 
from  the  new  Dividend.  (As  before)  And  fo  proceed  on  from 
Period  to  Period  (viz.  from  Point  to  Point)  in  the  very  fame  Man¬ 
ner,  until  all  be  finifhed. 

An  Example  or  two  being  well  obferved  will  render  the  Work 
of  forming  the  newDivifors,  &c.  more  plain  and  eafy  than  can 
be  exprefied  in  a  Multitude  of  Words. 

Example  1.  Let  it  be  required  to  extra&  the  Square  Root  out 
of  572199960721.  ThisRefolvpnd  being  prepared  or  pointed  as 
before  directed,  will  ftand 

ThuS| 
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•  •  •  •  • 


Thus,  572199960721  (756439  the  Root. 

49  —  che  greateft  Square  in  57. 

1.  Divifor  145)  821 

5  725  =  145  x  5 

2.  Divifor  1506)  9699 

6  9036  3=  1506  x  6 

3.  Divifor  15124)  66206 

_ 4  60496  =  15124x4 

4.  Divifor  151283)  590007 

_ 3 _  453g4Q  =  i5i283  x  3 

5.  Divifor  1512869)  13615821 

9  13615821=1512869x9 

.  1  .  ...  _ _ _ _ _ — — - - 

Proof  756439  x  756439  =  572199960721  the  Refolvend. 
Example  2.  What  is  the  Square  Root  of  1850701,764025  ? 


Operation  1850701,764025  (1360,405 


*3) 

3 

266) 

6 

17204) 

4 

1720805) 

5 


85 

69 


1607 

1596 


C  Hence  1360,405  is  the 
£  Root  required. 


1101,76 
1088  16 

— ■  ■■  —■>  •  9 

13  604025 
13  604025 

(O) 


Ex.  3.  What  is  the  Square  Root  of  0,06076225  Decimal  Parts  ? 

•  •  9  •  • 

Operation  0,06076225  (0,2465  the  Root  required. 

1O4  2  x  5 -Z 


544) 

4 

,486) 
_ 6_ 

>4925) 

5 


207 

I76 


3l6* 

2916 


0,2465  X  0,2465  =2 
Proof  “i  0,06076225  the 
Refolvend. 


24625 

24625 

(CJ 


What 
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Unt&meticfe. 

What  is  here  done  in  whole  Numbers,  mixed  Numbers,  and 
Decimals,  may  alfo  be  done  in  Vulgar  Fractions  ;  if  you  firft 
change  the  given  Fraction  into  Decimals.  (As  in  Seft,  5.  p.  68.) 

Example  4.  Let  it  be  required  to  extract  the  Square  Root  of  if. 
Firft  ff  =  0,64  .  . 

Then  0,64  (,8  the  Root  required, 

,64 

(o) 

In  thefe  four  Examples  the  Refolvend  hath  been  a  perfect  Square; 
and  therefore  the  Root  hath  been  extracted  without  leaving  any 
Remainder  :  But  it  very  often  happens  that  the  Refolvend  is  not  a 
true  Figurate  Number,  according  to  the  propofed  Power.  That  is, 
it  is  not  a  perfect  Square,  Cube,  Biquadrat,  &'c,  and  then  fome- 
thing  will  remain  after  the  Extraction  hath  been  made  through¬ 
out  all  the  Points.  Such  Numbers  are  called  Numbers,  and 
their  Roots  can  never  be  truly  found,  but  will  become  a  continued 
Series,  ad  infinitum :  If  to  the  Remainder  there  be  ftill  annexed 
Cyphers  according  as  the  propofed  Power  requires,  viz,  by  two’s 
in  the  Square;  three’s  in  the  Cube,  four’s  in  the  Biquadrat,  &V. 
And  the  Operations  continued  on  as  before. 

Example  5,  Suppofe  it  were  required  to  extract  the  Square  Root 
of  6968.  .  . 

Operation  6968  (83,4745,  £sV. 


64 

163) 

568 

3 

489 

1 064) 

79,00 

4 

66  56 

16687) 

12  4400 

7 

1 1  6809 

166944) 

759100 

4 

667776 

1669485) 

9 1 32400 

5 

834742s 

1669490) 

784975  &c. 

Then  the  Root  of  any  Surd  Number  may  be  continued  on  to 
what  Exa£tnefs  you  pleafe,  but  cannot  be  truly  found. 

In  my  Compendium  ofi  Algebra,  Chap.  9.  I  have  propofed  an¬ 
other  Way  of  extracting  the  Square  Root,  and  there  given  Ex¬ 
amples  of  the  Work ;  which  to  avoid  Prolixity  is  thus ; 

Having 


of  ccrtractmg  3Raot&  &c. 


Chap.  1 1 . 


Having  pointed  the  given  Refolvend,  and  taken  the  greateft 
Square  to  the  firft  Point  froih  it,  as  before  ;  then  divide  the 
Remainder  of  the  whole  Refolvend  by  2  (that  is,  halve  it)  and 
point  it  a-new.  (This  I  call  a  new  Dividend.)  then  make  the 
-Root  of  the  firft  Square  a  Divifor,  inquiring  .how  oft  it  may  be 
found  in  the  new  Dividend  to  the  next  Figure  forward,  referving 
that  Figure  under  the  next  Point  for  the  half  Square  of  the  Quo^ 
•tient  Figure.  Which  being  found,  multiply  the  Divifor  with  it, 
adding  to  that  Produd  the  Tens  of  the  half  Square  if  there  be  any, 
as  in  plain  Divifion.  Then  annex  the  Quotient  Figure  to  the 
Jaft  Divifor  for  a  new  Divifor,  with  which  proceed  in  all  Re- 
fpeds  as  with  the  laft  Divifor ;  and  fo  on  until  all  be  finifhed. 


Example  6.  What  is  the  Square  Root  of  2990667969  i 
•  •  •  •  • 

Operation  2990667969 

—  25  (5  The  firft  ftngle  Root. 

2)  490667969  The  Remainder  to  be  divided  by  2. 

Firft  Root  5)  245333984,5  (54687 

+  4  208  —  56x4:-^-'  the  Square.of  4,  viz.  ’T5  —  8. 

Divifor  54)  3733 

-p  6  3258  =  54  x  6  :  -f-  ~  the  Square  of  6. 

11  ■  1  g  ■  ■  ■ ■ ,  ■■■  • 

Divifor  546)  47539 

4-  8  437 12  —  546  x  8  :  -{-  ~  the  Square  of  8. 

Divifor  5468)  382784,5 

-j-  7  382784,5  rz  5468  X  7  :  +  A  die  Square  of  7. 

(°) 

Hence  the  Root  is  found  to  be  54687,  as  was  required. 

All  the  Difficulty  in  this  Method  is  only  the  true  placing  of  the 
half  Square  of  the  Quotient  Figure,  when  it  happens  to  be  an  odd 
Number:  In  that  Cafe  you  muft  bring  down  one  Figure  more  of 
the  Dividend  ;  viz.  of  the  next  Period  ;  under  which,  place  the 
odd  5  that  will  always  arife  from  the  half  Square  of  an  odd  Num¬ 
ber :  As  7  whofe  Square  is  49 ;  the  Half  of  which  is  24,5  to  be 
placed  as  in  the  laft  Operation  of  this  Example. 

N.  B.  When  the  Number  of  Figures  in  the  Root  of  any  Surd 
Number  are  limited ;  you  need  not  proceed  in  extracting  the  whole 
Root  as  before  ;  but  only  to  one  Figure  more  than  half  the  defigned 
Number  of  Figures  5  for  the  rejl  may  be  obtained  by  plain  Divifon 
only.  •  3 

Example 


*3° 
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Example  7.  Suppofe  it  were  required  to  extract  the  Square  Root 
of  7  (a  Surd  Number)  to  have  12  Places  of  Figures  in  it. 

’  1  ’ 

♦ 

7  (23^45751  Firft  part  pf  the  Root. 

4 

Remainder 

2  ) 

+  .  96 

3  . 

1,50  rz  Half  the  Remainder. 

1,38  ==  2  *  ,6  :  4-  4  the  Square  of  o,6=P,  1 8 

2,6) 

"4"  ,04 

1200 

IO48 

2,64) 

+.  >005 

152000 

132125 

2,645) 

.4-  ,0007 

I9875OO 

1851745 

2,6457) 

4-  ,00005 

13575500 

13228625 

2,64575) 
4-  ,000001 

346875OO 

26457505 

2,6457s1 

8229995 

Having  thus  got  7  of  the  1 2  Figures  required  in  the  Root ;  the 
reft  may  be  pafily  found  by  the  ccmtra&ed  Way  of  Divifion  prq- 
pofed  in  page  68. 


Thus  2,645751)  82.29995 
'  -  • . -  •  7Q37253 

292742 
264575 


28167 

26457 

1710 

1697 


(2,64575131106 


03) 

Hence  I  find  the  Rcpt  of  7  to  be  2,64575131106,  as  was  re~ 
quired. 

Thus  you  have  two  ways  pf  extracting  the  Square  Root,  either 
of  which  may  be  practifed  as  every  one  likes  beft. 

Sect. 
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Sea.  3.  To  C.rtcact  the  Cu&e  Root. 


f  I '  H  E  Method  I  (hall  here  propofe  for  extracting  the  Cube  Root 
admits  of  two  Cafes  ;  both  which  are  to  be  very  well  obferved. 

Having  pointed  the  given  Refolvend,  (as  before  direded)  viz.  in¬ 
to  Periods  of  three  Figures  ;  then  feek  aCubeNumber  by  the  Table 
of  Powers  (or  otherwife)  that  comes  nearefl  to  the  firlt  Period  of 
the  Refolvend,  whether  it  be  greater  or  lefs  than  that  Period. 

Cafe  I.  If  the  Cube  Number  fo  taken,  be  lefs  than  the  firft 
Period  of  the  Refolvend,  call  it’s  Root  %zl0  than  3|tlft  t  And  fub- 
trad  that  Cube  from  the  firft:  Period  of  the  Refolvend. 


Cafe  2.  But  if  that  Cube  be  greater  than  the  firft  Period  of  the 
Refolvend,  call  it’s  Root  than  3|uft  :  And  fubtrad  the  Re- 

folvend  from  that  Cube,  annexing  Cyphers  to  it,  that  fo  Subtrac¬ 
tion  may  be  made.  > 

To  the  firft  Root,  whether  it  be  lefs  or  more  than  Juft,  annex  fo 
many  Cyphers  as  there  are  remaining  Points  over  the  whole  Num¬ 
bers  of  the  Refolvend,  and  multiply  it  with  3  :  Then  making  that 
Produd  a  Divifor,  by  which  you  muft  divide  the  Difference  be¬ 
tween  the  Refolvend  and  the  aforefaid  Cube ;  that  Quotient  will  be 
the  Refolvend  depreffed  to  a  Square,  and  therefore  muft  be  pointed 
as  fuch,  viz .  into  Periods  of  two  Figures  each.  That  being  done, 
make  the  firft  Root  (without  thofe  Cyphers  that  were  annexed  to  it) 
a  Divifor,  enquiring  how  oft  it  may  be  found  in  the  firft  Period  of 
the  new  Refolvend  (as  before  in  extrading  the  Square  Root)  with 
this  Confideration,  that  if  the  Root  (now  a  Divifor)  be  lefs  than 
Juft,  as  in  Cafe  1.  you  muft  annex  the  Quotient  Figure  to  it,  and 
then  multiply  the  Root  fo  increafed,  into  the  faid  Quotient  Figure  ; 
fetting  down  the  Unit’s  Place  of  their  Produd  under  the  pointed 
Figure  of  that  Period,  fubtrading  it,  as  in  Divifion.  And  fo  on 
from  one  Period  to  another,  as  before. 

But  if  the  faid  Root  (now  a  Divifor)  be  more  than  Juft,  as  in 
Cafe  2.  then  you  muft:  fubtrad  the  Quotient  Figure  from  a  Cy¬ 
pher  annexed,  or  fuppofed  to  be  annexed,  to  the  faid  Divifor; 
multiplying  the  Root  fo  decreafed  into  the  Quotient  Figure ;  fetting 
down  their  Produd  as  before,  &c.  An  Example  or  two  in  each 
Cafe  will  render  the  Work  plain  and  eafy. 

Note,  Each  Quotient  Figure  ought  always  to  be  twice  added  to  the 
Divifor ,  if  the  Tabular  Cube  was  taken  lefs  than  juft,  or  twice  fub- 
tra51edfrom.it,  if  greater  ;  viz.  once  before  you  multiply  by  it,  and 
once  with  the  next  Quotient  Figure  :  as  will  be  /hewn  in  the  following 
Examples ;  zuhich  are  therefore  more  exa51  and  concife  than  as  done 
by  the  Author  in  the  former  Editions  of  his  JV irk, 

S  2 


Example 


n2 


acttlmieticb. 
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Ex.  i.  What  is  the  Cube  Root  of  146363183  the  given  Refol  vend, 

•  •  •  _ 

to  be  pointed  thus  146363183  (the  firft  Root,  lefs  than  Juft. 

j  25  zr  the  neareft  Cube  to  146 

500  x  3  ~  1500J  21363183  (14242,12  new  Refolvend; 
i:  irft  Root  5 

4~  2 

1  Divifor  52 j  14242,12  (527  the  Root  required. 

4-  27  104 

T-, -  . 

2  Divifor  547  )  3842 

3829 

13  the  Remainder  to  be  rejedled; 

Here  the  Root  527  is  the  true  Root  at  the  firft  Operation,  a3 
may  be  eafily  tried  by  involving  it. 

That  is  527  X  527  x  527  =  146363183  the  g‘ven  Refolvend* 
But  if  it  had  not  been  the  true  Root,  then  every  thing  that  hath 
been  here  done  muft  have  been  repeated  ;  only  inftead  of  the  firft 
finale  Root  ( viz.  5)  you  muft  have  taken  the  increafed  Root  ( viz . 
527)  and  this  I  call  a  fecond  Operation  ;  which  would  increafe  the 
la (t  Root  to  nine  Places  of  Figures;  viz.  every  Operation  triplea 
the  Number  of  Places  in  the  la  ft  Root ;  as  will  appear  further  on* 
N.  B.  It  often  happens  that  four,  five ,  and  fometimes  more  Places 
of  Figures  may  be  taken  into  the  Root :  efpecially  zuhen  the fecond  Place 
proves  to  be  a  Cypher .  That  is,  zuhen  the  firjl  Cube  comes  very  near 
to  the  firjl  Period  of  the  Refolvend. 

E  XA  M  P  L  E  2. 

•  •  •  • 

What  is  the  Cube  Root  of  67507824239  (4000  Root  lefs  that* 
Firft  neareft  Cube  m  64 _ (Jiift 

Root  4000  x  3=  I20C0  )  3507824239  (292318,68 
Firft  Root  4 

,  ,|  1  „  ,  1  ■  m  1  r  o  »  •  * 

1  Divilou  40 7  )  292318,68  (4071,79 

4-  07 T '  2849 

2  Divifor  4141  )  74*8 

4-  1  >7  4141 

3.  Divifor  4142,7  )  3277,65' 

4-  ,79  2899,87 

4  Divifor  4143,49)  377>79>  . 

In  this  Example  I  have  taken  fix  Figures  into  the  Root, 

caufe  the  fecond  Place  proved  to  be  a  Cypher.  And  in  thefe  fix 

the 
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the  Excefs  is  not  an  Unit  in  the  laft  Place  ;  for  if  there  were 
made  a  fecond  Operation,  the  Root  would  be  4071,78,  as 
may  be  eaftly  tried. 

j  EXAMPLE  3. 


Let  it  be  required  to  extradf  the  Cube  Root  out  of  this  Number  5 
The  neareft  Cube  to  976  is  1000  whofe  Root  is  10  more  than  juft* 

Viz.  976379602989073960279630298890 
£t’s  Cube  1  ooocooocoooooooooooooocooooooo 

—  976379602989073960279630298890  &ef°lvencf. 

Remains  23620397010926039720369701x10 

The  firft  Root  10000000000  x  3  =  30000000000  theDivifor. 

Then  30000000000)  236203970109.26039720369701110(78734 
6567030867990  for  a  new  Refolvend. 


ift  Root  10 
—  007 


.  /i  0000000000  =  1  ft:  Root, 


1  Div.  993)  787346567030867990V  0079364,  &c.  fubtraft. 


—  79  695j 


2  Div.  9851) 

~ _ 93 

3  Div.  98417) 

-3 _ 3^ 

4  Div.  984134) 

—  64 


92246 

88659 

358756 

29525r 

6350570 

5904804 


5  Div.  9841276) 
&c. 


Remains  9920636000  the  Root 
true  to  the  fixth  Figure,  and  on¬ 
ly  too  little  by  an  Unit  at  the^ 
feventh,  at  the  fxrft  Operation* 


44576630 

&€. 


For  a  fecond  Operation  (if  you  require  no  more  than  ten  Places  of 
Figures  true  in  the  Root)  you  need  only  affume  9920000000  ;  which 
being  lefs  than  juft,  proceed  with  as  follows. 


From  the  given  Refolvend  =  976379602989073960279630298890 
Sub.  theCubeof  Qg200QQQ00— 976191488000000000000000000000 

Remainder,  1881 149890739b,  &c. 


Then  3x992  &c.=2976  &c.)  1881x498907 396  &c.  (6321068 18 1  &c. 
for  a  new  Refolvend. 


99200 


attt&metidu 


Fart  I. 


*34 


99200 
-J-  c6 

'  •  o  •  •  '  • 

99206  )  6321 068 181 

+  63  595236 


992123) 

368708  r 

4-  37 

2976369 

9Q2I267  ) 

71071281 

4-  7  &c. 

,  69448869 

992127*  ) 

1622412 

•  •  »  • 

992127 

63O285 

595276 

35009 

29763 

524-6 

4960 


/9920000000  the  Root  aflumed 
\  637163,5  add 

9920637163^5  the  Root  true  to 
the  tenth  Figure,  and  only  too 
much  by  ail  Unit  in  the 
eleventh. 

*  Here  the  Additions  of  the  Quo¬ 
tient  Figure  being  of  no  Confe- 
quence,  therefore  the  Divifion 
is  carried  on  from  hence,  as  in 
jpagc  68. 


&c. 

In  the  fame  manner  the  Cube  Roots  of  Decimal  Parts ;  or  of 
Vulgar  Fractions,  being  firft  changed  into  Decimals,  may  be  ex¬ 
tracted. 


Sea.  4.  To  Crtcact  the  0t5tqua5rat  Root. 

T  N  extracting  the  Riquadrat  Root,  or  that  of  the  Fourth  Power ; 
**■  (and  indeed  the  Roots  of  all  even  Powers)  there  are  fome  fmall 
Difficulties,  not  fo  eafily  exprefled  and  explained  in  a  few  Words, 
as  they  are  by  an  Algebraick  Theorem  (fuch  as  (hall  be  (hewed  fur¬ 
ther  on)  I  have  therefore  in  this  Place  made  Choice  of  extracting 
fuch  Roots  by  two  feveral  Extractions ;  and  the  rather,  becaufe  I 
prefume  the  Reader  by  this  Time  thoroughly  acquainted  with  the 
Bufinefs  of  extracting  the  Square  Root,  by  which  this  may  eafily 
be  performed.  Thus : 

Firft,  ExtraCt  the  Square  Root  of  the  propofed  Refolvend, 
then  the  Square  Root  of  that  firft  Root  will  be  the  Biquadrat 
Root  required. 

Example  1.  What  is  the  Biquadrat  Root  of  4857532416? 
Fuft  extraCt  it’s  Square  Root, 


Thus 
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*35 


Thus  4857532416 

_ !.  36  ==  the  greateft  Square,  whole  Root  is  6. 

I25753241^  Remainder  to  be  divided  by  2„ 


Firft  Root  6) 
4-  9 


628766208  (69696 
58o5 


69 

4826 

+  6 

4158 

696 

668620 

+  9 

626805 

6969 

418158 

418158 

(0) 


rp,  l  >>  S  being  the  firft  Root,  whofe  Sq 
Then  69696  |  mSuft  now  be  exJafled.  4 


uare  Root 


—  4 


2969b  Remainder  to  be  divided  by  2. 

Firft  Root  2)  14848  (264  the  Biquadrat  Root  as  was  required. 

+  6  138 


26 ) 

4-  4 


1048 

1048 


264  (o) 

This  is  fo  eafy  I  need  not  infert  any  more  Examples. 

Se£t.  5.  Tt 0  extract  the  §>utfoitO  Eopl 

T  T  A  V I N  G  pointed  the  given  Refolvend  according  as  it’s  Index 
•*-  denotes ;  viz.  into  Periods  of  five  Figures ;  feeking  fuch  a 
Surfolid  Number  in  the  Table  of  Powers  (or  otherwife)  as  comes 
the  neareft  to  the  firft  Period  of  the  Refolvend,  whether  greater  or 
lefs  ;  and  call  it’s  refpedlive  Root  accordingly;  viz.  more  than  Juft; 
or  lefs  than  Juft  ;  annexing  fo  many  Cyphers  to  it,  as  there  are  re¬ 
maining  Periods  of  whole  Numbers  in  the  Refolvend  ;  as  before  in 
extradftng  the  Cube  Root :  Then  find  the  Difference  between  the 
Refolvend,  and  the  Surfolid  Number  fo  taken,  by  fubtradling  the 
lefs  from  the  greater  (as  before  in  the  Cube).  Next  find  the 
Cube  of  the  aforefaid  Surfolid  Root  with  it’s  annexed  Cyphers, 
(which  you  may  alfo  do  by  the  Table  of  Powers)  and  multiply 
that  Cube  with  5  the  Index  of  the  Surfolid,  the  Produdl  muft  be 
a  Pivifor,  by  which  the  Difference  between  the  Refolvend  and 
the  Surfolid  Number  muft  be  divided  ;  that  fo  it  may  be  depreffet 
Z  do 
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to  a  Square  (as  before  in  the  Cube)  which  muft  be  pointed  into 
Periods  of  two  Figures  each,  calling  it  the  new  Refolvend  (as 
before).  Then  make  the  firft  Root,  without  it’s  Cyphers,  a 
Divifor,  enquiring  how  oft  it  may  be  found  in  the  firft  Period  of 
the  new  Refolvend,  with  this  Confideration,  if  the  Root  (now  a 
Divifor)  be  lefs  than  Juft,  you  muft  annex  twice  the  Quotient  Fi¬ 
gure  to  it;  but  if  it  be  more  than  Juft,  you  muft  fuhtradt  twice 
the  Quotient  Figure  from  a  Cypher  either  annexed,  or  fuppofed 
to  be  annexed  to  that  Divifor  or  Root,  multiplying  it  fo  increafed 
or  diminiftied,  with  the  faid  Quotient  Figure,  fetting  down  their 
Prodaft,  &c.  as  before.  An  Example  in  each  Cafe  will  render  it 
plain  and  eafy. 

Example  i.  Suppofe  it  be  required  to  extra#  the  Surfolid  Root 
out  of  this  Number  12309502009375. 

•  •  • 

12309502009375  the  Refolvend  pointed. 

The  neareft  Surfolid  Number  to  1230,  the  firft  Period  of  the 

Refolvend,  is  1024,  whofe  Root  is  4  being  leis  than  Juft. 

•  •  • 

Therefore  12309502009375 
—  1024 

2069502009375  their  Difference. 

Next  the  Cube  of  400  is  64000000  per  Table,  And 

64000000  X  5  =  320000000  the  Divifor. 

Then  320000000)  2069502909375  (6497 
Firft  Root  400 
2  x  10  z  |  20 

- -  ,  .  /  400 

I  Divifor  420)  6467I4- 

^20^-2  x  5^“£-3o^  42  415  Root  true. 

450  2267 

2250 

17  the  Remainder  to  be  rejedled. 

That  is  415  is  the  Surfolid  Root  of  the  given  Refolvend. 
As  may  be  eafily  tried  by  involving  it  to  the  fifth  Power.  Viz, 
415  x  4 IS  x  415  x  415  x  415  zz  1230950209375  the  given  Re- 
iblvend. 


Note,  Here  again  the  Double  Quotient  Figure  ought  to  be  twice 
added  or  fubtr  affed ,  in  the  fame  Manner  as  the  fingle  one  was  di¬ 
rected  for  the  Cube  Root ,  page  1 3 1 ,  and  the  Operation  for  the  Sur¬ 
folid  Root  in  thefe  two  Examples  is  performed  accordingly :  contrary 
to  what  was  heretofore  done  by  the  Author . 

Example 
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Example  2.  What  is  the  Surfolid  Root  of  2327834559873? 
The  neareft  Surfolid  Number  to  232  is  243  whole  Root  is  3 
being  more  than  juft. 

Therefore  2430000000000 
—  2327834559873 

Remains  102165440127  for  a  Dividend. 
The  Cube  of  300  is  27000000  and  27000000  X  5-- 135000000 
Then  135000000)  102165440127  (756,7810  new  Refolvend,. 


Firft  Root  300 
—  2  X  2  — —  4 

-  .  .  .  ./300 

j  Divifor  296)  756,78101—2,566 _ 

— 4 — 2X0’55EZZL_ 592  297,434  The  Root  only 

2  Divifor  •  291,0)  164,78  too  little  by  2  in  the 

—  1 — 2x0,06=1 — 1,12  145,50  loweft  Figure. 

3  Divifor  289,88)  19,2810 

See.  Sec. 

Now  the  Reafon  why  this  Root  comes  out  to  fo  many  Places 
of  Figures  at  the  firft  Operation,  is  becaufe  the  firft  Surfolid 
Number  was  fo  near  the  Refolvend,  &c.  As  before. 


Seft.  6.  To  detract  the  j&OOt  of  the 

Square  cubeu. 

'T'  HIS  may  be  eafily  performed  by  two  Extra#ions,  according 
as  it’s  Name  denotes.  Thus,  firft  extra#  the  Square  Root 
of  the  given  Refolvend  ;  then  extra#  the  Cube  Root  of  that  Square 
Root,  and  it  will  be  the  Root  required  :  That  is,  it  will  be  the 
Root  of  the  fixth  Power.  Or  thus,  firft  extra#  the  Cube  Root 
of  the  Refolvend  ;  then  extra#  the  Cube  Root  of  that  Cube  Rojt, 
and  it  will  be  the  Root  required. 


EXAMPLE  1. 


Let  it  be  required  to  extra#  the  Square  cubed  Root  out  of  this 
Number  145220537353515625  the  Refolvend. 

Firft  I  extra#  the  Square  Root  of  this  Refolvend,  which  I 
take  to  be  thp  beft  and  eafieft  Way. 

T  Thus 


1 
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Thus  . 

145220537353515625 

—  9 _ 

Remains  55220537353515625  to  be  halved. 


Then  3)  27610268676757812,5  (381078125 

+  8  272 

■■■ 1 1  • 

38)  4102 

+  10  3805 


-  —  »  ■  •  o  ’ 

3810)  2976867 

4.  7  2667245 


38107 ) 

— ■■■  —  — -  «  } 

3096226 

4  8 

3048592 

381078) 

47634757 

+  1 

38107805 

3810781 ) 

95269528 

4  2 

76215622, 

38107812) 

1905390612,5 

+  5 

1905390612,5 

381078x25 

(0) 

Having  found  the  Square  Root  of  the  given  Refolvend,  I  pro¬ 
ceed  to  extract  the  Cube  Root  of  that  Square  Root. 

9  •  • 

That  is,  of  381078125 

— 1  343  —  the  neareft  the  Cube,  it’s  Root  is  70Q, 

Then  700  x  3  -  2x00)  381078x25  (i8x6i 
Firft  Root  7  .  . 

+  2 

-  .  .  /  7 oo 

1  Divifor  73.)  18161  I425 

+  25  '  144  ~5 

2  Divifor  745)  3761 

3725  ,  - 


(36) 

Hence  I  find  725  to  be  the  Square  cubed  Root  required  ;  as 
may  eafily  be  tried  by  involving  it  to  the  fixth  Power.  That  is. 
725  x  725  x  725  x  725  x  725  x  725>  will  be  found  —  14522053- 
7353515625  the  given  Refolvend.  '  1 

Se£f. 
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Seft.  7.  To  extract  the  IROOt  of  the  feventh  potDXX. 

TrAving  pointed  the  given  Refolvend,  as  it’s  Index  denotes,  viz. 

into  Periods  of  feven  Figures,  feek  out  fuch  a  Number  of  the 
feventh  Power,  by  the  Table  of  Powers,  as  comes  neareft  to  the  firft 
Period  of  the  Refolvend  ;  whether  it  be  greater  or  lefs,  calling  it’s 
refpe&ive  Root  more  than  Juft,  or  lefs  than  Juft,  annexing  it’s 
proper  Number  of  Cyphers,  &c.  as  in  the  Cube  and  Surfolid. 

Then  find  the  Difference  between  the  given  Refolvend,  and 
that  Number  of  the  feventh  Power  (found  by  the  Table  of  Powers) 
by  fubtra&ing  the  lefs  from  the  greater. 

Next  find  the  Surfolid  or  fifth  Power  of  that  Root  with  it’s  an¬ 
nexed  Cyphers  (which  you  may  alfo  do  by  the  Table  of  Powers) 
and  multiply  that  Surfolid  Number  with  7,  the  Index  of  the  given 
Refolvend  ;  that  Product  muft  be  a  Divifor,  by  which  the  forefaid 
Difference  muft  be  divided,  that  fo  it  may  be  deprefled  to  a  Square, 
to  be  pointed,  &c.  as  before  in  the  Cube,  &c.  then  make  the  firft 
Root,  without  it’s  Cyphers,  a  Divifor ;  working  with  it  and  the 
new  Refolvend  (as  before)  only  here  you  muft  increafe,  or  di- 
minifli  the  Divifor  with  thrice  the  Quotient  Figure  *. 

Example.  What  is  the  fecond  Surfolid  Root,  or  that  of  the 
feventh  Power, 


of  382986553955078125  the  Refolvend  pointed. 

— 2187  the  neareft  of  the  feventh  Power. 

164286553955078125  their  Difference. 

The  firft  Root  is  300  being  lefs  than  Juft,  and  the  fifth 
Power  of  300  is  2430000000000,  which  being  multiplied  with  7 
is  1 70 1 0000000000  for  a  Divifor,  by  which  the  aforefaid  Dif¬ 
ference  muft  be  divided;  which  contracted  may  ftand  thus, 
1701)  16428655  (9658,23  &c. 

Firft  Root  300 
4-  3  X  20  =:  +  60 

-  .  -  f  300 

X  Divifor  360 )  9658  \-f~25 

60  4-3x05—-}-  75  72  ^  325  =  the  true  Root  required. 

2  Divifor  435  2458 

2175  (before. 

283  the  Remainder  to  be  rejected,  as 


*  That  is,  by  twice  adding  or  fubtrafting  the  triple' Quotient  Figure,  as  was  done 
with  the  double  Quotient  Figure  of  the  Root  of  the  fifth  Power,  page  136  ;  and  the 
fingle  Quotient  Figure  for  the  Cube  Root,  page  131. 

>  '  T  2  Hence 


14-0 


atttljmeti'clw 


Part  I. 


Hence  I  have  found  325  to  be  the  true  Root  required,  that  is, 
the  true  Root  of  the  feventh  Power. 

I  think  it  needlefs  to  proceed  farther  ;  viz.  to  infert  Examples 
of  higher  Powers.  For  if  what  is  already  done  be  well  underftood^ 
it  will  be  eafy  to  conceive  how  to  proceed  in  extrafling  the  Root 
of  any  Tingle  Power  how  high  foever  it  be  (for  the  Method  is 
general  and  alike  in  all  Powers)  due  Regard  being  had  to  their  In¬ 
dices  ;  and  to  the  firft  Tingle  Side  or  Root.  That  is,,  whether  it 
be  More,  or  Lefs  than  Juft,  &'c . 

Yet  methinks  I  hear  the  young  Learner  Tay,  it  is  poftlble  to 
follow  the  Directions  and  Examples,  as  they  are  here  laid’ down;, 
but  ftill  here  is  not  the  Reafon  why  they  are  To,  and  To,  perform¬ 
ed  ;  and  why  there  fhould  be  a  F-emainder  left  after  the  Root  is 
found  ;  viz.  when  the  given  Refolvcnd  hath  a  true  Root  of  its 
Kind. 

It  is  true,  the  Reafons  of  thefe  are  not  here  laid  down  ;  neither 
indeed  can  they  be  rendered  To  plain  and  intelligible  by  Words,  as 
by  an  Algebraick  Procefs,  from  whence  the  Theorems  or  Rules 
here  given,  had  their  firft  Invention  ;  as  fhall  be  fhewed  in  the 
next  Fart,  when  I  come  to  treat  of  refolving  compounded  or  ad- 
fefled  ./Equations  ;  however,  take  this  fhort  and  general  Account 
of  this  Method. 

This,  and  all  other  of  the  new  Methods  of  Converging  Series 
(as  they  are  called)  are  very  different  from  the  former  (and  ftill 
common)  Methods  of  extracting  Roots,  which  require  the  firft 
fingle  Side  or  Root  of  the  firft  Period  (in  any  Refolvend)  to  be 
taken  exactly  true,  and  then  by  involving,  and  ether  tedious 
Ways  of  ordering  it,  there  is  formed  a  Divifor;  which  helps  to 
grope  out  by  Trials  a  fecond  Figure  in  the  Root.  And  fo  proceed 
on  from  Point  to  Point;  ftill  repeating  the  whole  Work  for  every 
fingle  Figure  that  comes  into  the  Root.  And  if  by  Chance  there- 
be  a  Miftake  or  Error  committed  in  any  one  Figure  (as  it  is  pof- 
fible  there  may)  it  fpoils  the  whole*  Procefs,  which  mull  then  be 
wholly  begun  anew,  or  at  leaft  from  that  Part  of  it  where  the 
Error  firft  entered. 

But  the  Nature  and  Defon  of  the  Method  which  I  have  here 

O 

laid  down  is  quite  otherwife ;  it  being  fo  contrived,  as  to  gradually 
leffen  the  Difference  betwixt  any  propofed  Power,  and  the  like 
Power  of  another  Number  affumed ;  viz.  it  leffens  that  Difference 
until  it  is  either  quite  vanifhed,  or  becomes  fo  infinitely  fmali 
as  to  be  infip-nificant. 

Therefore  when  any  Number  is  propofed  to  have  it’s  Root  ex¬ 
tracted  ;  it  is  here  required  to  take  the  next  neareft  Root  of  the 
firft  Period  in  the  Refolvcnd  ;  that  fo  the  Difference  betwixt  the 

given 
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given  Refolvend,  and  the  Homogeneal  Power  (viz.  the  like 
Power)  of  the  Root  thus  taken,  may  be  lefs  either  in  Excels,  or 
Defect.  Which  Difference  being  reduced,  or  depreffed  lower, 
becomes  fo  prepared,  that  by  plain  Divifion  (comparatively)  there 
will  arife  fuch  Quotient  Figures  as  will  both  correct  and  increafe 
the  firfi  Root  to  three  Places  of  Figures  at  lead,  fometirnes  to  four, 
or  five  Places  of  Figures ;  according  as  the  faid  fir  ft  Difference 
happens  to  be  more  or  lefs  (of  which  you  may  have  obferved  In¬ 
fiances)  :  But  yet  there  will  be  a  Remainder  left,  and  perhaps  an 
Excefs  or  Defedt  in  the  Root  fo  increafed,  viz.  in  the  iafl  Figure 
of  it. 

Now  to  redlify  the  faid  Excefs  or  Defedf  in  the  Root,  and  to 
difeover  whether  the  given  Refolvend  be  a  true  Figurate  Number, 
or  not :  That  is,  whether  it  have  a  true  Root  of  it’s  kind  j  it 
will  be  neceffary  to  make  a  fecond  Operation  ;  by  taking  the 
Root  fo  increafed,  and  proceeding  with  it  and  the  given  Refolvend, 
in  all  refpedls  as  in  the  firfi  Work  (like  to  the  third  Example  of 
extracting  the  Cube  Root)  ;  I  fay,  if  the  given  Refolvend  have  a 
true  Root,  it  will  appear  at  this  fecond  Operation,  and  all  the 
aforefaid  Differences,  &c.  will  be  vanifhed  ;  provided  the  Root 
required  is  not  to  have  more  than  three  (or  four)  Places  of  Fi¬ 
gures  in  it. 

But  if  the  Root  be  to  have  more  than  three  Figures  in  it ;  or, 
that  the  given  Refolvend  prove  to  be  a  Surd  Number ;  then  there 
will  be  a  Difference  as  before  ;  which  will  afford  Quotient  Figures 
to  redlify  and  increafe  the  Root  laft  taken,  to  three  Times  as 
many  Places  of  Figures,  as  it  had  at  the  Beginning  of  that  fecond 
Operation.  As  you  may  fee  in  the  aforefaid  Example  3.  of  the 
Cube  Root;  wherein  that  P^oot  is  increafed  to  twelve  Places  of 
Figures  at  two  Operations;  which  if  it  were  to  be  extradfed  the 
Old  (and  fiill  Common)  way,  it  would  require  at  leaf!  forty  times 
the  Number  of  Figures  I  have  here  ufed. 

Again,  if  there  chance  to  be  a  Mifiake  committed  in  any 
Operation  performed  by  the  Method  here  laid  down,  that  Miftake 
will  not  deftroy  the  precedent  Work,  but  will  be  redtified  in  the 
next  Operation,  although  it  were  not  difeovered  before.  And 
thus  you  may  proceed  on  to  a  third  Operation,  which  will  afford 
27  Places  of  Figures  in  the  Root,  &c.  with  very  little  Trouble, 
if  compared  with  former  Methods. 

The  brief  Account,  which  I  have  here  given  (by  Way  cf  Ex¬ 
plaining  the  Nature  of  this  Method  of  extracting  Roots)  being  well 
confidered  and  compared  with  the  feveral  Operations  of  the  fore¬ 
going  Examples ,  mutt  needs  help  the  Learner  to  form  fuch  an. 
Idea  of  it,  that  he  cannot  (I  prefume)  but  underfiand  how  to 
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proceed  in  extracting  the  Root  out  of  any  Tingle  Power,  how  high 
foever  it  be ;  without  the  Help  of  an  Algebraick  Theorem.  Not, 
but  when  that  comes  to  be  once  underftood  ;  the  Work  will  be 
much  readier  and  eafier  performed :  As  will  appear  in  the  next 
Part.  , 

I  did  intend  to  have  here  inferted  the  whole  Bufmefs  of  Intereft 
and  Annuities ;  but  finding  that  it  would  require  too  large  a  Dif- 
courfe,  to  fhew  the  Grounds  and  Reafons  of  the  feveral  Theorems 
ufeful  therein,  I  have  therefore  referved  that  Work  for  the  Clofe 
of  the  next  Part.  Neither  indeed  can  the  raifing  of  thofe  Theorems 
be  fo  well  delivered  in  Words,  as  by  an  Algebraick  Way  of 
arguing ;  which  renders  them  not  only  much  fhorter,  but  alfo 
plainer  and  eafier  to  be  underftood. 

I  have  alfo  omitted  that  Rule  in  Aritkmetick ,  ufually  called  the 
Rule  of  Poftion ,  or  Rule  of  Falfe  :  Becaufe  all  fuch  Queftions,  as 
can  be  anfwered  by  that  guefling  Rule,  are  much  better  done  by 
any  one  who  hath  but  a  very  fmall  fmattering  of  Algebra.  I  fhall 
therefore  conclude  this  Part  of  Numerical  Arithmetick  ;  and  proceed 
to  that  of  Algebraick  Arithmetick ,  wherein  I  would  advife  the 
young  Learner  not  to  be  too  hafty  in  pafiing  from  one  Rule  to 
another,  and  then  he  will  find  it  very  eafy  to  be  attained. 
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PROEM. 

HA  FI NG  formerly  wrote  a  fmall Traft.of  21 1 gTll  t a,  per - 
haps  it  may  feem  ( to  fame )  very  improper  to  write  again 
upon  the  fame  Subjeft ;  but  only  (as  the  Ufual  Cujlom  is) 
to  have  referred  my  Reader  to  that  Traft.  However ,  be- 
caufe  the  following  Parts  of  this  Treatife  are  managed  by  an  Algebraick 
Method  of  arguing ;  which  may  fall  into  the  Hands  of  thofe  who 
have  not  feen  that  Tr aft ,  or  any  other  of  that  Kind ;  I  thought  it 
convenient  to  accommodate  the  young  Geometer  with  the  fir Jl  Elements, 
or  Principal  Rules,  by  which  all  Operations  in  this  Art  are  perform¬ 
ed  ;  that  fo  he  may  not  be  at  a  Lofs  as  he  proceed, j  farther  on  :  Be - 
fides,  what  I formerly  wrote  was  only  a  Compendium  of  that  which 
is  here  fully  handled  at  large . 

The  Principal  Rules  are  gtltritlOtt,  »>Ubtta(tton,  QftllltU 
plication,  SMtilion,  3Inbolutfon,  and  (Evolution,  as  in 

common  but  differently  performed  ;  and  there¬ 

fore  fome  call  it  &l£eBraicfe  J&mljmettck*  Others  call  it 
5lritljmetfck  in  Specie,  becaufeall  the  Quantities  concerned 
in  any  Queftion,  remain  in  their  fubftituted  Letters  (howfoever 
managed  by  Addition,  Subtraftion ,  or  Multiplication ,  &c.)  with¬ 
out  being  deftroyed  or  changed  into  others,  as  Figures  in 
common  Arithmetic!  are.  1 

Mr  Harriot  called  it  Hoglftica  »>pCU0Ca,  or  Specious 
Computation, 


CHAP. 
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aritljmettcfe. 


Part  I. 


CHAP.  I. 

Concerning  the  SK)etf}Otl  of  looting  down  CtuaittftfejS » 
and  CraCttlg  their  gjtEpSj,  &c. 

Sed.  I .  Of  jOotattott* 


QP  H  E  Method  of  noting  down  Letters  for  Quantities,  is  various, 
A  according  to  every  one's  Fancy;  but  I  lhall  here  follow  the 
fame  as  in  my  former  Tradl,  and  reprefent  the  Quantity  fought 
(be  it  Line  or  Number,  &c.)  by  the  fmali  (a,)  and  if  more 
Quantities  than  one  are  fought,  by  the  other  fmali  Vowels, 
e .  u.  ory. 

The  given  Quantities  are  reprefented  by  the  fmali  Confonants, 
l,  c,  d.f.  g.  &c. 

And  for  Diftindlion  fake,  mark  the  Points  or  Ends  of  Lines 
in  all  Schemes,  with  the  capital  or  great  Letters,  viz.  A.  B . 

a  d.  &c. 

When  any  Quantity  (either  given  or  fought)  is  taken  more  than 
once,  you  muft  prefix  it’s  Number  to  it ;  as  {lands  for  a  taken 
three  times,  or  three  times  <?,  and  7 b  {lands  for  feven  times  b ,  &c. 

All  Numbers  thus  prefixt  to  any  Quantity,  are  called  Coeffi¬ 
cients  or  Fellow-Fa<flors ;  becaufe  they  multiply  the  Quantity  ; 
and  if  any  Quantity  be  without  a  Co-efficient,  it  is  always  fup- 
pofed  or  underftood  to  have  an  Unit  prefixed  to  it ;  as  a  is  I ay 
or  b  is  1  £,  Zsfc. 

The  Signs  by  which  Quantities  are  chiefly  managed,  are  the 
fame,  and  have  the  fame  Signification,  with  thofe  in  the  firft 
Part,  page  5.  which  I  here  prefume  the  Reader  to  be  very  well 
acquainted  with.  To  them  muft  be  here  added  thefe  three  more  $ 


f  O'  7  f  Involution. 

Viz.  r  the  Sign  of "j  Evolution,  or  extracting  Roots. 

v/  J  L  Irrationality,  or  Sign  of  a  Surd  Root. 

All  Quantities  that  are  expreffed  by  Numbers  only  (as  in  Vul¬ 
gar  Arithmetick J  are  called  Abfolute  Numbers . 

Thofe  Quantities  that  are  reprefented  by  Tingle  Letters,  as, 
a.  b.  c .  d.  &c.  or  by  feveral  Letters  that  are  immediately  joined 
together ;  as  ab .  cd.  or  7 bd.  &c.  are  called  Simple  or  Single  whole 
Quantities. 

But  when  different  Quantities  reprefented  by  different  or  un¬ 
like  Letters,  are  conne£ted  together  by  the  Signs  (+  or  — ) ;  as 
a  b,  a — b ,  or  ab  —  dc ,  &c.  they  are  called  Compound  whole 
Quantities. 


2 


And 


Chap,  i.  jactation  of  Ciuantitieg*  145 

And  when  Quantities  are  expreftfed  or  fet  down  like  Vulgar 

Tr*  n  •  rpi  ^  Cl  -4-  ^  Cl  b  -  | —  d  C  o  1 

Tractions,  1  hus  — ’  or  — ,  or  - 1 - ,  occ.  they  are 

b  *  d  b  —  c 

called  Fractional  or  broken  Qu antities. 

The  Sign  \vherewith  Quantities  are  connected,  always  belongs 
to  that  Quantity  which  immediately  follows  it ;  and  therefore  all 
the  Quantities  concerned  in  any  Queftion,  may  ftand  in  any  Order 
at  Pleafure,  viz.  the  moft  convenient  for  the  next  Operation. 
As  a  -f-  b — ~d  may  ftand  thus  b  —  d-\-a,  or  thus  a  —  d+b , 
or  — d-\-a-\-b  &c.  thefe  being  ftill  the  fame,  tho’  differently  placed. 

That  Quantity  which  hath  no  Sign  before  it  (as  generally  the 
leading  Quantity  hath  not)  is  always  underftood  to  have  the  Sign  -f* 
before  it.  As  a  is  +<?,  or  b  —  dis-\-b — d^  Sec.  for  the  Sign  -j-  is 
the  Affirmative  Sign,  and  therefore  all  leading  or  Pofitive  Quantities 
are  underftood  to  have  it,  as  well  as  thofe  that  are  to  be  added. 

But  the  Sign  —  being  the  Negative  Sign,  or  Sign  of  DefeCl, 
there  is  a  Neceffity  of  prefixing  it  before  that  Quantity  to  which 
it  belorfgs,  wherever  the  Quantity  ftands. 


Se<ft.  2.  of  tracing  the  ©tCpg  ufed  in  bringing 
Cluantiticg  to  an  Equation. 

Qp  H  E  Method  of  tracing  the  Steps,  ufed  in  bringing  the  Quan- 
titles  concerned  in  any  Queftion  to  an  Equation,  is  beft  per¬ 
formed  by  regiftring  the  feveral  Operations  with  Figures  and  Signs 
placed  in  the  Margin  of  the  Work,  according  as  the  feveral  Opera¬ 
tions  require  ;  being  very  ufeful  in  long  and  tedious  Operations. 

For  Inftance :  If  it  be  required  to  fet  down,  and  regifter  the 
Sum  of  the  two  Quantities,  a  and  £,  the  W ork  will  ftand. 


Thus 


1  +  2 


Firft  fet  down  the  propofed  Quantities,  a  and  by 
over-againft  the  Figures,  1,  2,  in  the  fmall  Co¬ 
lumn,  (which  are  here  called  Steps)  and  againft  3 


a  -j-  b  (the  third  Step)  fet  down  their  Sum,  viz.  a  -|-  b. 

Then  again  it”  that  thirl  Step,  fet  down  1  -f-  2  in  the  Margin  ; 
which  denotes  that  the  Quantities  againft  the  firft  and  fecond  Steps 
are  added  together,  and  that  thofe  in  the  third  Step  are  their  Sum. 

To  illuftrate  this  in  Numbers,  fuppofe  a  ~  9  and  b  —  6. 
Then  it  will  be, 


Thu: 

I 

a  r=9 

2 

b  =6 

I  4-  2 

4 

a  -j-  b  —  9  -F  6  =  1 5  be 

'  1  T  T 

Again, 
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Again,  If  it  were  required  to  fet  down  the  Difference  of  the 
fame  two  Quantities  ;  then  it  will  be. 


Thus 


*  =  9 

b  =  6 


a 


b  —  9 —  6  —  3  the  Diff.  between  9  and  6, 


Or  if  it  were  required  to  fet  down  their  Product  ; 
Then  it  will  be. 


Thus 


1x2 


a  -=z  9 
b"  6 


3  a  X  b  or  a  b  -=z  9x6“  54  the  Prod,  of  9  into  6. 


C2V. 


Note,  Letters  fet  or  joined  immediately  together  ( like  a  Word) 
ftgnify  the  Rectangle  or  Product  of  thofe  Quantities  they  reprefent ; 
as  in  the  lajl  Example,  wherein  ab  54  is  the  Product  of  a  zz:  9. 
and  b-  6.  ^V. 

artontg. 

1.  If  equal  Quantities  be  added  to  equal  Quantities,  the  Sum 
of  thefe  Quantities  will  be  equal. 

2.  If  equal  Quantities  be  taken  from  equal  Quantities,  the 
Quantities  remaining  will  be  equal. 

3.  If  equal  Quantities  be  multiplied  with  equal  Quantities, 
their  Produces  will  be  equal. 

4.  If  equal  Quantities  be  divided  by  equal  Quantities,  their 
Quotients  will  be  equal. 

5.  Thofe  Quantities,  that  are  equal  to  one  and  the  fame 
Thins;,  are  equal  to  one  another. 

Note,  I  advife  the  Learner  to  get  thefe  five  Axioms  perfectly  by 
Heart . 

Thefe  Things  being  premifed,  and  a  perfedb  Knowledge  of  the 
Signs  and  their  Significations  being  gained,  the  young  Algebraifl 
may  proceed  to  the  following  Rules.  But  firft  I  muft  make  bold 
to  advife  him  here,  (as  I  have  formerly  done)  that  he  be  very  ready 
in  one  Rule  before  he  undertakes  the  next. 

That  is,  He  fhould  be  expert  in  Addition ,  before  he  meddles 
with  Subtraction,  and  in  Subtraction ,  before  he  undertakes 
Multiplication ,  &c.  becaufe  they  have  a  Dependency  one  upon 
another. 


CHAP. 


Chap.  2. 


rnitim  of  Quantities* 


CHAP.  II. 

Concerning  the  <g>ic  Principal  EtlltlS  of  3!pl)>a;dt 

arftStneticft,  of  whole  Quantities* 


Seft.  i.  auuittoit  of  whole  Quantities* 

ADDITION  of  whole  Quantities  admits  of  three 
Cafes. 

Cafe  i.  If  the  Quantities  are  like,  and  have  like  Signs  ;  add 
the  Co-efficients  or  prefixt  Numbers  together,  and  to  their  Sum 
adjoin  the  Quantities  with  the  fame  Sign. 


Thus 

1 

2 

Exam .  i. 

a 

a 

Exam.  2. 

—  a 

—  a 

Exam.  3. 
5  b 

Exam.  4. 
—  7  be 
—  Sbc 

I  -f-  2 

2  a 

—  2  a 

1.  8A 

—  15  be 

J 

Exam.  5. 
3  a  +  5  b 

Exam.  6. 
3  a  — 5b 

Exam.  7. 

To  a  b  4~  12 

2 

2  a  — 7  b 

2  a  —  7  b 

3^  +  24 

I  4-2 

3l5«+i2^>, 

5  a — 12b 

9^4-36 

The  Reafon  of  thefe  Additions  is  evident  from  the  TV irk  of  Common 
Arithmetic!:.  For  fuppofe  a,  to  reprefent  one  Crozun,  to  winch  if  / 
add  one  Crown ,  the  Sum  will  be  two  Crowns ,  or  2  a,  as  infiExam.  I. 

Or  if  we  fuppofe  —  a,  to  reprefent  the  Want  or  Debt  of  one  Crown , 
to  which  if  another  TVant  or  Debt  of  one  Grown  be  added ,  toe  Sum 
muft  needs  be  the  TVant  or  Debt  of  two  *  Crowns^  or  ——  2a;  as  ui 
Example  2.  And  fo  for  all  the  rejl. 

Cafe  2.  If  the  Quantities  are  alike,  and  have  unlike  Signs ; 
fubtrad  the  Co-efficients  from  each  other,  and  to  their  Difference 
join  the  Quantities  with  the  Sign  of  the  greater. 


Exam.  8 

Exam.  g. 

tExam.  10. 

Exatn.  11. 

I 

+  5 a 

~5a 

7  be 

—  9  ah  d 

2 

—  la 

4-  3  a 

—  6  be 

4-  7  a  b  d 

J  +  2 

3 

4-  2  a 

—  2  a 

b  c 

|  —  2  a  b  d 

T  -f-  2 


Exam.  12. 

Exam.  13. 

'I 

7  a  — si 

— •  8  ab — 7  be  4-  15 

2 

—  5a  ~r  7  b 

4-  12  ah  -\-  7  b  c  —  24 

3  L  2  a  2  b 

4  a  b  —  g 

U  2 


The 


$tlgeb?a.  Part  ir. 

The  Reafon  of  the  Operations  in  this  Cafe  may  be  eafly  underjlood 
by  any  one  that  duly  confiders  the  comparing  of  Stock  and  Debts  toge¬ 
ther ,  or  the  Balancing  of  Accounts  betwixt  Debtor  and  Creditor . 
That  is,  the  Affirmative  Quantities  reprefent  the  Stock  or  Creditor  ; 
The  Negative  Quantities  reprefent  the  Debts ;  and  their  Sum  repre - 
fents  the  Balance ,  Szc. 

Cafe  3.  When  the  Quantities  are  unlike,  fet  them  all  down, 
without  altering  their  Signs  j  and  thence  will  arife  compound 
Quantities,  which  can  be  no  othervvife  added  fc>ut  by  their  Signs. 


Thus 

1 

a 

a 

Sh+ldc 

2 

b 

—  b 

4  a  +  20 

I  4-2 

3 

a-\-a 

a — b 

3  b  — j—  7  d  c  4-  4  a  — j—  20 

Here  follow  a  few  Examples  wherein  all  the  3  Cafes  are  pro- 
mifcuoufly  concerned. 


I 

aa-\-2ab-\-bb 

w  %  ab  -\-b  e  —  37 

2 

• —  4  ab 

—  7  ab —  be- f-  42  —  6  d 

1-1-2 

3 

a  a  —  2  a  b  ~\-bb 

a  b  4-  5  —  6  d 

I 

a  a  —  2ab  +  bb 

9  b  c  +  7  a  b  —  45 

2 

-1-  4  a  b  b  b 

4  d~  6  b  c  —  7  a  b  +  d  a 

1  +  2 

3 

a  a  -p-  2  a  b  4*  b  t 

3  b  c  4*  4  ^  —  45  +  ^  a 

1 

5  a 

+ 

1 

Si 

2* 

—  74 

7  c  —  d 

\  , 

3 

+  3a 

4  *  +/ 

1  +  2+3 

4 

a 

a  4-  b  —  a  b  4*  7  c- 

—  d  +  4  e  +/ 

1 

3  a 

a  \  a  b  c  —  b  b  ~\- 

30 

2 

2  b 

b—'iaa  —  2  a  be— 

-25 

3 

dd  Jf-  2a  a —  3  a  be- 

-3 

I  +  2  +  3l4 

dd  4-  2  a  a  -{-  b  b  —  a 

4+2 

Seft.  2.  Subtraction  of  whole  Cuiantitteg* 

qUBTRACTION  of  whole  Quantities  is  performed  by 
^  one  general  Rule. 


RULE. 

Change  all  the  Signs  of  the  Subtrahend,  (viz.  of  thofe  Quantities 
which  are  to  be  fubtraffed)  or  fuppofe  them  in  your  Mind  to  be 
changed  \  then  add  all  the  Quantities  together ,  as  before  in  Addition, 
and  their  Sum  will  kf  the  true  Remainder  or  Difference  required. 

This 


/ 
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This  general  Rule  is  deduced  from  thefe  evident  Truths. 

To  fubtrad  an  Affirmative  Quantity,  from  an  Affirmative,  is 
the  fame  as  to  add  a  Negative  Quantity  to  an  Affirmative  :  that 
is  -|-  2  a  taken  from  +  3  tf,  is  the  lame  with  -—2  a  added  to  -{-  3  a. 
Consequently,  to  fubtrad  a  Negative  Quantity  from  an  Affir¬ 
mative,  will  be  the  fame  as  to  add  an  Affirmative  Quantity  to  an 
Affirmative  :  that  is  —  2  a  taken  from  4-  3  a  will  be  the  fame  with 
+  2  a  added  to  -f-  3  a. 


1 

I - 2 

1 

2 

3 

Exam.  1. 

2  a 

a 

Exam.  2. 

—  2  a 

—  a 

Exam.  3. 
Sb 

3  b 

Exam.  4, 

—  l^bc 

—  8£c 

a 

—  a 

Sh 

—  7  be 

I  -  2 

1 

2 

3 

Exam.  5. 

5  <7-1-  12  b 

2  a  -f-  7  b 

3  a  5  b 

Exam.  6. 

5  a —  12  b 

2  a —  7  b 

3a~~  Sb 

Exam.  7. 

9  <7^  +  36 

3 ab  +  24 

6  a  b  -j-  12 

J  - 2 

r 

2 

3 

\ 

Exam.  8. 

+  2  ^ 

—  3  a 

Exam.  9. 
—  2  a 

+  3* 

Exam.  10. 

b  c 
—  6  b  c 

Exam.  ir. 
—  2  ab  d 
4-  7  ab  d 

+  5  a 

—  5* 

+  7  be 

—  9  ab  d 

Exam.  12. 

Exam.  13. 

I 

2  a  -{—  2  ^ 

4  b  —  9 

2 

—  5^+7^ 

—  —  7  b  c  4-  1 

I  —  2 

3 

7  a  —  $b 

12  a  b  be  —  24 

If  thefe  13  Examples  be  compared  with  thofe  in  Addition ,  the 
Work  will  appear  very  evident,  thefe  being  only  the  Converfe  or 
Proof  of  thofe  ;  according  to  the  Nature  of  Addition  and  Sub* 
tr  a  diion  in  common  Arithmetic k. 


More  Examples  in  Subtraction, 


I 

*4-£ 

5b  c-\-  2  d  a 

S  a  \  $b  d  \  25 

2 

- £ 

<;  b  c  —  4  d  a 

7  a  —  3  £  —  12 

?  —  ? 

3 

4~  2  b 

7  da 

a  -f-  8  b  d  4~  37 

1  —  2 
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M-13 

3  a  —  b  —  2  c 


3  f  -f-  1 3 — 3  a  -[-  b 


O 

2  a  —  4  £ 


2  «  4“  4  ^ 


<?-f~4  b  -{-  b  c  -|-  21 


4~  ^  4-  5  d —  7  * 


That  a  —  b  taken  from  a  -j-  b  leaves  -f*  2  b  for  the  Remainder, 
as  in  the  firft  of  thefe  Examples ,  may  be  thus  proved  : 


Let 

1 

a-J-  b  =  z 

And 

2 

a  —  b  ~  x 

2-|-  b 

3 

a~  x  b  per  Axiom  r. 

4 

b  ~  z  — -  x  —  h  per  Axiom  2. 

4  -j-T 

5 

lb  zn  z  —  x  which  was  to  be  proved. 

The  Truth  of  all  Operations  in  Subtraction,  where  any  Doubt 
arifes,  may  be  proved,  by  adding  the  Subtrahend  to  the  Remain¬ 
der,  as  in  Common  Arithmetick. 


EXAMPLE . 


From 

1 

4-  5  a 

0 

—  9  be 

Take 

2 

—  2  a 

4-  3  ^ 

—  6  da 

1  —  2 

3 

+  7  a 

—3 b 

-f-  6  d  a  —  9  b  c 

2  +  3 

4 

•T  5  a 

0 

—  9  be 

Subtrahend. 


Remainder. 


Proof. 


Sea.  3.  Multiplication  of  whole  £utantttte& 

1 

HAbJ LT IP  L  1 C  AT  I 0 N  of  whole  Quantities  admits 
■  ^  of  three  Cafes. 

Cafl  1.  When  the  Quantities  have  like  Signs,  and  no  Co-effi¬ 
cients,  fet  or  join  them  together,  and  prefix  the  Sign  -j-  before 
them ;  and  that  will  be  their  Product. 


Thus  | 


J  X  2 


Exam.  1. 

Exam.  2. 

Exam.  3. 

Exam.  4. 

I 

a 

—  a 

a  4-  b 

—  a —  b 

2 

b 

—  b 

d 

—  d 

3 

a  b 

-f  -  a  b 

a  d-\-b  d 

4“  a  d  4-  b  d 

Cafe  2.  If  there  be  Co- efficients ;  multiply  them,  and  to  their 
Pfodudl  adjoin  the  Quantities  fet  together  as  before. 

Thus 
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Thus  { 

1X2 

1 

2 

3 

Exam.  5. 

5a 

3* 

Exam.  6. 

—  6  d 

—  7  b 

Exam.  7. 
3^-f-  2  b 

6 

Exam.  0. 

<2  4~  ^ 

5  ^ 

>5  al> 

-P-  42  db 

l8tf-|-I2  b 

^  a.  b  -j—  *5  b  b 

Cafe  3. 

and  the  Pr 
fix  the  Sig 

Thus  {  I1 

l|2 

1  x  2  I3 

When  th 
odudt  of  t 
n  —  befor 

Exam.  9. 
+  a 

—  b 

e  Quantitie 
heir  Co-effi 
e  them  5 

Exam.  10. 
—  6  d 

A- lb 

s  have  unlike 
cients  together 

Exam.  it. 

A.a —  7  b 

3/ 

Signs ;  join  them 
(as  before]  but  pre- 

Exam.  12, 

\a  —  7  b 

i- 3/ 

—  a  b 

I 

-f- 

OT' 

■u 

1 2  « / —  21  bf 

1 —  12  af-\~  21  £/* 

That  is,  -j-  into  -j-,  or  —  into  — ,  gives  -|- 
But -j- into — ,  or  —  into  gives  — 

j-  in  the  Product. 

That  -f-  into  +  will  produce  4~  in  theProduft,  is  evident  from 
Multiplication  in  Common  Arithmetick :  viz.  -4-  5  into  -f-  7  will 
give  -j-  35  &c.  But  that  4-  into  — ,  or  —  into  -f-  fhould  pro¬ 
duce  the  Sign — ,  as  in  the  four  laft' Examples  :  And  that  — .  in¬ 
to  —  fhould  produce  the  Sign  -j-,  as  in  the  fecorid,  fourth,  and 
fixth  Examples,  may  perhaps  fecm  fomewhat  difficult  to  be  #011- 
ceived  j  and  requires  a  Demonflration. 


Firfl  to  prove  that  —  7  i  into  -\-  3/=  — -  2 1  b f  as  in  Ex .  1 1 » 


Suppofe 
Then  will 
But 
2x3 
4—21  bf 


1 

2 

3 

4 

5 


4  a  —  7  b=:  O 
4a  —  7  b 

+  3/=  +  3/ 

1 2  a  f  zz  2 1  b  f 
I2a f —  21  bf: 


per  Axiom  I. 
per  Axiom  3. 


o 


per  Axiom  2. 


Confequently  -f-  into  — ,  or  —  into  +  produces  — ,  which  was 
the  Thing  to  be  proved. 

Secondly  to  prove  that  — -  7  b  into  —  3  f  gives  4-21  bf,  as  in 

Example  1 1 . 


as  before, 


Let  r  4  a  —  y  b  —  0 
Then  2  \a  ~  7  b 

3  —3/=  — 3/ 

the  2  X  3  is  4  —  1 2  af—  —  aj  bf  by  what  is  proved  above, 
4  —  21  bf  5  — 1 2  a f  -j-  21  bf  —  o.  per  Axiom  1  • 

Confequently  —  into  — ■  gives  .4-  which  was  to  be  proved, 

O; 


J52 


fart  II. 


Or  thefe  may  be  other  wife  proved  by  Numbers. 

.  r  i  a  =  '3.0  I  ,  f  c  =  12  7  f  or  any  other  Num 
Thus,  fuppofe  \  b-lA\  and  \  d_  g  £  {  berj. 

Then  ~~~a^—b  —  6  c  —  d~  4  -per  Axiom.  1* 


Confequently,  <2  —  £  x  c  —  d=.  6  x  4=:  24,  Axiom  3.  but 

a  —  bxc —  d ,  according  to  the  precedent  Rules,  will  be* 
ac  —  c  b-\-b  d  —  6 i  ay  which  if  true  muft  be  equal  to  24. 


P  nnfJ  aC  =  26  X  11  ~  24°  cb=z  I2Xl4=l68 

r  (_  b  d  =3  1 4  x  8=112  da  =  8x20  =160 

Hence  22  </-  b  dz=z  352  /><?>"  Axiom  1  * 

And  cb  da~  328  which  being  fubtradled. 

Leaves  22c  +  —  </az  352  —  328  —  24,  which  plainly 


fhews, 


That  -j-  into  —  produces  4-  ? 
And  —  into  —  produces  4-  S 


in  the  Product 
Q  E.  D> 


1  ,  .  .... 

Note,  If  the  Multiplier  confifts  of  feveral  Terms,  then  every 
one  of  thofe  Terms  muft  be  multiplied  into  ail  the. Terms  of  the 
Multiplicand  ;  and  the  Sum  of  thofe  particular  Products,  will  be 
the  Product  required,  as  in  Common  Arithmetic/:. 


EXAMPLE  S . 


1 

a  b  — ■  d 

7  b  4-  5  d 

2 

a  —  b 

ta~  5/ . .  . . 

I  X  a 

3 

a  a  -f-  b  a  —  da 

21  b  a  -i-  15  da 

I  X  b 

4 

—  b  a  —  b  b  -\-  d  b 

3  S  b  f  2  ^  df 

3+4 

5 

a  a  —  d  a  —  b  b  -j-  d  b 

21  ba+  15  da  —  35  */ —  ^5  df 

T 

22  a  —  b  a 

2  c  — 

■  3  d 

2 

a  4~  b 

3«- 

-4 .  b 

1X2 

3 

a  a  a —  abb 

6  ca  - 

—  Q  d  a  —  8+4“  12  d  b 

1 

2 

27  a 

a 

4~  2  a  ~j~  4 
- 2 

a  a  —  b  a  bb 

a  -4-  b 

a  a  a 

-{-  2  22  <2  4*  4  a 

—  2a  a  —  4  <7 — 8 

a  a  a  —  b  a  a  b  b  a 

4 -baa  -■ —  b  b  a  b  b  b 

1X2 

3 

a  $  a 

—  8 

a  a  a  ~\~  b  b  b 

2 


Sect. 
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Seifl.  4.  DttUflCUt  of  whole  CUlCUtttttCfJ* 

JT\Ivifion  of  Species,  is  the  converfe  or  dire£f  contrary  to  that  of 
Multiplication ,  and  confequently  is  performed  by  converfe 
Operations,  (as  in  common  Arithmetick )  and  admits  of  four  Cafes . 

Cafe  1.  When  the  Quantities  in  the  Dividend,  have  like  Signs 
to  thole  in  the  Divifor,  and  no  Co-efficients  in  either  ;  caff  off  or 
expunge  all  the  Quantities  in  the  Dividend,  that  are  'like  thofe  in 
the  Divifor ;  and  fet  down  the  other  Quantities  with  the  Sign  -f- 
for  the  Quotient  required. 


Thus  | 

1 

ah 

—  ah 

a  d  h  d 

l 

1 

2 

h 

—  h 

d 

—  d 

1—2 

3 

a 

-f-  a 

a  h 

a  ~-j-  b 

Cafe  2.  When  the  Quantities  in  the  Dividend  have  unlike  Signs 
to  thofe  in  the  Divifor;  then  fet  down  the  Quotient  Quantities 
found  as  before,  with  the  Sign  —  before  them. 


Thus| 

T 

—j—  a  h 

—  ah  —  h  d 

abc-\-bcd+bcf 

2 

—  b 

-1-  b 

—  h  c 

1—2 

3 

—  a 

—  a  —  d 

—  a  —  d—f 

Cafe  3.  If  the  Quantities  in  the  Dividend  and  Divifor,  have 
Co-efficients  ;  divide  the  Numbers  (as  in  common  Arithmetick) 
and  to  their  Quotients  adjoin  the  Quotient  Quantities. 


Thus 

1 

l$ab 

42  d  h 

12  a  f  —  21  hf. 

2 

3* 

—  7  h 

3/ 

1—2 

3 

5  a 

—  6  d 

4  a  —  7  b 

Note.,  When  the  Quantities  and  Co-efficients  in  the  Divifor  and 
Dividend  are  all  the  fame,  the  Quotient  will  be  an  Unit,  or  1. 


Thus  | 

1 

a  h 

9  he 

jab  +  sbe 

8  a  b  4  d 

2 

a  b 

—  9  he 

7  ah  -|-  5  be 

Sab  —  4  d 

1  —  2 

3 

fr 

—  I 

I 

—  1 

Cafe  4.  W$en  the  Quantities  in  the  Divifor  cannot  be  exactly 
found  in  the  Dividend  ;  then  fet  them  both  down  like  a  V ulgar 

Fractions  as  id  common  Arithmetick. 

\ '  “ 


X 


Thus 
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Thus  | 

I  I 

a 

6  be 

5  £  a  a 

8  a  d  c 

2 

b 

3  d 

SdJrlh 

4  a  b  c 

a 

2  be 

$b  a  a 

2  d 

I-V-2 

3 

b 

d 

5  a  7  b 

~b 

iY.  B.  In  Divifion  one  thing  muft  be  very  carefully  obferved ; 
viz.  that  like  Signs  give  -f-  and  unlike  Signs  give  —  in  the  Quo¬ 
tient;  which  needs  no  other  Proof  than  that  already  laid  down  in 
the  lad  Section,  if  duly  compared  with  what  hath  been  faid  con¬ 
cerning  Multiplication  and  Divifion ,  in  Vulgar  Arithmetick . 


2  X  3  a 

1  “3 

2X-5/  5 
4—  5 
I  '  '2 


Examples  of  Divifion  at  large. 

nba  +  isda—  35  bf—  25  df  ( +  3 

7  b  "l-  7  r/ 


21  £  #  +  I  $  d,  a 


O 


—  35^7—25  <*'/(+  5/ 

—  35  —  25  df 


o  o 

3,7 — the  Quotient  collected  from  the  3,  and  5,  Steps* 


Or  Divifion  of  Quantities  may  {land  as  Numbers  in  common 

Arithmetick  do  ;  thus 


2  a  —  6)6  a % a  a  a  —  9  ^  (2aaa-j~4raa-j~Sa  -|—  1 6 

6  a  a  a  a  —  \  ia  a  a 


o  4- 
+ 


\ia  a  a 
12  a  a  a 


96 

2$  a  a 


~j-  24 .a a —  96 
+  24  rt  —  4877 


“f-  48  — -  96 

-f-  48  —  96 


o 


That  is,  6a  a  a  —  96-^3^ — '  6  gives  2  a  a  a  4.  a  a  -f-  8  a  -f- 
16  for  the  Quotient,  as  may  eafily  be  proved  by  Multiplication , 

viz.  2  a  a  a  -j~  4.  a  a -j- 6  a  ^  16  x  3^  —  6  will  produce  6  77  4 — 965 
and  fo  for  the  red.  , 


Sea.  5.  ^Mutton  of  Mjole  Ciumttttes. 

TNvolution  is  the  raifing  or  producing  of  Powers,  from  any  pro- 
M  pofed  Root,  and  is  performed  in  all  refpedfs  like Multiplication , 
fave  only  in  this:  Multiplication  admits  of  any  different  Fadfors, 
but  Involution  ftill  retains  the  fame.  | 
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EXAMPLES. 


I 

a 

—  a 

the  Root,  or  fingle  Power. 

I 

2 

a  a 

4  -  a  a 

Square,  or  fecond  l  ower. 

I  3 

3 

a  a  a 

—  a  a  a 

Cube,  or  third  Power. 

I  ®-4 

4 

a  a  a  a 

4~  a  a  a  a 

Biquadrat,  or  fourth  Power. 

I  ®5 

5 

aa  a  a  a 

—  a  aa  a  a 

Surfolid,  or  fifth  Power,  &c. 

Note ,  The  Figures  placed  in  the  Margin,  after  the  Sign  (®) 
of  Involution,  fhew  to  what  Height  the  Root  is  involved  ;  and 
are  called  Indices  of  the  Power ;  and  are  ufually  placed  over  the 
involved  Quantities,  in  order  to  contract  the  Work,  efpecially 
when  the  Powers  are  any  thing  high. 


Thus 


a 

az 

al 

#4 


a 

—  a  a 
~  a  a  a 

—  a  a  a  a 


And 


{a5  ~  a  a  a  a  a 
#6  —  a  a  aa  a  a 

aS  b\zn  a  a  a  a  a  b  b  b  b  b 

a  3  b3  dl  —  aaabbbddd 


If  the  Quantities  have  Co-efficients,  the  Co-efficients  mud  be 
involved  along  with  the  Quantities,  as  in  thefe, 


Thus 

2  a 

3  a  't 

5 b  c 

1  ®-2 

2 

4  a  a 

-j-  9  a  a 

25  b  b  c  c 

I  ®-3 

3 

8  a  a  a 

—  27  a  a  a 

125  b  b  b  c  cc 

I  ®-4 

4 

16  a  aa  a 

4 -  81  a  a  a  a  , 

62  5  b 4  c\ 

I  ©*5  |  5  j 

32  a  a  a  a  a  | 

—  243  aS 

3125  b^>  c*,  &c. 

Involution  of  Compound  Quantities  is  performed  in  the  fame 
manner,  due  regard  being  had  to  their  Signs  and  Co-efficients,  if 
there  be  any.  As  for  inflance,  fuppofe  a  b  were  given  to  be 
involved  to  the  fifth  Power. 


Thus 

i  x  a 
i  x  b 

I  ®-7- 

4  x  a 

4  X  b 
i 


l 


a  4-  b  called  a  Binomial  Root. 
a  -{-  b 


2 

3 

4 


a  a  -p-  a  b 

-4-  a  b  -j-  b  b 

aa-{-2ab-\-bbj  the  Square  of  ci  -j-  b 
a  -ffi  b 

a  a  a  4-  la  a  b  4--  abb 

4-  aab-\-2abb-^bbb 

a  a  a  — 3  a  a  b  —f"  3  a  b  b  b  u  b ,  the  Cube  of  a  — p  b 

X  2  ««« 
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7  x  a 
7  x  b 

I  ©-5 


8 

9 

io 


io  x  a  1 1 

I  X  b  \  2 

i  ©V3 


<2  #  £  -f-  3 
ci  — b  % 


aae-\-i)alb-\-'}>aabb-\-  a  b  b  b 

+  aZ  b  $  a  a  b  b  ^  a  b  b  b  -\-  b^ 


a 4  +  \aZb-\-baabb  -f-  4 a  b b  b  -}-'M 
a  -f-  b 

dS  -j-  4  <?4  b  -f-  6  aZ  b  b  -f-  4  a  a  bz  -j-  M 

#4-  £  -f-  4  #3  £  £  -j~  6  a  bz  -j-  a  M  +  bz 


aZ  +  5  4  b  -f- 1  o  aZ  b  b-\- 1 0  a  a  bz  -f-  <2  b  4  -f- 
hc. 


bs 


Again  let  a  —  b ,  called  a  Refidual  Root,  be  given. 


Then 

I 

a  —  b 

a  —  b 

1  x  a 

2 

a  a  —  a  b 

1  X—b 

3 

—  a  b  -P  b  b 

I  ©2 

4 

a  a  —  2  a  b  b  b  tne  oquare  of  a  —  b 

'a  —  b 

4  X  a 

5 

aaa~— 2aab-\~abb 

4  X  — b 

6 

• — •  aab-\-'iabb  —  b  b.b 

I  ©3 

7 

a  a  a  —  3  a  a  b  3  a  b  b—~  b  b  b^  the  Cube  of  a — b 

a  —  b 

7  x  a 

8 

a  a  a  a  —  3  a  a  a  b  -f-  3  a  a  b  b  —  a  b  b  b 

7  X  — b 

9 

> —  aciab-\-'2>aabb  —  3  a  b  b  b  -f-  b  b  b  b 

I  ©4 

10 

a  a  a  a  —  \aaab-\-baabb  — -  4  abbb*\-bbbb 

a  —  b 

IO  x  a 

1 1 

aZ  — 4  b  -\-  b  a3  b  b  —  4  a  a  bz  +  a 

10  x  — b 

12 

* — b  -j-'  4  a1  b  b  —  6  a  a  b^  -j-  4  a  b 4 — bZ 

I  ©5 

*3 

a *  —  5  a**  b- f  - 10  aZ  b  b — 1 0  a  a  bz  -J-  5  a  b 4' — bZ 

Sic. 

By  comparing  tbefe  two  Examples  together  you  may  make 
the  following  Obfervations. 

1.  That  the  Powers  raifed  from  a  Refidual  Root  (viz.  the  Dif¬ 
ference  of  two  Quantities)  are  the  fame  with  their  like  Powers 
raifed  from  a  Binomial  Root  (or  the  Sum  of  two  Quantities)  fave 
only  in  their  Signs  ;  viz.  the  Binomial  Powers  have  the  Sign  -|- 
to  every  Term,  but  the  Refidual  Powers  have  the  Signs  -f-  and 
. —  interchangeably  to  every  other  Term. 

2.  The  Indices  of  the  Powers  of  the  leading  Quantity  (a)  con¬ 
tinually  decreafe  in  Arithmetical  Prpgreffion  5  viz.  in  the  Square 

it 


chap.  2.  3|tfljolutton  of  CiuanttUess. 


1 57 


it  is  a  a,  a  :  In  the  Cube  a  a  a,  a  a>  a:  In  the  Biquadrat  a  a  a  a, 
a  a  a,  a  a,  a ,  Sec. 

3.  The  Indices  of  the  other  Quantity  b  do  continually  increafe 
in  Arithmetical  Progrefiion  ;  viz.  In  the  Square  it  is  b,  b  b  ;  In 
the  Cube  b,  b  b,  b  b  b :  In  the  Biquadrat  b^b  b,  b  b  b  b  b  Z>,  See. 

4.  The  firft  and  laft  Terms  are  always  pure  Powers  of  the 
fmgle  Quantities,  and  are  both  of  the  fame  Height. 

5.  The  S  um  of  the  Indices  of  any  two  Letters  joined  together 
in  the  intermediate  Terms,  are  always  equal  to  the  Index  of  the 
higheft  Power,  viz.  of  the  firft  or  laft  Term. 

Thefe  Obfervations  being  duly  confidered,  it  will  be  eafy  to 
conceive  how  the  Terms  of  any  propofed  Power  raifed  from  a 
Binomial  or  Refidual  Root  muft  ftand,  without  their  Unciae  or 
Numeral  Figures. 

For  Inftance,  fuppofe  it  were  required  to  raife  the  Binomial 
Root  #  -f-  b  to  the  feventh  Power ;  then  the  Terms  of  that  Power 
will  ftand  without  their  Unciae  in  this  Order. 

Viz.  al  -j-  efi  b  -p  #5  b7,  -}-  #4  b J  -}-  a1 b^  -f-  a  b^  -f-  b7 . 

And  becaufe  the  Uncia  (not  only  of  any  fingle  Letter,  butalfo) 
of  every  fingle  Power,  how  high  foever  it  be,  is  an  Unit  or  1 
(which  neither  multiplies  nor  divides)  and  all  the  Powers  of  any 
Binomial  or  Refidual  Root  are  naturally  raifed  by  multiplying  of 
the  precedent  Power  into  it's  original  Root,  which  is  done 'by  on¬ 
ly  joining  each  Letter  in  the  Root  to  the  precedent  Power,  with 
it’s  Unciae,  and  then  removing  the  faid  Power,  when  it  is  fo 
joined  to  the  fecond  Letter,  one  place  forward  (either  to  the  left 
or  right  Hand)  it  muft  needs  follow. 

That  the  Unciae  of  the  fecond  Terms  (in  any  fuch  Power)  will 
always  be  the  Sum  of  fo  many  Units  added  together  more  one, 
as  there  have  been  Multiplications  of  the  firft  Root ;  which  will 
always  be  determined  by  the  Index  of  the  firft  Term  in  the 
Power. 

And  becaufe  the  Unciae  of  all  the  intermediate  Terms,  are 
only  removed  along  with  their  Letters,  it  alfo  follows ;  that  if 
they  are  added  together,  their  refpedtive  Sums  will  produce  the 
true  Unciae  of  the  intermediate  Terms  in  the  new  raifed  Power. 
As  doth  plainly  appear  from  the  following  Numbers  fo  removed 
without  their  Letters  ;  which  both  fhews  and  demonftrates  an 
eafy  Way  of  producing  the  Unciae  of  any  ordinary  Power  ( viz . 
of  one  not  very  high)  raifed  from  either  a  Binomial  or  Refidual 
Root. 


Thus 
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Part  II. 


Thus 


Add  i  1  •  1  • 

t  I  . 


The  two  Unciae  of  the  Root. 


Add  |  1  •  2t  ' 


1 

2 


Add  \  1  ■  3  •  3  • 

l  i  •  3  • 


Add  { 1  •  ^  ; 


6 

4 


Add  { 
Add 


5 

i 


10 

5 


The  Uncis  of  the  Square. 

i 

The  Unciae  of  the  Cube. 

i 

The  Unciae  of  the  fourth  Power. 

T 

Unciae  of  the  fifth  Power. 

i 


z 

3 


4 

6 


i 

4 


io 

io 


5 

io 


i 

5 


V' 


6 

i 


1 5 

6 


20 

15 


15 

20 


6 

J5 


i  Unciae  of  the  6th  Power. 

6.i  i 


21  •  35  •  35  •  21  •  7  •  1  Unciae  of  7th  Pow. 


And  fo  on  in  this  manner  ad  infinitum . 


Now  if  thefe  Numbers  are  prefixed  to  the  aforefaid  Letters,  all 
the  Terms  will  be  compleated  with  their  refpedfive  Unciae,  and 
will  (land  thus ; 

tf74“7«6  b-\-2iaS  £z+35tf4£3_j_35tf3  />4_|~2i  az  £5-|-  ja  b6-\-b7.  * 

But  that  the  Bufinefs  of  finding  thefe  Unciae,  may  be  rendered 
yet  more  eafy  for  Pra&ice,  it  will  be  convenient  to  confider  what 
Series  or  Progrefiion,  the  Unciae  of  each  Term  do  make  from  the 
aforefaid  Additions. 


Uncia:  of  the 

firft  Term. 

Unciae  of  the 
1'econdTerm. 

Unciae  of  the 
third  Term. 

Unciae  of  the 
4th  Term. 

Unciae  of  the 
fifth  Term. 

Unciae  of  the 
sixth  Term. 

Unciae  of  the 
7th  Term. 

Si 

O  & 
r>  <*> 

■  2  H 
«  -  . 

C  0 

^  ©5 

1 

1 

Unciae  of  the  Angle  Quantities. 

1 

2 

1 

Unciae  of  the  Square. 

1 

3 

3 

1 

Unciae  of  the  Cube. 

i 

4 

6 

4 

1 

Unciae  of  the  4th  Power. 

1 

5 

10 

10 

5 

1 

Unciae  of  the  5th  Power. 

1 

6 

1 5 

20 

15 

6 

X 

Unciae  of  the  6th  Power. 

1 

7 

21 

35  I  35 

21  |  7 

1  Unciae  of  the  7th  Power,  &c« 

The  Unciae  of  the  firfl  Term  are  only  a  Series  of  Units,  whofe 
Sum  is  every  where  thCjUnciae  of  the  fecond  Term.  The  Unciae 
of  the  fecond  7'erm,  are  a  Series  of  Numbers  in  Arithmetick  Pro- 
greffion,  whofe  Sum  is  every  where  the  Unciae  of  the  next  Su¬ 
perior  Power  in  the  third  Term,  and  may  be£ound  by  Propor¬ 
tion 
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tion  i.  Chap.  6.  Part  i.  For  Inftance,  in  the  feventh  Power 

it  will  be  2i  z=  the  Uncia  of  the  third  Term. 

2 

The  reft  of  the  Unciae  are  a  compounded  Series,  whofe  re- 
fpediive  Sums  may  be  obtained  from  the  Unciae  of  their  prece¬ 
dent  Terms. 

Thus  -~-X-  —  35.  Then  35  ^_4  zz  3 5,  Again 

3  4  5 

A  1  21  X  2  r  . 

=  21.  And - zz  7, .CSV. 

6  7 

From  hence  may  be  deduced  this  general  Rule. 

RULE. 

If  the  Index  of  the  fir  ft  Letter  of  any  Term  be  multiplied  into  ids 
own  Uncia,  and  that  Product  be  divided  by  the  Number  of  Terms  to 
that  Place  ;  the  Quotient  will  be  the  Uncia  of  the  next  fucceeding 
Term  forward. 

That  is,  by  the  Help  of  thofe  Indices  that  belong  to  the  fevera! 
Powers  of  the  firft  or  leading  Letter  only  (as  a)  the  true  Unciaeof 
every  Term  may  be  eafily  underftood. 

EXAMPLE  2. 

Let  it  be  required  to  compleat  all  the  Terms  of  the  aforefaid 
feveral  Powers,  viz.  a1  -j-  a^>  b  -f-  a 5  b'~  <2+  bi  -j-  (P  b ♦  ~p  a1  N 

+  a  b^  +  hi,  with  their  proper  Unciae. 

1.  The  Index  of  ai  the  firft  Term  will  be  the  Uncia  of  the 
fecond  Term.  Thus  al  -j-  7  a^h. 

2.  Then  half  the  fecond  Term’s  Index  into  it’s  Uncia,  viz, 

1.  *  °  “21,  will  be  third  Term’s  Uncia.  Thus  al  -j-  7  al*h 


yi 


fourth  Term, 


-f-  21  aS  b2  will  be  the  three  firft  Terms. 

3.  Again  — Li 1.5  —  35  is  the  Uncia  of 

3 

whence  al  -{-  7  a6  bz  +  21  a*>  bz  -{-35  a *  be  the  four  firft 

Terms. 

4.  And  'll— -A.  =z  35  will  be  the  Un< 

4 

whence  al  -j-  7  b  -J-  2 1  a5  b1  +  35 a + 
the  five  firft  Terms. 

And  fo  proceed  till  all  the  Terms  are  compleafed  with  their  re- 
fpe&ive  Uncite  ;  which  will  ftand  thus,  al  -j-  7  as  b  -f-  21  aS  b a 
+  35  b  3  +  35  b%  +  21  a1  bS  y  a  b6  hi,  ~ 

.  *  Now 


e  fifth  Term, 
‘35  a'3  It  will  be 
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Now  here  it  may  be  further  obferved,  that  the  Unciae  do  only 
increafe  until  the  Indices  of  the  two  Letters  become  equal,  or 
change  Places  ;  and  then  the  reft  of  the  Unciae  will  return  or 
decreafe  in  the  fame  order.  That  is,  wherever  the  Indices  of  the 
Letters  are  alike,  there  the  Unciae  will  be  alike. 

And  therefore  one  needs  to  find  the  Unciae  (as  before)  but  to 
half  the  Number  of  Terms  in  any  Power. 

If  what  hath  been  faid,  and  the  Work  of  the  Example  be  well 
underftood,  I  prefume  it  will  be  found  very  eafy  to  raife  any 
Power  from  a  Binomial  or  Refidual  Root,  to  what  Height  you 
pleafe ;  without  the  Trouble  of  a  continued  Involution;  and 
without  the  Help  of  fuch  a  Table  of  Powers  as  is  propofed  by 
Mr  Oughtred  in  his  Key  to  the  Mathematicks ,  Page  40,  and  fmce 
by  others. 

Now  from  thefe  Confiderations  it  was,  that  I  propofed  this  Me¬ 
thod  of  raifing  Powers  in  my  Compendium  of  Algebra^  Page  57, 
as  wholly  New  (viz.  fo  much  of  it  as  was  there  ufeful)  having 
then  (I  profefs)  neither  feen  the  Way  of  doing  it,  nor  fo  much  as 
heard  of  it’s  being  done.  But  fince  the  writing  of  that  Tracft,  I 
find  in  Dr  JVallis> s  Hijlory  of  Algebra ,  Page  319  and  331,  that 
the  learned  Sir  Ifaac  Newton  had  difcovered  it  long  before  ;  which 
the  Doctor  fets  down  in  this  Manner. 

Let  m  be  the  Exponent  of  the  Power. 

Then  $  1  x  mZlL  x  x  meZl  x 

1  i  2  3  4  5 

will  be  the  Series  of  the  Unciae  required  ;  but  he  doth  not  tell 
us  how  they  firft  came  to  be  found  out,  nor  have  I  ever  met  with 
the  leaft  Hint  of  it  in  any  Author. 


Seft.  6.  euoitttton  of  whole  £EUianUtfe&. 

Jf  Volution  is  the  extra&ing  of  Roots  from  any  given  Power. 
'*-J  That  is,  it  is  the  Converfe  Work  to  that  of  Involution,  and 
in  fingle  Quantities  it  is  eafy,  if  the  given  Power  have  fuch  a 
Root  as  is  required,  which  may  be  thus  known. 

If  the  given  Power  have  no  Numbers  prefixed  to  it,  and  it’s 
Index  can  be  divided  by  the  Index  of  the  Root  required,  the  Quo¬ 
tient  will  be  the  Index  of  the  Root  fought.  Thus,  if  the  Cube 

Root  of  a  a  a  a  a  ay  viz.  ar°  were  required  (the  Index  of  the 

6 

Cube  is  3)  then  3)  6  (2.  That  is,  aY  =  a1  the  Root  required. 
And  fuch  Operations  are  ufually  fet  down 
2 


Thus 
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Thus 

i 

a 6 

a6  bb 

a6  b 6  d6 

i  ujj2 

2 

a 5 

a 3  b 3 

a*  b3  d 3 

I  UJJ3 

3 

a 

a2  bz 

*2  br  d 2 

3 

4 

a 

a  b 

a  b  d 

Note,  The  Figures  placed  in  the  Margin  after  the  Sign  ( wj )  of 
Evolution,  denote  the  Index  of  the  Root  to  be  extracted. 

If  the  given  Powers  have  Co- efficients :  (viz.  Numbers  pre¬ 
fixed  to  them  ;)  then  you  muft  extract  their  refpe£tive  Roots,  as 
in  Vulgar  Arithmetick. 


Thus 

i 

CO 

+■ 

l 

I  2q6  as  bs 

20736  d4Z>4  c4 

I  UJJ2 

2 

/r 

9  a 

36  a +  b + 

144  a2,  bz  c* 

I  UJJ + 

3 

3  a 

6  a~  bz 

12  a  b  c 

or  2  ujj1 

4 

!  3  a 

6  a 2  b* 

12  a  b  c 

But  if  the  Root  required  cannot  be  truly  extracted  out  of  both 
the  Co-efficients  and  Indices  of  the  given  Power ;  then  it  is  a 
Surd,  and  mutt  have  the  Sign  of  the  Root  required  prefixed  to  it. 


Thu? 

I 

a5 

67  a 4  1 

216  bbb  d  d  d 

I  UJJ 2 

2 

\/  a  * 

\/  67 

\ /  216  b  b  b  d  d  d 

I  UJJ  ’ 

3 

Waf 

3V/  67 

|  6  b  d 

Evolution  of  compound  Quantities  or  Powers,  is  a  little  more 
troublefome  than  that  ofSingle  Powers ;  and  would  require  a  great 
many  Words  to  explain  the  manner  and  Reafon  of  forming  the 
feveral  Canons,  that  are  commonly  ufed  in  extracting  the  Roots 
of  compound  Quantities;  efpecially  if  the  Powers  be  very  high, 
&c.  I  (hall  therefore  for  Brevity’s  fake  omit  them,  and  inftead 
thereof  propofe  an  eafy  Method  of  difcovering  the  Roots  of  all 
compound  Powers  in  general.  And  in  order  to  that,  it  will  be 
neceffary  to  premife;  that  if  either  the  Sum  or  Difference  of  fe¬ 
veral  Quantities  be  involved  to  any  Power,  there  will  arife  10 
many  fingie  Powers  of  the  fame  height,  as  there  are  different 
Quantities. 

As  for  inftance,  if  a  +  b  +  d  be  fquared,  that  is,  be  involved 
to  the  fecond  Power,  it  will  be  aa~^'lab~\"'2.ad-]j~bb-\-2bd -\~dd9 
here  you  have  aa9  bby  and  dd.  Again,  if#-] -b-^-d  were  cubed, 
viz.  involved  to  the  third  Power,  then  you  will  have  a  a  a,  bbb9 
ddd9  in  it, 


Y 


Whence 
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Whence  it  follows  that  in  extracting  the  Roots  of  all  com¬ 
pound  Quantities,  there  mull  be  confidered, 

1.  How  many  different  Letters  (or  Quantities)  there  are  in 
the  given  Power. 

2.  Whether  the  Tingle  Powers  of  each  of  thofe  Letters  be  of 
an  equal  Height,  and  have  in  them  fuch  a  Tingle  Root  as  is  re¬ 
quired  :  which  if  they  have,  extra#  it  as  before. 

3.  Connect  thofe  Tingle  Roots  together  with  the  Sign -f-,  and 
involve  them  to  the  fame  Height  with  the  given  Power ;  that 
being  done,  compare  the  new  raifed  Power  with  the  given  Power ; 
and  if  they  are  alike  in  all  their  refpe#ive  Terms,  then  you  have 
the  Root  required  ;  or  if  they  differ  only  in  their  Signs,  the  Root 
may  be  ealily  corrected  with  the  Sign  —  as  occafion  requires. 

Example  1.  Let  it  be  required  to  extra#  the  Square  Root  of 
c  c  ~\~2  c  b  —  2  c  d-\-bb  —  2  b  d  d  d.  In  this  Compound 
Square,  there  are  three  diftin#  Powers,  viz.  b  b,  c  c,  d  d,  whofe 
Tingle  Roots  are  b ,  ct  d ,  wherefore  I  fuppofe  the  Root  fought  to 
be  b  -T  c  or  rather  b  c  —  d9  becaufe  in  the  given  Power 
there  is  —  2  c  dy  and  —  2  b  d,  therefore  I  conclude  it  is  —  d ; 
then  b  -ff  c — d ,  being  fquared,  produces  b  b  2  b  c  —  2  bd 
-4-  c  c  —  2  cd-\-dd,  which  I  find  to  be  the  fame  in  all  it’s  Terms 
with  the  given  Power,  although  they  ftand  in  a  different  PoTition  ; 
confequently  b  -f-c  —  d  is  the  true  Root  required. 

Example  2.  It  is  required  to  extra#  the  Square  Root  of  a 4 
^-2aabb-\~b^.  Plere  are  but  two  Tingle  Powers,  viz .  a 4  and 
£+,  whofe  Square  Roots  are  a  a  and  bb.  And  becaufe  in  the  given 
Power  there  is  —  2.aabb,  therefore  I  conclude  it  muft  either  be 
a  a  —  bb  or  bb  —  a  a.  Both  which,  being  involved,  will  produce 
a*  —  2  a  a  b  b-\-b*y  confequently  the  Root  fought  may  either  be 
a  a  —  b  by  or  b  b  —  a  a  according  to  the  Nature  or  Defign  of  the 
Queflion  from  whence  the  given  Power  was  produced. 

Exa?nple  3.  Let  it  be  required  to  extra#  the  Square  Root  of  36 
a  a  a  a -j- 108  a  a 81.  Here  the  two  Tingle  Powers  are  36 
a  a  a  ci,  and  81,  whofe  Roots  are  6  a  a  and  9.  And  becaufe  the 
Signs  are  all  therefore  I  fuppofe  the  Root  to  be  6  a  a  -j-  9,  the 
Which  being  involved  doth  produce  36  tf4-]-  108  a  a  — J-  8 1  ;  con¬ 
fequently  6  a  a  -j-  9  is  the  true  Root  required. 

Example  4.  Suppofe  it  were  required  to  extra#  the  Cube  Root 
of  1 25  a  a  a  -j”  300  a  a  e  —  450  a  a  250  a  e  e  —  72 o  a  e 
-j-  64/?  e  <?T-54°  a  —  288  e  e  432  e —  216.  In  this  Example 
there  are  three  diftin#  Powers,  viz.  125  a  a  a,  6q.eee,  and  —  216. 
And  the  Cube  Root  of  1 25  a  a  a  is  5  a  ;  of  64  e  e  e  is  4  e ;  of 
■ —  216  is  —  6.  Wherefore  I  fupoofe  the  Root  fought  to  be  5  a 
+  4*~63  which  being  involved  to  the  third  Power,  does  pro- 

'  dues 
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duce  the  fame  with  the  given  Power;  confequently  5  a-\-^e—6 
is  the  Cube  Root  required. 

But  if  the  new  Power,  raifed  from  the  fuppofed  Root  (being 
involved  to  it’s  due  Height)  fhould  not  prove  the  fame  with  the 
given  Power,  viz.  if  it  hath  either  more  or  fewer  Terms  in  it, 
&c.  then  you  may  conclude  the  given  Power  to  be  a  Surd,  which 
muflhave  it’s  proper  Sign  prefixed  to  it,  and  cannot  be  otherwife 
expreffed,  until  it  come  to  be  involved  in  Numbers. 

Example  5.  Suppofe  it  were  required  to  extract  the  Cube  Root 
of  27  a  a  a  a  a  -\-%bb  b.  Here  aie  two  diflinCt  and  per¬ 

fect  Cubes,  viz.  27  a  a  a,  and  8  b  b  b^  whofe  Cube  Roots  are  3  a 
and  2  b.  Wherefore  one  may  fuppofe  the  Root  fought  to  be  3  a 
-|-  2  £,  which  being  involved  to  the  third  Power,  is  2 7  a  a  a 
~f-  5  4  £  a  a  -f.  36  £  b a  8  £  Now  this  new  raifed  Power  hath 
one  Term  [viz.  36  £  b  a)  more  in  it  than  the  given  Power  hath  ; 
but  this  being  a  perfect  Cube,  one  may  therefore  conclude  the 
given  Power  is  not  fo,  viz.  it  is  a  Surd,  and  hath  not  fuch  a 
Root  as  was  required,  but  muft  be  expreffed,  or  fgt  down, 

« 

Thus  *»/  27  a  a  a  -j-  54  £  a  a  -f-  S  b  b  b. 

If  thefe  Examples  be  well  underflood,  the  Learner  will  find  it 
very  eafy  by  this  Method  of  proceeding  to  difcover  the  true  Root 
of  any  given  Power  whatfoever. 


C  II  A  P.  III. 

of  aige&iatefc  jfracttonsi,  or  ftmaittitiess. 

Seft.  1.  JSOtatiOil  of  Fraffional  Quantities. 


F 


'Rational  Quantities  are  exprefTed  or  fet  down  like  Vulgar 
Fractions  in  common  Arithmetic k. 


Thus 


H’ 


2  bc^  5  b — 4  a  Numerators. 
d  4  b  Denominators. 


How  they  come  to  be  fo,  fee  Cafe  4,  in  the  lafl  Chapter  of 
Divifion.  Thefe  Fractional  Quantities  are  managed  in  all  re- 
fpeCts  like  Vulgar  Fractions  in  Common  Arithmetick% 
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Sed.  2.  To  alter  or  C&tUlge  different  JftaCttOltjS  into 

one  Denominanion ,  retaining  the  fame  Value . 

RULE. 

%/T  U  L  T I P  L  Tall  the  Denominators  into  each  other  for  a  new 
^  Denominator ,  and  each  Numerator  into  all  the  Denominators 
but  it’s  own  for  new  Nutnerators. 

EXAMPLES . 

Let  it  be  required  to  bring  ~  and  —  into  one  Denomination. 

b  c 

Firft  and  d  x  b,  will  be  the  Numerators,  and  bx  c  will 

be  the  common  Denominator,  viz. 


c  a  .  b  d  *  "p. 

-r—  and  —  are  the  two  r  ra- 
b  c  be 


a"  •  1  .  .  c  a  a.  ,  b  d  d 

ions  required :  that  is,  —  =  and  —  =  — . 

be  b  be  c 

Again,  let  and  ~ — be  brought  into  one  Denomination, 

a-j -b  b  —  d 


,  ,  ,  bb4-be ■ — bd — ac  .ad —  ac~\~bd —  be  e 

and  they  will  be  ^bb__da_b(C  ana  &c 


bd —  dc 


ad  —  ac  -\~bd  —  be 


Seft.  3.  To  'B?tng  whole  CUtaittiti£jS  into  jfcadiOUS 

of  a  given  Denomination . 

RULE. 

11/fbJ  LT 1 P  L  T  the  whole  Quantities  into  the  given  Denomi - 
J-rJ.  nator  for  a  Numerator ,  under  which  jubjeribe  the  given  De¬ 
nominator  ,  and  you  will  have  the  Fraction  required. 

EXAMPLES. 

Let  it  be  required  to  bring  a  -f-  b  into  a  Fra&ion,  whole  Deno¬ 
minator  is  d —  a.  Firft  a  -\-  b  x  d  —  a  is  da  -[-  bd —  a  a  —  bat 


Then 


d  a  -\-  b  d  —  a  a  —  b  a  . 


a 


is  the  Fra&ion  required. 


Again  £+-^-  will  be 

d  d 


a  j  Cl  Cl  *111  Cl  Cl """"  d  c% 

And  —  —  a  will  be - - f 


a  i/*  1  j  1  cl  ci  4-  b  b  •  ]  1  t  'Z  a  ci 

Alfo  «  +  H  - - -7-  will  be - 


When 
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When  whole  Quantities  are  to  be  let  down  Fradlion-wife, 

fubfcribe  an  Unit  for  the  Denominator.  Thus  a  b  is  — .  And 

1 

.  a  a  —  b  b  0 
a  a  —  b  b,  is  - - ,  See. 


Sed.  4.  To  or  Eemtce  Fractional  Quan¬ 

tities  into  their  loweft  Denomination . 

RULE. 

T^Ivide  both  the  Numerator  and  Denominator  by  their  greatefl 
common  Divifor ,  viz.  by  fuch  Quantities  as  are  found  in  both  ; 
and  their  Quotients  voill  be  the  Fraction  in  ids  low e/i  Term. 


a  b  b  b  .  b  b  .  .  \  b  d  c 

— - — is — .  And  a  A - - — . 

a  b  c  c  be 


a  -\-d. 


rp.  CL  CL  C  .  CL  CL 

1  hus  - is  — 

d  c  d 

In  fuch  fingle  Fractions  as  thefe,  the  common  Divifors  (if  there 
be  any)  are  ealily  difeovered  by  Infpe&ion  only  ;  but  in  com¬ 
pound  Fra&ions  it  often  proves  very  troublefome,  and  muft  be 
done  either  by  dividing  the  Numerator  by  the  Denominator, 
until  nothing  remains,  when  that  can  be  done:  or  elfe  finding 
their  common  Meafure,  by  dividing  the  Denominator  by  the 
N  umerator,  and  the  Numerator  by  the  remainder,  and  fo  on, 
as  in  Vulgar  Fradiions  (Sedt.  4.  Page  51.) 

E  X  A  M  P  L  E  S. 

p  **  cl  a  c  *  ct  cl  d  «  *  «  , 

buppofe  - r - were  to  be  reduced  lower. 

c  d  —  d  d 

Then  c  d  —  d d)  a  a  c  —  a  a  d  (  ^  the  Fradtion  required. 

a  a  c  —  n  ' 


a  a  d 


O  o 

In  this  Example  it  fo  happens  that  the  Numerator  is  divided  juft 
offby  the  Denominator ;  but  in  the  next  it  is  otherwife,  and  re¬ 
quires  a  double  Divifion  to  find  out  the  common  Meafure,  viz. 

Let  it  be  required  to  reduce  a  a — *  \\~r  to  it’s  loweft  Terms* 

1  <  a  a  ~\-Z  a  b b  b 

Firft  a  a-\-2  ab-\-bb)  a  a  a  —  abb  ( a 

a  a  a  a  a  b-\-abb 


—  2  aab- 

Then  —  2 aab — 2abb)  aa-tr2ab-\-bb  ( - - 

aaf-ab,  '  2 

a  b  -\-bb 
ab-\-bb 


2abbihe  Remainder, 
_i_ 

b  2  a 


Hence 


1 66 
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Hence  it  appears  that  —  2  a  ab  —  2  abb  is  the  common  Mea- 
fure  ;  by  which  a  a  a  —  abb  being  divided. 

Viz.  —  2  a  a  b  —  lab  b)  a  a  a  —  abb  f - -J - - 

a  a  a  a  ah'  2  2 

—  a  a  b  —  abb 

—  a  ab  —  abb 

O  O 


Then —  A  is  the  new  Numerator:  and  ^ - 1~- 

2  b  '  2  ^  2  b 

— —  is  the  new  Denominator.  But - =  — 2^+2^ 

2  a  zb  2  4  b 

—  a  4-  b  ,  XT  ,  1  1  — 2  a  —  zb 

:  - 1 — the  Numerator ;  and - - - —  - - - - 

zb  z  b  z  a  \b  a 

—  a  —  b 


2  b  a 


the  Denominator.  Let  both  be  multiplied  with  2  b  a, 

,  ...  .  — a  a  +  a  b  the  Numerator.  , 

and  you  will  have-— — yr theDenominator.  Or  chang.ng 

1 

the  Signs  of  all  the  Quantities,  it  will  be  ~~  a  K  the  new  Frac¬ 


tion  required.  That  is, 


a 


a  —  a  b 


a  -j-  b 
a  a  a  —  a  b  b 


+  * 


a  a  2  a  b  -\-  b  b% 

Again,  let  it  be  required  to  reduce 


The  common  Meafure  of  this  Fraction  will  be  the  eafieft 
found  (as  appears  from  Trials)  by  dividing  the  Denominator  by 
the  Numerator,  &c.  Thus, 

dd—bb)  ddd—bbb  [d 
d  d  d  —  b  b  d 

— b  b  d  — — *  b  b  b)  d  d  ■— ■  b  b  /  d 

d  d  —  b  d\b  b 

+  b~d  —  bb\bb.d—P  (b 
)b  b  d—b> 

O  o 


Hence  it  appears  that  bd—bb  is  the  common  Meafure  that 
will  divide  both  the  Numerator  and  the  Denominator. 


Confequently 
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Confequently  bd — bb )  dd — bb  (d__ 


ad — bb  (d  .  , 

dd _ db\T  '  Ij  1S  ™  new  Numerator. 


-j-  db  —  bb 

db  —  bb 


o 


And  bd — bb)  ddd — bbb  (dd 


ddd  —  bbb  (dd  _  ,  _  _  ^ 

ddd—ddb{j  +  d  +  i  the  new  Denominator. 


-f-  ddb- 

ddb- 


bbb 
■  bbd 


bbd  ■ 
bbd- 


■bbb 

bbb 


Let  both  be  multiplied  with  b ,  and  then  you  will  have 
d-X-b  the  Numerator, 

f  or  the  fraction  required. 


dd-\-bd-\-bb  the  Denominator,  . 

But  if  after  all  Means  ufed  (as  above)  there  cannot  be  found  one 
common  Meafure  to  both  the  Numerator  and  Denominator; 
then  is  that  Fraftion  in  it’s  leaft  Terms  already. 

Note,  Thefe  Operations  will  be  underftood  by  a  Learner  after 
he  hath  paffed  thro*  Multiplication ,  and  Divifion  of  Fractions. 


Se£t.  5.  OOOitiOll  and  @)UbfiC(1CtiOU  of  FraSional 

Quantities. 


np  HE  given  Fractions  being  of  one  Denomination,  or  if  they 
are  not,  make  them  fo,  per  Se£f.  4.  Then, 


RULE. 

Add  or  fubjlradl  their  Numerators,  as  Occafion  requires,  and  to 
their  Sum  or  Difference,  fubferibe  the  common  Denominator :  as  in 
Vulgar  Fra  (lions. 

Examples  in  SUltUtl'Ott* 


l 

/ 

| 

a-\-b 

2  a  — b 

a  —  I?  — |—  d 

c 

d 

d  -j-  c 

d  *— j-*  ci 

9 

a  a 

2a-\-c 

2  b  —  a 

ci  — -  b  1  cl 

c 

d 

d  — j—  c 

d  “F*  a 

O 

bb-X-aa 

g  a  — { —  b  — j —  c 

a  -f-  b 

2  a 

3 

c 

d 

d  -f-  c 

cl  -j-  Cl 

Examples 
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Examples  in  ©U&ffraCttQlt. 


T 

b  b  a  a 

a  4-  b 

2  a  -]-  b  -j-  c 

2b 

c 

d  '■  j'"  c 

d 

d-\-  a 

2 

bb 

2  b  —  a 

2  a  — J—  c 

1 

+ 

<a 

c 

d  -j-  c 

d 

d  -j-  a 

T  „  -  9 

3 

a  a 

2  a  —  b 

a  -\-b 

b  a  ’  "j--  d 

c 

d  — 1~  0 

d 

d  +  a 

Seft.  6.  SgJtlltfpUcatfOlt  of  Fractional  Quantities, 

4'  i%'  ■  ‘  ’’  '  i  ' 

FIRST  prepare  mixed  Quantities  (if  there  be  any)  by  making 
them  improper  Fra&ions,  and  whole  Qiiantities  by  fubfcrib- 
ing  an  Unit  under  them  ;  as  per  Se6t.  3.  Then, 

RULE..  .  I 

Multiply  the  Numerators  together  for  a  new  Numerator ,  and  the 
Denominators  together  for  a  new  Denominator  $  as  in  Vulgar  Fra¬ 
ctions. 


Thus 

1 

a  b 

^a  —  2  b 

c 

2  d-\-c 

4  a  -j-  2  b 

.  d 

2 

d 

f  . 

1x2 

a  b  d 

12  a  a  —  2  a  b  —  4  b  b 

3 

c  f 

2  d  d  -  j-  d  c 

Suppofe  it  were  required  to  multiply  2  a  -f- 


25  with 


36  +4C.  Thefe  prepared  for  the  Work  (per  SecT  2.)  will 
iiand  - 


i  1 2  a  c  -f-  b  —  25  r 


Thus 


2x2 


or 


2  | 

3 

4 


3^4-4  <■ 


Fbac  -Sf-^bb —  bcJ^.%acc  -{-  \bc —  1 00  cc 


X  h  b 

6 ha  —  71b -^-Sac — ioor4-- —  per  Se£L  4. 


N.  B. 


I 
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X.  B.  Any  Fraction  is  multiplied  with  it’s  Denominator  by 

carting  off,  or  taking  the  Denominator  away.  Thus  JL  x  a  gives 

a 

b.  For  ~  x  —  —  —  b  See. 

a  1  a 


Se<5t.  7.  Dtotfton  of  Fraftional  Quantities. 

T'HE  Fradional  Quantities  being  prepared,  as  direded  in  the 
**  laft  Sedion.  Then, 

RULE. 

Multiply  the  Numerator  of  the  Dividend ,  into  the  Denominator  of 
the  Divifor ,  for  a  new  Numerator  \  and  multiply  the  other  two  toge¬ 
ther for  a  new  Denominator  5  as  in  Vulgar  Fractions. 

EXAMPLES. 

Let  a-hi  be  divided  by  the  Work  may  rtand  thus, 
cf  c 

a  h  \  a  h  d  (a  h  d  c  d  cr* 

—  /  — ~F  — - ~  “  Per  Sea*  4- 

c  /  c  f  \a 


f 

Or  thus 


bef  f 


a  b  d 

a  -f-  b 

a  a  a  —  b  b  b 

cf 

d 

a  4-  b 

a  b 

c  —  b 

aa~ab-{-bb 

c 

a 

c 

d 

a  a  c  b 

a  a  a  a  —  bb b c 

/'I 

etc  —  db 

a aa 4 - b b b 

Suppofe  it  were  required  to  divide  a  a  -j-  ?...a  ^  ^  by  a  -|-  h. 

a  — j—  4  b 

The  Work  will  rtand  thus, 

a  -f-  b\  aaaf-syaabf-  ^  a  b  b  (a  a  a ^a  a  h T^abb  g 


4-  b  \  a  a  a 
I  ' 


a  -t-  4.  v 


(a  a  a  i 

a  a  A- 


5  b  a  4-  4  b  b 
(per  Sed.  4.) 


a  a  a -V  4  a  a  b  q  a  b  b  _  a  a  4-  3  £ 

a  a  -j-  5  b  a  4  b  b  a  -|-  4  b 

When  Fradions  are  of  one  Denomination,  cart  off  the  Deno- 

Vi  b  3 

jninators,  and  divide  the  Numerators.  Thus,  if  - were  to  be 

c 

divided  by  —  it  will  be  bb)  abt>  (a  b  the  Quotient  required. 

Z  F#r 


i  7° 


Part  11. 


But 


p.  b  b  \  a  b^  fab'ic 
c  -  c  '  b  b  c 

Again,  fuppofe  it  were  required  to  divide 


a  b^  c 
TJTc 


a  b  (per  Se<51.  4.) 


a  > 


abb 


1  ^ 
c  —  d 

a  a  4-  -lob  4-  hb  Ca(Hns>  off  c  _  d  in  both,  it  will  be  a  a  + 
e  -  d 


laJ?Jt~bb)aaa 


a 


bb 


( a  a 


b  a 


-{ -  b  * 


&c. 
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jNvolve  the  Numerator  into  itfeif  for  a  new  Numerator ,  and  tb 
Denominator  into  itfeif  for  a  new  Denominator  \  each  as*  often  as 
the  Power  requires. 


Thu? 
1  ©- 1 
3©~2 


T 

b 

3  be 

b  d 

JL 

a 

2  a  d 

a  —  c 

b  b 

9  b  b  c  c 

b  b  -j-  .2  b  d  -j-  d  d 

2 

a  a 

4  a  a  d  d 

a  a  —  2  a  c  -fee 

b  b  b 

27  b  bb  c  c  c 

b  b  b  4-3  b  b  d  3  £  d  d  d  d  d 

3 

a  a  a 

8  a  a  a  d  d  d 

a  a  a  — -  3  a  a  c  3  a  c  c  —  c  c  c 

Sea.  9.  (EBOJttttOIl  of  Fractional  Quantities. 

s 

¥  F  the  Numerator  and  Denominator  of  the  Fraaion  have  each 
of  them  fuch  a  Root  as  is  required  (which  very  rarely  happens) 
then  evolve  them  3  and  their  respective  Roots  will  be  the  Nume¬ 
rator  and  Denominator  of  the  new  Fraction  required. 


Thus 

I 

q  a  a  b  b 

a  a  ~|~  2  a  b  b  b 

4  d  d 

a  a  —  2  a  b  -j-  b  b 

3  ah 

a  -j-  b 

I  IUJ5 

2 

2  d 

a  —  b 

Again 

J  IV J  1 


27  a  a  abb  b\a  a  a  -\~  3  a  a  b  3  a  b  b  b  b  b 
8  d  d  d  1  a  a  a  —  3  a  a  b  -j-  3  a  b  >  —  b  b  b 


2 


'lab 
2  d 


a  b 
a  —  b 


Sc  metimes  it  fo  falls  out,  that  the  Numerator  may  have  fuch  a 
Root  as  is  required,  when  the  Denominator  hath  not  3  or  the  Deno¬ 
minator 
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minator  may  have  fuch  a  Roof,  when  the  Numerator  hath  not. 
In  thofe  Cafes  the  Operations  may  be  fet  down. 


Th 


us 


I  WJ 


I 

a  a  b  b 

a  a  a  4-  d  b  b  —  d  d 

d  d  d 

a  a  H-  2  a  b  -j-  b  b 

2 

a  b 

f  a  a  a  -j—  4  b  b  —  d  d 

U  d  d  d 

a  b 

But  when  neither  the  Numerator,  nor  the  Denominator  have 
juft  fuch  a  Root  as  is  required,  prefix  the  radical  Sign  of  the  Root 
to  the  Fradlion  ;  and  then  it  becomes  a  Surd  ;  as  in  the  laft  Step, 
which  brings  me  to  the  Bufinefs  of  managing  Surds 


CHAP.  IV. 

of  ©urn  Ctuantitiejs. 

HE  whole  Dodlrine  of  Surds  (as  they  call  it)  were  it  fully 
A  handled,  would  require  a  very  large  Explanation  (to  render 
it  but  tolerably  intelligible)  ;  even  enough  to  fill  a  Treatife  it- 
l'elf,  if  all  the  various  Explanations  that  may  be  of  Ufe  to  make 
it  eafy  fhould  be  inferred  ;  without  which  it  is  very  intricate  and 
troublefome  for  a  Learner  to  underftand.  But  now  thefe  tedious 
Reductions  of  Surds,  which  were  heretofore  thought  ufeful  to  fit 
Equations  for  fuch  a  Solution,  as  was  then  underftood,  are  wholly 
laid  afide  as  ufelefs  :  Since  the  new  Methods  of  refolvino;  all  Sorts  of 
Equations  render  their  Solutions  equally  eafy,  although  their 
Powers  are  ever  fo  high.  Nay,  even  fince  the  true  Ufe  of 
Decimal  Arithmetick  hath  been  well  underftood,  the  Bufinefs  of 
Surd  Numbers  has  been  managed  that  Way  ;  as  appears  by  feveral 
Inftances  of  that  Kind  in  Dr.  Wallis  s  Htftory  of  Algebra ,  from 
Page  23,  to  29. 

I  fhall  therefore,  for  Brevity  Sake,  pafs  over  thofe  tedious  Re¬ 
ductions,  and  only  (hew  the  you n^AIgebraijl  how  to  deal  with  fuch 
Surd  Quantities  as  may  arife  in  the  Solution  of  difficult  Queftions. 


Sed.  i .  snatftton  and  Subtraction  of  Sard  Quantities. 

to  t 

Cafe  i.  WJ  HEN  the  Surd  Quantities  are  Homogeneal,  ( viz. 

^  *  are  alike)  add,  or  fubtradi  the  rational  Part,  if  they 
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are  joined  to  any,  and  to  their  Sum,  or  Difference,  adjoin  the 
irrational  or  Surd. 


Examples  in  JJtffifttOtt* 


1-1-2 

1 

2 

3 

5  V  b  ‘ 

1  V  be 

6  b  y/  a  c 

4  b  </  a  c 

h  a  a  c  c 

3  b  J  a  a  +  c  c 

1 2  V  b  C 

IO  b  a  c 

4^  yj  a  a  -4-  c  c 

1  +  2 

1 

2 

3 

\dl  •/  a  a 

b^-SJaa  —  cc  bc'.S^aa^-d 

dl  a  a 

c  —  3  y/ aa* — cc  3^ c  :  5  J  a  a  -f-  d 

5  dl  aJ  a  a 

b  -f-  c  \b  c  \  S  a  a  d 

I — 2 

1 

2 

3 

Exc 

12  <]  l  c 

7  ✓  bc 

mples  in  <§)] 

IO  b  4/  a  c 
4  b  y/  a  c 

6  b  y/  a  c 

libtracttotn 

4  b^/  a  a  -f-  c  c 

3  b<f  a  a  -f-  c  c 

by/  a  a  c  c 

I — 2 

1 

2 

3 

5  d :  3  a  a  b  +  c  4 be  :$\/aa-\-d 

4  :  3  a  a  c  —  3  J  a  a  —  tr  7,  b  c :  5  a  a  -f-  d 

d:  3  y/  a  a  ^  +  3  /  a  a  —  c  c  bc :  5  </  a  a  d 

Cafe  2.  When  the  Surd  Quantities  are  Heterogeneal,  (viz. 
their  Indices  are  unlike)  they  are  only  to  be  added,  or  fubtra&ed 
by  their  Signs,  viz.  -f  or  And  from  thence  will*  arife  Surds 
either  Binomial,  or  Refidual. 


Examples  in  SUSUti'fltU 


I 

V  bc 

4  d  y/  a 

\  *J  a  c  —  b  a 

2 

y/  b  a 

3  b  V  a  * 

a  c  -j-  b  a 

1+2 

3 

y/  bc\-\- ba  j  Ai-dtJ a\-^-7ib</ac 

|  3  \f  ac  ba'.-^^ac-^-ba 

Examples  in  Subtraction* 


I 

s!  bc 

b  —  d  a  a  a  c  a 

2 

J  b  a 

d  “““  2  a  <J  b  d  — J-  d  d 

I— 2 

3 

\/bc —  /  ba 

!  b — d*f  aaa  -f-  ca:~ d-\-  2 a  »Jbd  -f-  dd 

Seft, 


¥ 
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Se&.  2.  plication  of  Surd  Quantities , 

i.W  HEN  the  Quantities  are  pure  Surds  of  the  fame  Kind ; 
multiply  them  together,  and  to  their  Product  prefix 
their  radical  Sign. 

'  EXAMPLES, 


I 

|V* 

f  b  a  -f  da 

f  a  a  — |—  b  b 

2 

f  a 

if  c  a 

a  a  —  b  b 

1X2 

3 

f  b  a 

jJbcaa-\-dcaa 

\/  aaa a  —  b  b  bb 

Cafe  2.  If  Surd  Quantities  of  the  fame  Kind  (as  before)  are 
joined  to  rational  Quantities,  then  multiply  the  rational  into  the 
rational,  and  the  Surd  into  the  Surd,  and  join  their  Products 
together. 

EXAMPLES . 


I 

d  V  be 

5 cdjba-fda 

t/  ab 

2 

2b  V  0 

2aVca 

5  V  d 

1X2  I  3  I  b  V  b  c  a  I  c  d  af  be  a  a  if  dcaa  |  75  f  a  b  d 


Se&.  6.  dlttfiOU  of  Surd  Quantities, 

Cafe  I.WHEN  the  Quantities  are  pure  Surds  of  the  fame  Kind, 
*  *  and  pan  be  divided  off,  [viz.  without  leaving  a  Re¬ 
mainder)  divide  them,  and  to  their  Quotient  prefix  their  radical 
Sign. 

EXAMPLES. 


t 

f  b  a 

fbcaa-fdcaa 

y/  a  a  a  a  —  b  b  b  b 

2 

V  b 

f  c  a 

</  a  a  —  b  b 

I-r-2 

3 

a 

f  b  a  -}-  d  a 

yj  a  a  — J—  b  b 

Cafe  2.  If  Surd  Quantities,  of  the  fame  Kind,  are  joined  to 
rational  Quantities ;  then  divide  the  rational  by  the  rational,  if  it 
can  be,  and  to  their  Quotient  join  the  Quotient  of  the*  Surd 
divided  by  the  Surd  with  ft’s  firft  radical  Sign. 


EXAMP  L  E  S. 


I 

3  d  b  f  b  c  a 

15  cd  a  f  bcaa-fdcaa 

75  / abd 

2 

2bV  a 

3  a  f  c a 

5  'J d 

7  —  2 

3  1 

d  f  b  c 

^  c  d  f  b  a  ~|—  d  a 

15  fab 

Nate 

5 
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Note,  If  any  Square  be  divided  by  it’s  Root,  the  Quotient  will 
be  it’s  Root. 


EXAMPLES . 


I 

a 

bb-\-2bc~]~cc 

a  a  a  a- 

—  2  bbaa  -f*  b  b  b  b 

2 

A  a 

A  bb  +2  b  c  +  c  c 

A 

-2bbaa-\-bae 

I  3 

A  a  1 

A  b  b  +  2  b  c  -f  c  c 

1  y/ a*m 

—  2  bb  a  a  b4r 

Sedb.  4.  ,  3InS0ftttt0n  °f  Surd  Quantities. 


Cafe  i.TITHEN  the  Surds  are  not  joined  to  rational  Quantities; 

*  *  they  are  involved  to  the  fame  Height  as  their  Index 
denotes,  by  only  taking  away  their  radical  Sign. 

.EXAMPLE  S . 


I 

A  a 

A  b  c  a 

A  a  a  —  b  b  \  A  5  a  —  da 

I 

2 

-  a 

be  a 

a  a  —  b  b  |  5  a  —  da 

Cafe  2.  When  the  Surds  are  joined  to  rational  Quantities  ;  in¬ 
volve  the  rational  Quantities  to  the  fame  Height  as  the  Index  of 
the  Surd  denotes  ;  then  multiply  thole  involved  Quantities  into  the 
Surd  Quantities,  after  their  radical  Sign  is  taken  away,  as  before. 


EXAMPLE  S. 


I 

b  A  a  i  5  d  A  c  a 

3  b  A  a  a  —  d  d 

I  ©2 

2 

b  b  a  j  25  d  d c  a 

9  b  b  a  a  — .  9  b  b  d  d 

\i\a:lfbc\  3^:3  A  a  a  b  b  da:  3^/  b 

I  ©-3  |  2  j  a  a  a  b  c  j  2.7  d d  d  a  a  -{-  27  d  d  d  bb  .  d d  d  a  a  a  b 


The  Reafon  of  only  taking  away  the  radical  Sign,  as  in  Cafe  1. 
is  eafily  conceived,  if  you  confider  that  any  Root  being  involved 
into  itfelf,  produces  a  Square,  &c.  And  from  thence  the  Reafon 
of  thofe  Operations  performed  by  the  fecond  Cafe  may  be  thus 
Hated. 

Suppofe  b  a  ~  x.  Then  a  zz  per  Axiom  4.  and  both 

b 

Sides  of  the  Equation  being  equally  involved,  it  will  be  a  zz 

Z —  Then  multiplying  both  Sides  of  the  Equation  into  b  b,  it 
bb 

becomes  b  b  a  zz  x  x  per  Axiom  3.  Which  was  to  be  proved. 

Again, 
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Again,  Let  5  ^  c  a  zz  x  :  Then  ^/c  a  =  A,  and  c  * 

5  d 

AT  ^ 


25  dd 


Alfo  from  hence  it  will  be  eafy  to  deduce  the  Reafon  of  multi- 


Suppofe  | 

1 

2 

^  ^  |  Example  1.  Cafe  1. 

1  ©- 

3 

b  ~  z  z 

2©-  1 

4 

a  zz  x  x 

3x4 

5 

b  a  —  z  z  x  x.  per  Axiom  2. 

5  a 

6 

b  a  ~  z  x.  which  was  to  be  proved. 

Let  { 

1 

2 

fbfI-N  Ex?mPk  *•  Cafe  2- 

I  H-  d 

3 

2^-3  i 

4 

,  X 

\/ a  —  -r 

3b 

• 

4*3 

5 

ey 

sS  a  b  c  =  ~  ,  fiom  what  is  proved  above. 

2  b  d 

5*Zhd 

6 

3  bd^/bca  —  zx^  &c.  for  the  reft. 

Divifton 

Proof. 

being  the  Converfe  to  Multiplication ,  needs  no  other 

C  H  A  P.  Y. 

■  \ 

0  -  ' 

Concerning  the  Nature  of  (J^QUattOnS^  and  how  to  prepare 

them  for  a  <§)0}Uti0fl4 

\XJ  H  E  N  any  Problem  or  Queftion  is  propofed  to  be  analy¬ 
tically  refolved  ;  it  is  very  requiftte  that  the  true  Defign  or 
Meaning  thereof  be  fully  and  clearly  comprehended  (in  all  it’s 
Parts]  that  fo  it  may  be  truly  abftradfed  from  fuch  ambiguous 
Words  as  Queflions  of  this  Kind  are  often  difguifed  with;  other- 
wile  it  will  be  very  difficult,  if  not  impoffible,  to  ftate  the 
Queftion  right  in  it’s  fubftituted  Letters,  and  ever  to  bring  it  to  an 
Equation  by  fuch  various  Methods  of  ordering  tnofe  Letters  as  the 
Nature  of  the  Queftions  may  require. 

1  Now 


ij6 


aigebin* 


Part  II* 


Now  the  Knowledge  of  this  difficult  Part  of  the  Work  is  only  to 
he  obtained  by  Pra£tice,  and  a  careful  minding  the  Solution  of  fuch 
leading  Queftions  as  are  in  themfelves  very  eafy.  And  for  that 
Reafon  I  have  inferted  a  Colle&ion  of  feveral  Queftions ;  wherein 
there  is  great  V ariety. 

Having  £Ot  fo  dear  an  Underftanding  of  the  Queftion  propofed, 
as  to  place  down  all  the  Quantities  concerned  in  their  due  Order, 
viz.  all  the  fubflituted  Letters,  in  fuch  Order  as  their  Nature 
requires ;  the  next  Thing  mud  be  to  confider  whether  it  be  limited 
or  not.  That  is,  whether  it  admits  of  ntpre  Anfwers  than  one. 
And  to  difcover  that,  obferve  the  two  following  Rules. 

RULE. 

When  the  Number  of  the  Quantities  fought  exceed  the  Number  of 
the  given  Equations ,  the  Quejlion  is  capable  of  innumerable  Anfwers. 

EXAMPLE. 

Suppofe  a  Queftion  were  propofed  thus  ;  there  are  three  fuch 
Numbers,  that  if  the  firft  be  added  to  the  fecond,  their  Sum  will 
be  22.  And  if  the  fecond  be  added  to  the  third,  their  Sum  will 
be  46.  What  are  thofe  Numbers  ? 

Let  the  three  Numbers  be  reprefented  by  three  Letters,  thus, 
call  the  firfl  a>  the  fecond  e ,  and  the  third  y. 


Then 


a  -\-  e  —  22 
e  -j-y  46 


! 


according  to  the  Queftion, 


Here  the  Numbers  of  Quantities  fought  are  three  ;  a,  <?,  y,  and 
the  Number  of  the  given  Equations  are  but  two.  Therefore  this 
Queftion  is  not  limited,  but  admits  of  various  Anfwers  ;  becaufe 
for  any  one  of  thofe  three  Letters  you  may  take  any  Number  at 
Pleafure,  that  is  lefs  than  22.  Which  with  a  little  Confideration 
will  be  very  eafy  to  conceive. 

RULE  2. 

TVhen  the  Number  of  the  given  Equations  ( not  depending  upon  one 
another )  are  jujl  as  many  as  the  Number  of  the  Quantities  fought  ; 
theft  is  the  Quejlion  truly  limited ,  viz.  each  Quantity  J ought  bath 
but  one  fingle  Value . 

As  for  inffance,  let  the  aforefaid  Queftion  be  propofed  thus. 
There  are  three  Numbers,  ( <7,  and  y,  as  before)  if  the  firft  be 
added  to  the  fecond,  their  Sum  will  be  22  ;  if  the  fecond  be  added 

to 
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to  the  third,  their  Sum  will  be  46  ;  and  if  the  firft  be  added  to 
the  third,  their  Sum  will  be  36.  What  are  the  Numbers  «?  That 
is,  a  -f  c  22.  e  -f -y  =  46.  and  a  -} -y  36.  Now  the  Que¬ 
ftion  is  perfe&ly  limited,  each  Tingle  Quantity  having  but  one 
Tingle  Value,  to  wit  a  =  6,  e  ==:  16,  and  y  —  30. 

iV.  If  the  Number  of  the  given  Equations  exceeds  the  Num¬ 
ber  of  the  Quantities  fought ;  they  not  only  limit  the  Queftion, 
but  oftentimes  render  it  impoffible,  by  being  propofed  inconfiftent 
one  to  another. 

Having  truly  Hated  the  Queftion  in  it’s  fubftituted  Letters,  and 
found  it  limited  to  one  Anfwer  (or  at  leaft  fo  bounded  as  to  have 
a  certain  determinate  Number  of  Anfwers)  then  let  all  thofe  Tub- 
ftituted  Letters  be  To  ordered  or  compared  together,  either  by 
adding,  fubtradling,  multiplying,  or  dividing  them,  fc.  accord¬ 
ing  as  the  Nature  of  the  Queftion  requires,  until  all  the  unknown 
Quantities  except  one,  are  caft  off  or  vanifhed  ;  but  therein  great 
Care  muft  be  taken  to  keep  them  to  an  exadl  Equality  ;  and  when 
that  unknown  Quantity,  or  fome  Power  of  it  (as  Square,  Cube, 
&c.)  is  found  equal  to  thofe  that  are  known  ;  then  the  Queftion 
is  faid  to  be  brought  to  an  Equation,  and  confequently  to  a  So¬ 
lution,  viz.  fitted  for  an  Anfwer. 

But  no  particular  Rules  can  be  prefcribed  for  the  calling  off, 
or  getting  away  Quantities  out  of  an  Equation  ;  that  Part  of  the 
Art  is  only  to  be  obtained  by  Care  and  Pradlice.  And  when  that 
is  done,  it  generally  happens  fo,  that  the  unknown  Quantity 
which  is  retained  in  the  Equation,  is  fo  mixed  and  entangled  with 
thofe  that  are  known  ;  that  it  often  requires  Tome  'Trouble  and 
Skill  to  bring  it  (or  it’s  Powers;,  &c.)  to  one  Side  of  the  Equation, 
and  thofe  that  are  known  to  the  other  Side;  (ftill  keeping  them 
to  a  juft  Equality)  which  the  ingenious  Mr  Scooien  in  his  Prin - 
cipia  Alathefeos  Univer falls ,  calls  Reduction  of  Equations. 

The  Rufinefs  of  reducing  Equations  (as  of  mojl,  if  not  all 
Algebraick  Operations)  is  grounded  and  depends  upon  a  right  Ap¬ 
plication  of  the  five  Axiozns  propofed  in  Page  146,  and  therefore, 
if  thofe  Axioms  be  well  underftood,  the  Reafon  of  fuch  Operations 
muft  needs  appear  very  plain,  and  the  Work  be  eafily  performed  % 
as  in  the  following  Sefiiom. 
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Sed.  1.  Of  Reduction  by  $U®!ti0!L 

T)  EDUCTION  by  Addition  is  grounded  upon  Axiom  I. 

and  is  only  the  tranfpofing  (viz.  the  removing)  of  any  Nega¬ 
tive  Quantity  from  eithei  Side  of  an  Equation  to  the  other  Side, 
with  the  Sign  -f-  before  it ;  as  in  thefe 

EXAMPLE  S. 


a  a  —  d  z=l  c  —  a  a 

&  G  — 1  C - d  Q  »  |— 1  d 

2  a  a  c  -j-  d 

Note ,  When  any  abfolute  Number  is 
regiftered  in  the  Margin,  you  muft  draw 
a  Line  over  it,  to  diftinguifh  it  from  the 
other  Numbers.  As  in  the  2d  Step  of 
this  Example. 


Suppofe 

I 

a  —  b  —  d 

Again 

Then 

o 

j— 

a  d  — -j —  b 

Let 

i| 

For 

o 

JS 

b—d 

1-4 -  d 

2} 

*  +  3 

4 

a  \ .  —  d  — j—  b 

2  — •  a  a 

3 

Let  I 

i+4 

2  —j— ■  Ci 


1  |  3  a 
3  a 


4  a 


o 

3 


Let  |  1 
X  — | —  b  j  2, 

'  dc\i 

2  h  d  14- 


a  a  —  d  c  —  b  zzz  d  d  —  2  b  a 
a  a  —  d  c  zzzd  d  — *  2  b  a  -|-  b 
an  —zdd  —  2  b  a  b  -f-  d  c 
d  d  — j —  2  b  d  "  d  d  *— j —  b  *  d  c 


Suppofe 
X  -~j—  d  Cl  d 

2  3  baa 

3  -m 


2  da- —  d~cc  —  2^b  a  a  —  a  a  a 
a  a  a  2  d  a  —  d  —  c  c  —  3  ^  a  a 
aaa- j-  3  £  £  -f-  2  da  —  d  —  c  c 

a  a  a  llbaa-\-2da— cc-\-dy  &c. 


Sed.  2.  Of  Reduction  by 

1)  EDUCTION  by  Subtraction  is  grounded  upon  Axiom  2. 
^  and  is  performed  by  tranfpofing  (or  removing)  any  Affirma¬ 
tive  Quantity  from  either  Side  of  the  Equation,  to  the  other  Side, 
with  the  Sign  —  before  it ;  as  in  thefe 

EXAMPLES. 

2  a  — ■  4  6 

2  a  —  6  —  2.  ~  2 


Suppofe 

I 

a  — |~  b  ■  d 

Let 

I 

And 

2 

b  zzl  b 

I  —  a 

2 

I  —  2 

3 

a  zzz  d  —  b 

2  —  4 

3 

Suppofe 
I  —  2b  a 
2  —  d  c 

3  —  b 


a  a  — |— ■  d  c  —"j —  b  — —  d  d  —4“  2  b  a 

a  a  — "  2  b  a  — -j—  d  c  — j —  b  d  d 

a  a  —  2  b  a  -|~  b  —  d  d  —  d  c 

a  q  —  2  b  a  zzz  d  d  —  d  c  —  b 
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1 

2 

3 


Let 

3  b  a  a 
2  da 
d 


acia-lrd-=zcc-\-7tbaa-\-2da 
a  a  a  —  a  a  d  —  c  c  n  d  a 
a  a  a  —  3  baa  —  '2.da-\~d-=zcc 
a  a  a  —  3  baa  —  2  d  a  —  c  c  —  d 


Sect.  3.  of  Reduction  by  Multiplication. 

FRACTION  AL  Quantities,  in  any  Equation,  are  brought 
into  whole  Quantities  by  multiplying  every  Term  in  the 
Equation  with  the  Denominators  of  the  Fractions,  per  Axiom  3; 
as  in  thefe 

EXAMPLES . 


Suppofe 

Then 


1=6 


a  6  x  5 


a  5/7 

30.  ror  —  x5= —  =  a. 

*  5  5 


Let 

I 

d  c 

3  0.  =  -7 
0  2  b 

Suppofe 

I 

d  d 

a  - —  b 

I  x  2  b 

2 

6  b  a  d  c 

I  x  a  —  b 

2 

ci  a  —  b  a  z=z  d  d 

Suppofe 

1  x  b 

2  x  a 


2 

3 


a  a  „  d  x 

h  c  +/ 


a 


d  x  b 


ci  ci  -j-  b  c  — j—  b f — — 

U 

a  a  a  -\-b  c  a  b  f  a  =  d  x  b 


Suppofe 


I  x  a  a  —  b  b 


1  x  a  -f-  b 


2 

3 


a  a  a 


b  a  —  b  b 


a  a  —  b  b  a  — j-  b 

b  a  a  a  —  b  b  a  a  —  b  b  b  a  b  b  b  b 

a  a  a  — - 7-7 - * 

a  -f-  b 

a  a  a  a  -j-  b  a  a  ~b  a  a  a  —  b  b  a  a — bb  b  a  -\-b  b  b  b 


Sect.  4.  Of  Re  duff  ion  by  ©tJjtflOlL 

HEN  any  Quantity  (either  known  or  unknown)  is  in  every 
Term  of  an  Equation,  if  the  whole  Equation  be  divided  by 
that  Quantity,  it  will  be  reduced  into  lower  Terms,  per  Axiom  4, 
as  in  thefe  following  Examples. 


W; 


A  a  2 
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EXAMPLES. 

Suppofe 

I 

b  a  a  b  c  a  -zzzb  c  d 

Let  |  i 

a  a  =  7  a 

i~b 

2 

aa-\-ca-=zcd 

1-7-1012 

0  =  7 

Let 

1 

ffa  a  +ffc  a  a  —ffa  —ffd  <z 

*-*-// 

2 

a  a  c  a  a  —  azxz  d  a  -|~  d  d  a 

2~-a 

3 

a  — |—  c  a  i  —  d  -|~  d  d 

Or  when  the  unknown  Quantity  is  multiplied  [viz.  joined)  with 
any  that  is  known  ;  let  the  whole  Equation  be  divided  by  the 
known  Quantity,  that  fo  the  unknown  may  be  cleared ;  as  in 
thefe 

E  X  A  M  P  L  E  S . 


Suppofe]  i 
l-~b —  c  2 


ha  —  ca~d 
d 

Let 

I 

a  ~~  b—c 

I  —  C  - 0 

Z, 

caa —  daa  —  ed — dd 
c  d  —  d  d 

a  a  = - -  =  u. 

c  —  a 


Suppofe 
i  ^rba 


1 

2 


b  b  a  a  a  —  2  b  b  a  a  —  b  d  a  -f-  c  b  a 
baa  —  2  b  a  zzz  d  c 

d  -|~  c 

a  a  —  2  a  ~  ■ — - — - 

o 


Let 

*  +  7 

2- 4-0 

3- L 


1 

2 


3 

4 


daa-\- \2  a  a -^.^bca-^  21  ca 

7  d  a  a  -f-  600  =  b  c  a  -J-  3  c  a 

7  d  a  -{-  6  a  =  be  -q-  3  c* 

bc\-2c 

a  — - !_£_ 

7  d-\-  6 


Se£L  5.  Of  Reduction  by  JjllftOlUtlQlL 


\T7’  HEN  there  happens  to  be  an  Equation,  between  any  bo- 
**  mogeneal  or  like  Surds,  take  away  the  radical  Signs  from 
the  Quantities,  and  they  will  became  rational ;  as  in  thefe 


EXAMPLES . 


Suppofe 

i 

a  — —  jy/  d  c 

Let  ] 

[  3\Zaa~  'V db-\-bc  Iper 

I  (^2 

2 

a  — ■  d  — |—  e 

>|  aa~  db-\-bc)  Chap. 3. 

Or  if  one  Side  of  the  Equation  confifls  of  Surd  Quantities,  and 

the  other  Side  be  rationah  then  involve  the  rational  Quantities  to 

the 
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the  fame  Power  (or  Height)  with  the  Index  of  the  Surd,  and  take 
away  the  radical  Sign ;  as  in  thefe 


EXAMPLES . 


Let 

1 

✓  fl  =  6 

Suppofe 

2 

0  =  36 

1  ©j2 

\A  a  —  b  4- c 

a  —  bb  -J-  2  be  -{-  c  c 


Suppofe  1 1 1 

~  \/  a  a  —  b  ci  —  d 

Let  J  1 

i©-3 1  2* 

a  a  —  b  a  zrz  d  d  d 

I©-5  1  2 

5  */  a  a  -=z  j 

a  a  —  16807. 


Se&.  6.  Of  Reduction  by  (S&OltlttOtL 


\\T  HEN  any  Tingle  Powers  of  the  unknown  Quantity  is  on 
*  *  one  Side  of  an  Equation  ;  evolve  both  Sides  of  the  Equation, 
according  as  the  Index  of  that  Power  denotes,  and  their  Roots  will 
be  equal  j  as  in  thefe 


EXAMPLES . 

Suppofe!  1 1  a  a  =  36  I  Let  i\aaa  —  2 7 

iw/|2r  a  =  36  '=  61  1  uju3  2\a  —  3\/  27  =  3,  &c. 

Suppofe  I  I  I  a  a  —  b  b  —  dd  I  Let  \aaa—bi-\-‘$bbc-j.'$bcc-\-ci 

I  ujd  I  2  «  d  ~  */  b^b d  d  1  I  yjj  ’  '  (7  _1_  ^ 


Or  if  any  compound  Power  of  the  unknown  Quantity  be  on 
one  Side  of  the  Equation  (that  hath  a  true  Root  of  it's  kind)  evolve 
both  Sides  of  the  Equation,  and  it  will  be  deprefTed  into  lower 
Terras ;  as  in  thefe 


EXAMPLES. 

Suppofe  \i\aa  +  zba  +  bb~dd  ci  a  2  b  a  b  b  —  d  d  c  c 
lm*\2\  a\-b  —  d  a- — b  —  dc 


Here  follow  a  few  Examples  of  clearing  Equations,  wherein  all 
the  foregoing  Reductions  are  promifeuoufly  ufed,  as  Occafion  re¬ 
quires. 


EXAMPLE  t. 


Suppofe 

1x4 


aa-\*c  —  d.  g — aa 

’  — ,  what  is  a 


to  ? 


4 

(i  d  ~ R  C  ~~~  Cl 


A-g  —  Aa  a 


2  x  b 
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2  xb 
*2-4-4  a  a 

4-4 -bd 
5  —  be 


6"7"‘^'4"4 


7  wj- 


3 

4 

5 

6 


8 


ba  a-\~bc  —  b  dzu^g —  4  a  a 
b  a  a  \a  a  -\-b  c —  b  d~\g 
boo  — J—  4  (i  o  b  c  -  -  4 ^  **{ ••  b  d 
baa-\~\aa~\g-\-bd —  be 
4£  -f-  b  d  —  b  c 


a  a 


b  +  4 


a—\/ 


4£  ~4“  b  d  —  be 


b  — j—  4 


as  was  required. 


Suppofe 


IXfl 


2  X  353  —  a 

2  "  j"  ■  o  o 

4^-4 

5u«2 


3 

4 

5 

6 


EXAMPLE  2. 

g  what  is  the  Value  of  a  ? 

a  354-^* 

2  a  a 

a  4-  354  — - 

354  —  a 
1 25  316  —  a  a  =  3  a  a 

4.00  =  125316 

aa—  3i329 

a  —  \/  31329  ~  1 77,  the  Value  of  a  required. 


Suppofe 

1 

That  is 
For 
And 
Then 
3  V  See. 


EXAMPLE  3. 


,/  g°  +  3  **  l/“—  ILL—  y/ 


baa 


:a-=-t 


'  a  d^-ybb  a  a  4-  3  £  b  ^  a  a  —  3  b  b 

4  4  4 

a  a  —  3  b  b  baa 

4  ~~  c 


a 


9  Z*1-  b  a  a 


4  c 

a  a 2  bb  a  a  —  3  b  b  2  a  a _ a  a 

4  4  ~  4  —  2 


aa  +  3 bb  __  .  4ff+l  —  —  v/ 


aa  +  ^bbw/ 


a  a 


qb  b  .a 


9  b' 


a  a ___b  a  a  f  /  a*  —  9  £  + 

V  — 1  ~mM 

2  c  4 


I 
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4— 


6  + 


baa 

c 

5&2 
ba 4 
c 

7  + 


#11  — 


$+b 

9  X  c  c 

10  x  4 
4  b  a* 

12-4- 

For 

13  wi2 

14  WU2 


5 

6 


10 

11 

12 

*3 


14 

r5 


#  a 


baa  .a 


2 

+ 


=✓ 


9  b' 


a 

4 


c 

ba^^bba*  a + 


9^^ 


C  £ 


<3+  f  bba* _ a 4  —  9^^  t 

—  -j - —  * - - +  — 

4  c  c  4  1  v 

bb  a 4  9  £+  £  a 4 

fc  4  c 

£  tf4-  9^ _ a 4 

cc  ‘  4  T 

,  .  geeb3 

b  a  4  - -zzzc a* 


\b  a*  g  c c  b3  \  c a* 
gee  b3  z=.  \  c  a*  —  \b  a'*'' 
gc  cb3 

\c  —  \b 

4  £  x  4  =  4  4:  4  — 


aaa  a 


\c'  _ __ 

,  geeb 3 
a  a~v  — - 


4^fl' 


4^ —  4^ 


gee  b3 

CL—V'.V  - - Ti  as  was  required, 

4c — -4^ 


?§3 


By  Help  of  thefe  Reductions  (properly  applied)  the  unknown 
Quantity  (a)  or  it's  Powers,  are  cleared  and  brought  to  one  Side 
of  an  Equation  ;  and  if  the  unknown  Quantity  ( a )  chance  to  be 
equal  to  thofe  that  are  known,  the  Queftion  is  anfwered :  as  in 
the  firft  Example  of  Seft.  I,  and  2.  Or  if  any  fingle  Power  of 
the  unknown  Quantity  {a)  is  found  equal  to  thofe  that  are  known* 
then  the  refpe£tive  Root  of  the  known  Quantities  is  the  Anfwer  ; 
as  in  the  firft  four  Examples  of  Seft,  6,  &c. 

But  when  the  Powers  of  the  unknown  Quantities  are  either 
mixed  with  their  Root,  as  a  a-j~b  az=.dd.  See,  or  do  confift  of 
different  Powers,  as  aaa-{-baa=zdd,  &c:  Then  they  are 
called  AfFe&ed,  or  Adfe&ed  Equations,  which  require  other  Me¬ 
thods  to  refolve  them;  viz,  to  find  out  the  Value  of  (a)  as  fhall 
be  fhewed  further  on. 


1 
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CHAP.  VI. 


of  ^’apoitfonal  duaittitiess ;  both  arithmetical, 
Geometrical,  mi  gpuBcal. 


WHAT  hath  been  faid  of  Numbers  in  Arithmetical  Progrej - 
feon,  Chap.  6.  Part  i.  may  be  eafily  applied  to  any  Series 
of  Homogeneal  or  like  Quantities. 


sea.  i .  of  duanttties  >«  arithmetical  Piogjergiait. 


THOSE  Quantities  are  faid  to  be  in  the  moft  fimple  or  na¬ 
tural  Progreffion,  that  begin  their  Series  of  increafe  or  de- 
creafe  with  a  Cypher  : 

rp,  C  o  :  a  :  2  a  :  3  a  !  4 a  :  5  a  :  6  a  '  &c.  increafing. 

1  us  l  o:  —  a:  — 2 a:  — 3 a:  — 4 a:  — 5  a:  — 6 a : &c. decreafing. 

Or  Univerfally,  putting  a  the  firft  Term  in  the  Progreffion,  and 
e  the  common  Excefs  or  Difference. 

rj,,  \a\a-\‘e:a-\-2e:a-\-2)e:a-\-Are:a-\-^e:a-\-  6*:&c. 
en  l  a:  a  —  e\a  —  2  e\a —  3  e\a  —  4  ?  :a — 5  e :  a —  6e:Scc. 

In  the  firft  of  thefe  Series  it  is  evident,  that  if  there  be  but 
three  Terms;  the  Sum  of  the  Extreams  will  be  double  to  the 
Mean. 

As  in  thefe,  o  :  a  :  2  a  :  or,  a  :  2  a :  3  a  :  or,  2  a :  3  a  :  4  0,  &c. 
viz.  2  a :  o  =:  a  a  :  or,  a-\-'$a-=z2a-\~2a,  &c. 

Alfo,  in  the  fecond  Series,  either  increafing  or  decreafing,  it  is 
evident,  that  if  the  Terms  be  a:a-\-  e\a-\~2e,  &c.  increafing  ; 
then  d  » *  CL  *"  I""  2  e,  viz.  2  a  ~f-  2  e  the  Sum  of  the  Extreams,  is 
double  to  a  e  the  Mean,  or  if  they  be  a:  a —  e  :  a  — -  2  e,  &c. 
decreafing ;  then  a  a  —  2  e  :  viz.  2  a  —  2  e  the  Sum  of  the 
Extreams,  is  double  to  a  e  the  Mean.  And  fo  it  will  be  in 
a ny  other  of  the  three  I  erms.  Secondly,  if  there  are  four  Terms ; 
then  the  Sum  of  the  two  Extreams,  will  be  equal  to  the  Sum  of 
the  two  Means ;  as  in  thefe,  a  :  a  ft-  e  :  a  -|~  2  e  :  a  3  e,  in 
the  Series  increafing  ;  here  a  ~\~a~{~'$i'cz:a-^s-\‘a-\-2e. 

Alfo  in  thefe,  a  :  a  —  e  :  a  —  2  e  :  a  - —  3  e  in  the  Series  de¬ 
creafing  ;  here  a  a  —  r$  s  rzz  a  —  e  a  2  e,  &c.  in  any 
other  four  Terms. 

Confequently ,  If  there  are  never  fo  many  Terms  in  the  Series, 
the  Sum  of  the  two  Extreams  will  always  be  equal  to  the  Sum 

of 
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of  any  two  Means,  that  are  .equally  diftant  from  thofe  Extreams. 
As  in  thefe,  a  :  a  -f-  e ■:  a  -|-  2  e  :  a  _+  3  e  :  a  -f-  4  e :  a  -f.  5  e :  &c. 
Here  a  a  5  e  zzz  a  e  a  4.  e  z^z  a  ^  2  e  -J-  a  ft-  2  e,  Sep. 
And  if  the  Number  of  Terms  be  odd,  the  Sum  of  the  two  Ex- 
treams  will  be  double  to  the  middle  Term,  as  in  Gorol.  1, 
Chap.  6.  before-mentioned. 

CONSECTA  Jt  Y  i. 

Whence  it  follows ,  (and  is  very  eafy  to  conceive)  that  if  the  Sum 
of  the  two  Extr earns  be  multiplied  into  the  Number  of  all.the  Terms  in 
the  Series ,  the  Product  will  be  double  the  Sum  of  all  the  Series . 

Now  for  the  eafier  refolving  fuch  Quejlions  as  depend  upon  thefe 
Progrejfional  Quantities, 

the  firft  Term,  as  before, 
the  laft  Term. 

the  common  Excefs,  &c.  as  before, 
the  Number  of  all  the  Terms. 

the  Sum  of  all  the  Series,  viz.  of  all  the  Terms. 

- -  ■  4 

Then  will  a  -J-y  x  N~  2  S,  by  the  precedent  Confe£lary: 

ihat  is,  N a  -J*  N y  =  2  S.  Confequently  ---■  z=.S,  the 

— _ 

Sum  of  all  the  Series,  be  theT erms  never  fo  many.  Thirdly,  In 
thefe  Series  it  is  eafy  to  perceive,  that  the  common  Difference  ( e ) 
is  fo  often  added  to  the  laft  Term  of  theories  ;  as  are  the  Num¬ 
ber  of  Terms,  except  the  firft  ;  that  is,  the  firft  Term  (a)  hath 
no  Difference  added  to  it,  but  the  laft  Term  hath  fo  many  times 
(e)  added  to  it,  as  it  is  diftant  from  the  firft. 

Confequently,  the  Difference  betwixt  the  two  Extreams,  is  on¬ 
ly  the  common  Difference  (e)  multiplied  into  the  Number  of  all 
the  Terms  lefs  Unity  or  j.  That  is,  N —  1  *  e  z=zy  —  a,  the 
Difference  betwixt  the  two  Extreams,  viz.  N  e  — r  e  =zy  —  a, 

•  WW  •  *  ■»  *  ••  *  A  J  4-i  —  ^  *  *r“  <  '  ~  I 

C  O  N  S  E  .C  T  A  R  Y  a, 

*  -  -  *  J  w  1  w  r  1  .  *)  i  ■”■""!  ‘  .  .  v.i  •  1  , 

.  0+.  .  \  J  '  t  \ 

Whence  it  follows ,  that  if  the  Difference  betwixt  the  two  Extreams 
be  divided  by  the  Number  of  Terms  lefs  I,  the  Quotient  will  be  the 
xommon  Difference  of  the  Series. 

?  'it  to  v :  a  ;«  .  ...  ;!  ni  L  a  ,  .  ’ 

,«-»  ...  ..y  ■  ci 

To  wit,  — -  -zzj. 

N — 1 

B  b 


Now 
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Now  by  the  Help  of  thefe  two  Confe&aries,  if  any  three  of 
the  aforefaid  live  Parts  (viz.  a.  y.  e.  N.  S.)  be  given;  the  other 
two  may  be  eafily  found. 


Thus, 


And 


2  x  N -  I 

z+e 

4-j-* 

1X2 

6  —  N  a 

6  —  y  N 

9  +  X 


6-f-tf +y 
5,  and  ii 


12  x  a  -{-y 


I3~2 

14x2* 

15  —  a  e 

16  —  ye 

*7  + 

19  -f-  e 
20  —  Ne 


3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

*3 

H 

15 

16 
*7 

Ji8 

*9 

20 

21 


a  zz  A'  e  —  e 
y  —  a  e  zz  N  e 

y  __  ^  j  ^ 

- -d-~  the  Number  of  Terms. 

e 

N  a  -f-  A^y  =  2  5 

ATy  zz  2  S  —  A7  # 

2  S  —  N  a  ,  ,  _  „ 

—  =y,  the  lair  I  erm. 


as  before. 


N 

N  a  —  2  5 
2  5  —  ATy 


AT 


— -ATy 

=  5,  the  firft  Term. 


25 


^4-y 

y  —  #  -4-  £ 


=  AT,  the  Number  of  Terms. 


25 

■  ■->  Axiom 

*4-7  > 


yy  —  <7 


* 


— j—  q  -f-y  zz  2  5 


=  2  5,  the  Sum  of  all  the  Series. 

2  e  2 

yy  —  -j-y  ezz  2  S  e 

yy  —  a  a  -j-y  ezz  2  S  e  —  a  e 
yy  —  aazzzSe  —  ae  y  e 

- - — —  zz  ey  the  common  Difference. 


2  S  —  a  — y 

Ne  —  e  -f-  a  zzy>  the  laft  Term. 
Ne-\-  a  zzy  -f-  e 
y  ~\~e  —  N  ezzay  the  firft  Term. 

Sec. 


In  like  Manner  you  may  proceed  to  find  out  any  of  the  five 
Quantities  (a.e.y.N.S.)  otherwife,  viz .  by  varying  or  com¬ 
paring  thofe  Equation?  one  \yith  another,  you  may  produce  new 
x  *  Equations 
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Equations  with  other  Data  in  them ;  the  which  I  fhall  here  omit 
purfuing,  and  leave  them  for  the  Learner’s  Pradice. 


Sed.  2.  Of  ClUfltttltfeSi  in  Geometrical  Proportion . 

EOMETRICAL  Proportion  continued  has  been  already 
defined  in  Sed.  2.  Chap.  6.  Part  I.  And  what  is  there 
faid  concerning  Numbers  in  ff  may  eafily  be  applied  to  any  Sort 
of  Homogeneal  Quantities  that  are  in  ff . 

The  moft  natural  and  fimple  Series  of  Geometrical  Propor¬ 
tionals,  is  when  it  begins  with  Unity  or  i. 


As  i  .a.aa.aaa.aaaa.a'  .  <z6,  &c.  in  ff 

For  i  :  a  ::  a  :  a  a  ::  a  a  :  a  a  a  ::  a  a  a  :  a  a  a  tf,  &c. 

bb  bbb  bbbb  b'  _ 

Or  a  .  b  .  —  .  -  .  -  .  &c.  are  Terms  in  ff 

a  a  a  a  a  a  a * 


For  a\b :: 


bb  bbb 
a  *  a  a 


bbb 
a  a 


That  is,  when  all  the  middle  Terms  betwixt  the  twoExtreams 
are  both  Confequents  and  Antecedents,  that  Series  is  in  Geome¬ 
trical  Proportion  continued.  Therefore  in  every  Series  ©f  Quan¬ 
tities  in  ff  all  the  Terms  except  the  laft  are  Antecedents;  and 
all  the  Terms  except  the  firft  are  Confequents.  But  univerfally 
putting  a  the  firft  Term  in  the  Series,  and  e  the  Ratio,  viz .  the 
common  Multiplier,  or  Divifor ;  then  it  will  be 


a  .  de.aee.aeee.aeeee.  a  e*  .  a  e6.  See.  in  -ff 

-  a  a  a  a  a  . 

Ora.—  .  —  .  —  .  -  .  -r  .  &c.  are  in  ff  deer 

e  e  e  e  e  e  e  e  e  e  e * 

aaee 

r  or  a  :  a  e  ::  a  e  :  - -  =:  a  e  e,  &c. 

a 


aa _  a  a  a 

a  e  e  e  e  c  ’  e  e 


a 

5 

ee  e 


I.  In  any  of  thefe  Series  it  is  evident,  that  if  three  Quantities 
are  in  ff,  the  Redangle  of  the  two  Extrems  will  be  equal  to 
the  Square  of  the  Mean ;  as  in  thefe,  a  :  a  e  •  a  e  e>  here  a  x  a  ft 
e  x  a  e>  =  a  a  e  e .  & c. 


Bb  % 


Qt 


1 88 
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PartlL 


_  a  a  ,  lr  a  a  a  aa 
Ora .  —  .  -«r  5  here  alio  x  •*—  =  x  <«- 

e  e  e  e  e  e  e  e  e 


zz — ,  &c* 


II.  If  four  Quantities  are  in  4f  the  RedUngle  of  the  Extreams' 
will  be  equal  to  the  Redlangle  of  the  Means. 

A  s  in  thefe,  a. ae.aee.aeee',  here  a  x  a  e3  zz.  a  e  x  a  e  e. 


a 


a 


a  a 


Or  a  .  —  .  —  .  •— ■;  herealfo#  x  — -  =  —  x  See. 

e  e  e  e  e  €  e  e  e  e  e  e  e  e  e 

Confequently,  If  there  are  never  fo  many  Terms  in  the  Series 
of  *ff,  the  Re&angle  of  the  Extreams  will  be  equal  to  the  Rect¬ 
angle  of  any  two  Means  that  are  equally  diftant  from  thofe  Ex¬ 
treams. 

As  in  thefe,  a  .  a  e  .  a  e  e  .  a  e  e  e  .  a  .  a  e* 

viz.  a  e*  x  a  zz  a  e*  x  a  e.  Or  a  e*  xazz.aeeex.aee  zzd  #  ^ 

t  ''  '  ’  •  *  •  '-■■■•'■  i  rrV 

III.  If  never  fo  many  Quantities  are  in  -ff  it  will  be,  as  any 
one  of  the  Antecedents  is  to  it’s  Confequents ;  fo  is  the  Sum  of  all 
the  Antecedents,  to  the  Sum  ol  all  the  Confequents. 


As 

thefe 


’.  fa  .  a  e  .  a  e  e  .  a  e  e  e  .  a  e  e  e  e  .  a  e^ ,  Sec.  incrcafing. 

!,r0  a  a  a  a  a  \  s 

.  )  a  .  —  .  — .  .  —  .  -  .  -tr,  & c.  decreafing. 

e  ee  eee  eeee  e 5 

a :  a  e ::  a  -f-  a  e  -{-  a  e e  -{-ae3  -\-aex:ae-\-aee-\-ae3  -f- a  e*  -j- a  es 

a  j  a  a  %  a  a  a  a  a  a 

Or  a-.  —  a  +  -r  +  -~  +  -j+  :  —  +  —  +  —  + 


~  -j-  ~~j’y  viz,  a  x  a  e  -f*  a  e  e  -{-  a  e3  | —  a  e^  a  e^ 
e 


a 

e 


e  e  ■  e 
a  e 


.■  ■  l  HI  II  t 


xa-\-ae-{-aee~\~ae3  a  e^. 

•  \  “\  -  / 

That  is,  the  Re&angle  of  the  Extreams  is  equal  to  the  Rect¬ 
angle  of  the  Means ;  per  Second  of  this  Sett: 

Note y  The  Ratio  ot  any  Serips  in  increafing,  is  found  by  di¬ 

viding  any  of  the  Confequents  by  it’s  Antecedent. 

Thus,  a )  a  e  (e  Or  a  e)  aee  (e>  Sec. 

But  if  the  Series  be  decreafing,  then  the  Ratio  is  found  by  di¬ 
viding  any  of  the  Antecedents  by  it's  Confequent. 


Thus,  y)  *  (j  Or  ±  Q,  &C, 


%  ^  . 


€  0  H- 


chap.  6.  Of  $>*opo?tianaI  Quantities. 


189 


CONSECTARY, 

Thefe  Things  being  premifed ,  fuch  Equations  may  be  deduced  from 
them ,  as  will  five  all  fuch  Quejlions  as  are  ufually  propofed  about 
Quantities  in  Geometrical  Proportion  4f .  In  order  to  thaty 

!a  =  the  fir  ft  Term.  \  ,  r 

e  =  the  common  Ratio,  i  as  ore* 
y  ==  the  laft  Term. 

S  =  the  Sum  of  all  the  Terms. 

Then  S  — y  =  the  Sum  of  all  the  Antecedents. 

A  nd  S  —  a  ==  the  Sum  of  all  the  Confequents. 

Analogy. 


I  V 
2  ~  a 

4  — $ 

-  e  —  1 


3  +  s—  y 

S+a 

8  ^ 

4  “f*  a 

10  —  eS 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 


a:  ae::  S— y  :  S  — «  jtr  III.  of  this  Sett. 
S  a  —  a  a  z=za  eS  —  a  ey 
S  a  e  S  —  ey 
S  -\-ey  —  a  zue  S 
ey  —  a  ~  e  S  S 

— - =  Sy  the  Sum  of  all  the  Series. 

e —  1 

S  —  a 

= - =  ey  the  common  Ratio. 

o  — y 

eyz=zeS-\~a~ —  S 


e  S  a  *  "■  S 


=y,  the  laft  Term, 


S  -\-ey  =  eS  +  a 
S  e y  e  S  ~a9  the  firft  Term. 


Notey  The  •••  fet  in  the  Margin  at  the  fecond  Step,  is  inftead 
of  ergo ;  and  imports  that  the  Redtangle  of  the  two  Extrcams  in 
the  firft  Step,  is  equal  to  the  Rectangle  of  the  Means.  And  fa 
for  any  other  Proportion. 


Sett.  3,  Of  Dacmonical  Proportion. 

TJ  ARMONICAL  or  Mufical  Proportion  is,  when  of  three 
Quantities  (or  rather  Numbers)  the  firft  hath  the  fame  Ratio 
to  third,  as  the  Difference  between  the  firft  and  fecond,  hath 
to  the  Difference  between  the  fecond  and  third.  As  in  thefe  fol¬ 
lowing. 

Suppofe  a,  by  c9  in  Mufical  Proportion* 

Then  1 1 1 a  :  ;  : :  6  —  a  :  cr—  b 
4  V  a  z=;ac^ba 


l 
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2  j—  C  G 
4-  2  c  —  h 
^  “I"  b  a 
5  ~r“  c  — f—  & 
5—cb 
■4-2  a  —  c 


3 

4 

5 

6 

7 

8 


c  b  z=z2  a  c  —  b  a 

— - — -  =  <7,  the  firft  Term. 
2  c  —  b 

2  a  c  zuch  -\~b  a 

2  a  c  ,  .  , 

— —  z=  by  the  iecond  Term. 

C  »— I**1  d 

2  a  c  —  c  bzzib  a 
b  a 

-  —  Cy  the  third  Term. 


2  a 


If  there  are  four  Terms  in  Mufical  Proportion,  the  firft  hath 
the  fame  Ratio  to  the  fourth,  as  the  Difference  between  the  firft 
and  fecond  hath  to  the  Difference  between  the  third  and  fourth. 

That  is,  let  a ,  b ,  cy  d ,  be  the  four  Terms, 


Then 
1  v 

2  — da 

3  4-  2  d  —  c 

3  +  4 

3  +  ca 

b—db 

7  -r-  a 


2  a 


1 

2 

3 


5 

6 

7 

8 


a  :  d  : :  b  —  a  :  d—~c 
d  h  —  d  a  d  a  —  c  a 

d  b  ~  2  d  a  •—  c  a 
db 

“  a 


2  d  —  c' 

2  da  —  c  a 


d  b  -f-  c  a~2  d  a 
c  a  2  d  a  —  d  b 
2  da  —  d  b 


a 


c  a 


2  a  —  b 


d 


~  -  CHAP.  VII. 

Of  Proportion  JDfjSftttttt,  and  how  to  turn  Equations  int$ 

Slnalagte&  &c. 

PROPORTION  Disjuna,  or  the  Rule  of  Three  in 
Numbers,"  is  already  explained  in  Chap .  7.  Part  1.  And 
what  hath  been  there  faid,  is  applicable  to  all  Homogeneous 
Quantities,  viz*  of  Lines  to  Lines,  &c,  -  i*  • 


-Sea, 
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SECT.  1. 


T  F  four  Quantities,  (viz.  either  Lines,  Superficies,  or  Solids)  be 

Proportional:  the  Rectangle  comprehended  under  the  Extreams, 
is  equal  to  the  Rectangle  comprehended  under  the  two  Means. 
(16  Euclid  6.) 

For  Inftance,  Suppofe,  a  .  b  .  c  .  d .  to  reprefent  the  fourHo- 
mogeneal  Quantities  in  Proportion,  viz  a  \  b  ::  c  :  d\  then  will 
a  dz=:b  c.  For  fuppofe  b  zzz  2  ay  then  will  d  zzz  2  <r,  and  it  wii! 
be  a  :  2  a  : :  c  :  2  c.  Here,  the  Ratio  is  2.  But  a  x  2  c  zzz  %  a  \  c. 
viz.  2  c  a  zzz  2  a  c.  Or  fuppofe  b  -=z  3  af  then  will  d  z=z  3  r,  and 
it  will  be  a  :  3  a  : :  c  :  3  c.  Here  the  Ratio  is  3.  But  a  x  3  c 
z=z$a  x  c.  viz.  3  c  a  zzz  3  a  c.  Or  univerfally  putting  e  for  the 
Ratio  of  the  Proportion,  viz.  making  b  —  ae ,  then  will  dz=zc  ey 
and  it  will  be  a  :  a  e  : :  c  :  c  e.  But  axce==aexct  viz.  ace 
zzza  e  c.  Confequently,  a  d  —  b  c  which  was  to  be  proved. 

Whence  it  follows,  that  if  any  three  of  the  four  Proportional 
Quantities  be  given,  the  fourth  may  be  eafily  found  j  thus. 


Let 
1  v 

2  ~  d 

2~~  c 

2  ~b 

2  -r-  a 
2  -f-  b  d 

Or  2  a  c 


1 

2 

3 

4 

5 

6 


8 


a  :  b 
adz : 


a 


::  c  :  d 
zb  c  as  before 
be 

7 

a  d 
c 

a  d 


d  = 


£ 
£  r 

a 


Note ,  In  this  Manner  Euclid ,  in 
his  5th  Book,  exprefles  the  Ratio 
of  Proportionals,  was.  the  Ratio  gi 


a  to  £  is 


/ 


If  four  Quantities  are  Proportionals  they  will  alfo  be  Propor¬ 
tionals  in  Alternation,  Inverfion,  Compofition,  Divifion,  Con- 
verfion,  and  Mixtly.  Euclid  5.  Def  12,  13,  14,  15,  16. 


That 
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That  is,  if 
Then 
And 
Alfo 

4  V 
Or 

6  v 

Again, 
8  v 
Or 
10  v 
And 
12  v 
Laftly 

14  v 

15  + 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

J3 

14 

!5 

16 


a  :  b  ::  c  :  d  be  in  direct  Proportion*  as  before. 
a  :  c  ::  b  :  dj,  alternate.  For  a  dz=  be. 
b  :  a  : :  d  :  c,  inverted.  For  a  dzz.b  c. 
a  -f-  b  :  b  : :  c  -f-  d  :  d;  compounded. 
da-^bdzubc-^bd,  that  is,  adzubcy  as  before. 
a^c  \  c  ::  b-\.d :  d;  alternatively  compounded. 
ad-{-cd~bd-{-cd,  that  is,  a  dzzzb  c. 
a  —  b  :  b  : :  c  —  d  :  dy  divided. 
ad  —  b  denb  c  —  b  dy  that  is,  a  d  zzzb  c. 
a  —  c  :  c  : :  b  —  d  :  dy  alternately  divided. 
ad — c  dzzib  c c  dy  that  is,  adeezbe. 
a  :  b  +  a  : :  c  :  d  +  c ,  converted. 
a  d  +  czzzb  c  +  r,  that  is,  a  dzzb  c. 
a  -f-  b  :  j  b  ::  c  d  :  c  dy  mixtly. 
a  c  —  a  d-\-b  c  —  b  dz=i  a  c-f- a  d  —  bc-^bd. 
2  b  c  =-  2  a  dy  that  is,  a  d~b  c;  as  at  firft. 


Note;  What  has  been  here  done  about  whole  Quantities  in 
Simple  Proportion,  may  be  eafily  performed  in  Fractional  Quan¬ 
tities,  and  Surds,  &V. 

For  Inftance,  If  —  :  ~  .  C  : :  and  if  it  be  required  to 

c  f  / 

d  d  ~  c  c 

find  the  fourth  Term,  it  will  be  — ~ — -  the  ReCtangle  of  the 


fc 


a  b 


Means ;  which  being  divided  by  the  firft  Extream  ^  will  be- 

c 


a  b\  d  d  —  c  c{ 

T)  —  77~A 


come 


d  d  c 


c  c  c 


dd  — 


c  c 


a  b  fc 


ab  f 


the  fourth  Term. 


Or  if  b  :  s/ bd-\-bc  : :  \/ bd~^bc  :  to  a  fourth  Term.  Then 
Is,  V  bd-\-bcy,\f  bd-^-bezzb  d-\-bc  the  ReAangle  of  the  Means; 
and  b)  bd-\-bc  {d-\-c  the  fourth  Term.  That  is,  b:^bd^bc 
::  b  d  -\~b  c  :  d-\-  c,  &c. 


Sea.  2.  Of  Duplicate  and  duplicate  giopoattoit. 

HE  Proportions  treated  of  in  the  laft  SeCtion,  are  to  be  un- 
■**  derftood  when  Lines  are  compared  to  Lines,  and  Superficies 
to  Superficies ;  or  Solids  to  Solids,  viz.  when  each  is  compared  to 
that  of  it’s  like  Kind,  which  is  only  called  Simple  Proportion. 


But 
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But  when  Lines  are  eompared  to  Superficies,  or  Lines  are  com¬ 

pared  to  Solids,  fuch  Comparifons  are  diftinguifhed  from  the  for¬ 
mer,  by  the  Names  of  Duplicate,  and  Triplicate,  (&c.)  Propor¬ 
tions;  fo  that  Simple,  Duplicate,  and  Triplicate,  &c.  Propor¬ 
tions  are  to  be  underftood  in  a  different  Senfe  from  Simple,  Double 
Treble,  &c.  Proportions,  which  are  only  as  1,  2,  3,  &c.  to  j  • 
but  thofe  of  Simple,  Duplicate,  Triplicate,  &c.  Proportions  are 
thofe  of  a  .  a  a  .  a  a  a  .  ,  &c.  to  1.  Or  if  the  Simple  Proportion 


be  that  of  a  to  b,  whofe  Ratio  or  Exponent  is  E.  or 

b  a 

Then  —  X  .f.  =  is  the  Exponent  of  the  Du- 
b  b  b  b 

plicate. 

And  -f-  x  —  x  ~  rzz  —  is  the  Exponent  of  the 
b  b  b  b* 

Triplicate  Proportions,  &c. 

And  if  there  are  three,  four,  or  more  Quantities  in  as 
I  a  ,  a  a  .  a  a  a  .  a*  .  <?5,  &c.  (as  in  the  firft  Series,  Sett.  2.  of 
the  laft  Chapter.)  Then,  that  of  the  firft  to  the  third,  fourth, 
and  fifth,  isfc.  (viz.  1  to  a  a  .  a  a  a  .  .  a$)  is  Duplicate,  Tri¬ 

plicate,  Quadruplicate,  &c.  of  the  firft  to  the  fecond  (viz.  of  1 
to  a  ;J  and  by  Inverfion#  that  of  the  third,  fourth,  fifth,  is  Du¬ 
plicate,  Triplicate,  &c.  of  that  of  the  fecond  to  the  firft  (a  to  1 ) 
per  Def.  jo.  Eucl.  5.  But  the  Name  of  thefe  Proportions  will 
appear  more  evident,  and  be  eafier  underftood  when  they  are  ap¬ 
plied  to  Prattice,  and  illuftrated  by  Geometrical  Figures,  further 
on. 


Sett.  3.  How  to  turn  Equations  into  SlttcllQjJtCSC 

PROM  the  firft  Settion  of  this  Chapter,  it  will  be  eafy  to  con- 
*  ceive  how  to  turn  or  refolve  Equations  into  Analogies  or  Pro¬ 
portions.  For  if  the  Rettangle  of  two  (or  more)  Quantifies,  be 
equal  to  the  Rettangle  of  two  (or  niore)  Quantities  ;  then  are 
thofe  four  (or  more)  Quantities  Proportional.  By  the  16  Eucl.  6. 
That  is,  if  a  b  =  c  d ,  then  is  a  :  c  :  :  d  :  £,  or  c  :  a  : :  b  :  d,  &c. 
From  whence  there  arifes  this  general  Rule  for  turning  Equations 
into  Analogies. 

C  c 


RULE. 
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RULE. 

Divide  either  Side  of  the  given  Equation  (if  it  can  be  done)  into 
tivo  ( uch  Parts ,  or  Factors,  as  being  multiplied  together  will  produce 
that  Side  again  ;  and  make  thofe  two  Parts  the  two  Extr earns.  Then 
divide  the  other  Side  of  the  Equation  (if  it  can  be  done)  in  the  fame 
Manner  as  the  firjl  was,  and  let  thofe  two  Parts  or  Faftors  be  the 
two  Means . 

For  Inftance,  fuppofe  ab  -f-  a  d—  b  d.  Then  a:  b  : :  d:b-\-d, 
or  b  :  a  i :  b  +  d:  d.  See.  Or  taking  ad  from  both  Sides  of  the 
Equation,  and  it  will  be  a  b  =  b  d—  q  d->  then  a  :  :  b-~a:b9 

or  b  :  d  :  :  h  —  a  :  a.  Sc c. 

Again,  fuppo  feaa  -{-2aezz  %hy\-yy.  Here  a  and  a  -f-  2  e  are 

the  two  Fadlors  of  the  firft  Side  in  this  Equation  ;  for  a  -J-  2  e 
x  a  ~  a  a  2  a  e. 

Again,  y  and  2  b  -^y  are  the  two  Fa&ors  of  the  other  Side  ; 
therefore,  a :  y  :  :  2  b  y :  a  2  e,  or  2  b  - \-y  a  :a:  y,  &c. 

When  one  Side  of  any  Equation  can  be  divided  into  two  Fa£tor$, 
as  before  ;  and  the  other  Side  cannot  be  fo  divided,  then  make  the 
Square  Root  of  that  Side  either  the  two  Extreams  or  the  two 
Means.  For  Inftance,  Suppofe  b  c  -\-  b  d  zz  da  -f-  gy  then  b  : 

yf  da^g::  f  da-fg\c-\-d,  or  f  da-\-g\bwc-\- d\  \/  daf-g,Scc. 


CHAP.  VIII. 

Of  SHt&ffftUtlCtti  and  the  Solution  of  duat^cltlCft 

®quatfon& 

Seft.  1 .  Of  StibttittttieiL 

“M7  HEN  new  Quantities  nqt  concerned  in  the  firft  Stating  of 
^  *  any  Queftion,  are  put  inftead  of  fome  that  are  engaged  in 
it,  that  is  called  Subjlitution.  For  Inftance,  If  inftead  of 

b'c  —  d  c  you  put  z,  or  any  other  Letter  \  that  is,  make  z  zz 

yf  be  —  dc.  Or  fuppofetftf-j"^ — -c a-\-da  zzdc9  inftead  of b — £ 
-j-  d  put  s ,  or  any  other  Letter  not  engaged  with  the  Queftion, 
viz.  s  zz  h  —  cA-d,  then  aa~x.sa  —  dc .  That  is,  if  c  be'greater 

than 
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than  b  -\-d^  it  is  0  0  —  s  a  zz  dc\  but  if  b  -{-  d  be  greater  than  r, 
then  it  is  a  a  -f-  s  a  zz  d  c. 

And  this  way  of  fubftituting  or  putting  of  new  Quantities  in- 
(lead  of  others,  may  be  found  very  ufeful  upon  feveral  Occafions ; 
viz.  in  order  to  make  fome  following  Operations  in  the  Que- 
ftion  more  eafy,  and  perhaps  much  fhorter  than  they  would  be 
without  it,  as  you  may  obferve  in  fome  Queftions  hereafter  pro* 
pofed  in  this  Tra£E 

And  when  thofe  Operations,  in  which  the  fubffituted  Quanti¬ 
ties  were  aflifting  or  ufeful,  are  performed  according  as  the  Na¬ 
ture  of  the  Queftion  required,  you  may  then  (if  there  be  Occafion) 
bring  the  original  or  firft  Quantities  into  the  Equation,  in  the 
Place  (of  Places)  of  thofe  fubffituted  Quantities,  which  is  called 
Reffitution,  as  you  may  fee  further  on. 


Sedt.  2.  the  Solution  of  ©UatyattCfc  CqttattOnk 

\\7  HEN  the  Quantity  fought  is  brought  to  an  Equality  with 
^  *  thofe  that  are  known,  and  is  on  one  Side  of  the  Equation, 
in  no  more  than  two  different  Powers  whofe  Indices  are  double  one 
to  another,  thofe  Equations  are  called  Quadratick  Equations  Ad- 
fe&ed  ;  and  do  fall  under  the  Confideration  of  three  Forms  or 
Cafes* 


Cafe  I .  a  a  -[*  2  b  a 
Cafe  2.  a  a — -2  b  a 
Cafe  3.  2  ba**-aa 


Alfo 


==  dc.  } 
=  dc. 

=  dc.  3 

f  efi  >4"  2  b  al  zz  d  c.~) 
i  a6  —  2  b  at  zzz  d  c.  5* 
L  2  b  d*  — - -  a6  zz  d  c.j 


And 


And 


* M- 

2  b 

ax 

=  dc. 

2  b 

a- 

—  dc. 

2  b  az 

a" 

zz  dc. 

a s  -f- 

2b 

a * 

=zd  c. 

efi — » 

2  b 

zz  d  c. 

2  b  a* 

- a 

zz  dc. 

&c* 


When  there  happens  to  be  more  Terms  in  one  of  thefe  Kind 
of  Equations  than  two,  and  the  higheft  Power  of  the  unknown 
Quantity  is  multiplied  into  fome  known  Co-efficients  j  you  muff 
reduce  them  by  Divijion ;  as  in  Se<5f.  4.  of  Chap.  5.  and  for  the 
Fra&ional  Quantities  that  may  arife  by  thofe  Divifions,  fubffitute 
another  Quantity  doubled/ 

For  Inffance,  let  baa-\-c  a  a  —  ca — *  d  a  zz  dc  -J-  cby  then  a  a — - 

jf±£l  -  tc,  ±1 1.  Make  i±J  ~  2  a-,  and  if  you  pleafe, 
hJf-c  b+c  b+c , 

■  i  C  c  2  -  (or 
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for  (ic.^r  c  ^  put  z.  Then  will  a  a  —  2  x  a  zz  z  be  the  new  Equa- 
b  -j-  c 

tion,  equal  to  the  other,  being  now  fitted  for  a  Solution. 

Now  any  of  thefe  three  Forms  of  Equations  being  thus  pre¬ 
pared  for  a  Solution,  may  be  reduced  to  fimple  Powers  by  cafting 
off  the  fecond  or  loweft  Term  of  the  unknown  Quantity  j  which 
is  done  by  Subftitution  ;  thus,  always  take  half  the  known  Co¬ 
efficient,  and  add  it  to  (Cafe  1.)  or  fubtradl:  it  from  (Cafe  2.)  it’s 
fellow  Fadtor ;  and  for  their  Sum,  or  Difference,  Subffitute  ano¬ 
ther  Letter ;  as  in  thefe. 


Let 

Put 

2  Q-z 

3 —  1 

4  +  dc 

5  WJ1 

2  and  6 

7 —  ^ 


1 

2 

3 

4 

5 

6 

7 

8 


a  a  +  2  b  a  ~  d c  Cafe  r. 
a  b  zzi  e 

Ga-\-7.ba-\-bb^szee 
bh  ~  e  e  —  d  c 
e  6  —  b  b  — [—  d  c 

s  zz  b  b  — j—  d  c 


a-\.b~s/bbJrdc^  per  Axiom  5. 
a  —  s/  'b  b  +  d  c  :  — b 


Let 
Pu: 
2  G"z 

3—  I 

4  +  d  c 

5  tw1 

2  and  6 
7  -M 


2| 

3| 

4 

5 

6 

7 

8 


Again. 

\a  a  —  2  b  a  =  d  c  Cafe  2. 
1  <2  —  b  =  e 

a  a  —  2 ,ba-\-bbz=.ee 
bb  -rzz  e  e  —  d  c 
e  e  ~  d  c  b  b 

e  cm  *J  cl  c  b  b 
<2  ~~  b  d  c  b  b 

a  —  b-^Jdc-^bb 


In  Cafe  3.  From  Half  the  known  Coefficient  fubtradt  it’s 
fellow  Fadtor. 


Thus,  Let  r 
Put  2 
2  3 

1  +  3  + 

4— dc  5 


'iba  —  aa^dc  . 
b  —  a  —  e 

bb  —  2  b  a  -f-  a  a  zz  e  e 
b  b  =  d  c  -f-  ee 
e  e  zz  bb  — -  d c 


5  *** 


% 
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5  wjl 

2  and  6 

7  +  * 
8 - & c. 

9 

7 

8 

9 

e—yjbb  —  d  c 
b  —  G  zzz  yj  b  'o  —  d  c 
b  =  a  - 1-  yj  b  b  —  dc 

G  ~  b —  yj  b  b  —  a  c 

And  this  Method  holds  good  in  thofe  other  Equations,  where¬ 
in  the  higheft  Powers  are  tf4,  g^}  <2S,  & c.  As,  for  inftarice. 


Let 

I 

a6  2  V  a-=.  dc  Cafe  1. 

Put 

2 

a  3  -j-  b  =  e 

2  2 

3 

a6  -j~  2  ba*-j-bb  =  tf 

3  — 1 

4 

b  b  —  e  e  —  d  c 

4  -j -  c  d 

5 

e  e  —  b  b  -V  d  c 

5  WjZ 

6 

ez=  J  b  b  dc 

2  and  6 

7 

G^  -j-  b-z=z  yj  b  b  -f-  dc 

7  —  b 

8 

a^>  —  b  b~\~  dc :  —  b 

8  Uu3 

9 

a  =  zy':  ^  b  b  +  dc: — *b 

The  fame  may  be  done  with  all  the  reft,  Care  being  taken  to 
add,  or  fubtra£l,  according  as  the  Cafe  requires. 

But  all  Quadratick  Equations  may  be  more  eafily  refolved  by 
compleating  the  Square,  which  is  grounded  upon  the  Confideration 
of  raifing  a  Square  from  any  Binomial,  or  Refidual  Root.  (See 
Se£E  5.  Chap.  1.)  Viz.  if  a  -j-  b  be  involved  to  a  Square,  it  will 
betftf-f-  2  b  a  -f-  bb  ;  and  if  a  —  b  be  fo  involved,  it  will  be  a  a  — 
2  b  a  -\-b  b.  Whence  it  is  eafy  to  obferve,  that  aa-\-iba  =  dc 
(Cafe  1.),  an  da  a  —  2  ba  =  dc  (Cafe  2.),  are  imperfect  Squares, 
wanting  only  b  b  to  make  them  compleat.  And  therefore  it  is, 
that  if  half  the  known  Co-efficient  be  involved  to  the  fecond 
Power,  and  the  Square  be  added  to  both  Sides  of  the  Equation, 
the  unknown  Side  will  become  a  compleat  Square. 


Thus  Let 
But 
1  +  2 

3^* 


2 

3 

4 


f  Here  half  the  Co-efficient 
aa  +  2b  a=dc  2  b  is  by  which  being  fquared, 
bb~  bb  tisbb 

g  g  —j—  2  b  g  b  b  d  c  —| —  b  b  Cafe  I . 

a  +  b  =  yj  dc  b  by  as  before. 


Again. 
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Again. 

Let 

1 

—  2  b  a~  d  c  Cafe  2* 

But 

2 

b  b  —  b  b 

I  +  3 

3 

a  a  —  2ba-\-bb=zdc-\-  bh 

3  vjjZ 

4 

b  =v/  dc  bby  &c.  as  before* 

_ 1  .  lues 

But  in  Cafe  3.  you  mufi  change  the  Signs  of  all  the  Terms  in 

the  Equation. 

Thus 

1 

2  b  a  —  a  a  t=zd  c  Cafe  3. 

1  + 

2 

a  a  —  2b  a  — —  d  c 

Then 

3 

a  a  — .  2  b  a  b  b  b  b  —  d  cy  &c* 

And  this  Method  of  compleating  the  Square,  holds  true  in  thofe 

other  Equations. 

Viz, , 

1 

aaa  a  dr2b  a  a  —  dc  Cafei 

For 

2 

bb=zbb,  as  before. 

1  2 

3 

a  a  a  a  -\-  2  baa  -| -bb  z=  dc  -j-  £  £ 

3  IW  * 

4 

A  #  d  c  -f-  b  b 

4  —  b. 

5 

a  a  nz  f  d  c  b  b :  —  b 

5  W)% 

6 

a~^/\^/dc-\-bb\  —  by  and  fo  on  for  the  reft. 

Or  let 

1 

a^‘\-2baaat=zdcy  as  before,  Cafe  1. 

And 

2 

bb^bb 

1  +  2 

3 

at* -\-2baaa-\-bb~dc-\~bb 

I  IU»X 

4 

a  a  a  -f-  b  =  \/  d  c  b  b 

4  ~b 

5 

a  a  a  zz.  f  d  c  -f-  b  b  :  —  b 

5  w/ 

6 

a  m3  y/f  f  d  c  +  b  b  :  —  b,  &c. 

COROLLARY. 

Hence  it  is  evident ,  that  whstfoever  Method  is  ufed  in  folvirtg 
thefe  ( or  indeed  any  other)  Equations ,  the  Refult  will  fill  be  the  famey 
if  the  IV irk  be  true  ;  as  you  tnay  obferve  from  the  Operations  of  this 
Section  :  for  both  thefe  Methods  here  prop  cfedy  give  the  fame 'Theorems 
in  their  refpeftive  Cafes  for  the  Value  of  ( a). 


Thus 
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Thus,  when  aa-\-iba  =  dC)  theij 

• Theorem  i .  a-=AJdcybb\'-r*h 

And  when  aa—r'iba~dc,  then 

Theorem  2.  a  -rzb  +  J  d  c  y  bb 

Again  when  2  b  a  —  a  a  —  dc,  then 

TJoeorem  3.  a  —  b  —  y  b  b  —  d  c 

"  % 

The  like  Theorems  may  be  eafily  raifed  for  the  reft. 

If  the  known  Co-efficients  (of  the  fecond  or  loweft  Term)  be 
any  Tingle  Quantity,  as  a  a  y  b  a  =  d  c,  Sec.  then  is  -  b  it’s  Half, 
and  i-  b  b  will  be  the  Square  of  that  Half  ;  that  is,  4.  b  x  L  b  —  L  b  b, 
and  then  the  Work  will  ftand 


Thus 

* 

a  a  -f-  b  a  —  d  c 

f  c  □ 

2 

aa  yb a  ~y  —  bb  en  dc  y  ~bb 

2  ux> 1 

3 

ay^b^j^dey^bb  1 

3-i* 

4 

azz  \/  d c  y  L  b  b:  —  L  b>  and  fo  for  the  reft. 

Note>  C  □  placed  in  the  Margin  againft  the  Tecond  Step,  fig- 
nifies  that  the  imperfe&  Square  a  a  -f  b  a  in  the  firft  Step,  is  there 
compleated,  viz.  in  the  fecond  Step. 

Now  by  the  Help  of  thefe  Theorems ,  it  will  be  eafy  to  calculate 
or  find  the  Value  of  the  unknown  Quantity  (a)  in  Numbers. 

E  XA  M  P  L  E  r. 

Suppofe  a  a  y  2  b  a  —  z.  Let  b  rr  1 6,  and  z  =  4644. 

Then  az=z<Jz-ybb:  —  b  per  Theorem  r. 

But  z  y  bb  =  4644  +  256  =  4900,  and  ^4900  ==  70. 

Confequently  a  =  70—16,  viz.  a  =  54. 

But  every  Adfe&ed  Equation  hath  as  many  Roots  (or  rather 
Values  of  the  unknown  Quantity)  either  real  or  imaginary,  as 
are  the  Dimenfions  (viz.  the  Index)  of  it’s  higheft  Power;  and 
therefore  the  Quantity  a ,  in  this  Equation,  hath  another  Value 
either  Affirmative  or  Negative  ;  which  may  be  thus  found. 

The  given  Equation  is  a  a  -{-  32  a  =  4644,  and  it’s  Root  a  m  54. 

Let  thefe  two  Equations  be  made  equal  or  equated  to  o ,  viz .  to 
Nothing, 

Thus, 
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Thus,  a  a  +  32  a  —  4644  zr  o,  and  a  —  54  3=  0. 

Then  divide  the  given  Equation  by  it’s  firft  Root,  and  the 
Quotient  will  (hew  the  fecond  Value  of  a . 

Thus,  a  —  54  =  0)  aa  +  3 la  —  4644  =?o  (a  +  86  zz  9 

a  a  —  54  a 

+  86  a  —  4644 

86  a  —  4644 

Jo)  * 

Hence  the  fecond  Value  of  a  is  z:  — »  86,  or  86  =  a>  which 
feems  impoffible,  viz,  that  an  Affirmative  Quantity  fhould  be 
equal  to  a  Negative  Quantity ;  yet  even  by  this  fecond  Value  of 
<2,  and  the  fame  Co-efficient,  the  true  (or  firft)  Equation  may  be 
formed. 


Thus,  Let 

I 

a 

11 

1 

00 

Q> 

i©-1 

2 

a  a  =  +  7396,  viz.  ^  86  x  —  86  zz  +  7391 

I  x  32 

3 

32*  =  —  2752 

2  +  3 

4 

a  ci  ■+  32  Q  —  4644,  as  at  firft. 

EXAMPLE  2. 

Suppofe 

1 

a  a  —  7  a  —  948,75,  then  per  Theorem  2, 

I  c  □ 

2 

aa-ja-i-  \9=  948>75  +  V=  961 

2  iw  z 

3 

“  —  !(°r  3>5)  =  \/96i  =  31 

J+J± 

4 

a  —  31  +  3-5  =  34>5 

Again,  for  the  fecond  V alue  of  <7,  let  a  a  —  7  a  —  948,7 5  =z  o, 
and  a  —  34,5  =  o.  Then*  —  34,5  =  o)  aa^a  —  948,75  =z  o 
(a  4-  27,5  =2  o.  Confequently  this  fecond  Value  is  a  =  — .  27,5 
Which  will  form  the  original  Equation,  a  a  —  7  a  =  948,75  if  it 
be  ordered  as  the  laft  was, 

EXAMPLE  5. 

Suppofe  36  a  ^  a  a  —  243,  then  per  Theorem  3.  a  =  18 
* _ y  325  _JL  243,  viz.  half  36  fquared  is  324,  &c.  that  is, 

a  r8  —  V  8 1  ;  but  V  81=9,  therefore  a  —  18  —  9  =  9. 

Now  this  third  Form  is  called  an  ambiguous  Equation,  becaufe 
it  hath  two  Affirmative  Values  of  the  unknown  Quantity  (a)> 
both  which  may  be  found  without  fuch  Divifion  as  was  ufed 
2  :  before. 
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before.  For  in  this  Cafe,  a  =z  1 8  +  *J  8 1 ,  viz.  a  ~  184-9  —  27, 

or,  a  —  18  —  9  =  9,  as  before.  And  both  thefe  Values  of  a  are 

equally  true,  as  to  forming  the  given  Equation  ;  viz.  36  a _ a  a 

“  243.  For  if  a  —  9,  then  <7  a  =  81,  and  36  a  n  324  ;  but  324 
— -  81  =  243,  therefore  a  —  9. 

Again,  if  a  zz  27,  then  will  a  a  ==  729,  and  36  ^  =  972  :  But 
972  —  729  =  243,  confequently  it  may  be,  a  —  27.  Now  either 
of  thefe  Values  of  a  may  be  found  by  Divijion ,  as  thofe  were  in 
the  other  two  Cafes,  one  of  them  being  firft  found  by  the 
Theorem.  Thus,  let  36  a  —  a  a  —  243  ~  o,  and  9  —  a  n  O 
then  9  —  a  =  0)  36  a  — a  a — 243  rz  O  [<?  —  27  —  q 

9  a  —  a  a 

27  a-r-p  —  243 

27 _ 243 

,(o)  (o) 

Hence,  if  a  —  27  =  0,  then  #  =  27,  as  before. 
Notwithftanding  all  Quadratick  Equations  of  this  third  Form 
have  two  Affirmative  Roots  (as  in  this)  yet  but  one  of  thofe  Roots 
will  give  a  true  Anfwer  to  the  Queftion,  and  that  is  to  be  chofen 
according  to  the  Nature  and  Limits  of  the  Queftion,  &s  fhall  be 
fhewed  further  on. 


SCHOLIUM, 


From  the  Work  of  the  three  laji  Ex  ample  s9  it  may  be  obfervedy 
that  the  Sum  of  both  the  Roots  will  always  be  equal  to  the  Co -efficient 
of  their  refpeflive  Equations ,  with  a  contrary  Sign . 

Thus.  In  Example  1.  ft  a  -f*  32  a  rz  465 

Here  *  =  54  J  Add 


In  Example  2. 


And  a  —  - — 86 
2  a  ~  —  32 

a  a  1—7  a  —  948,75 
Here  a  —  34,5  ?A(]d 

a  =  —  27,5  i 


And 


2tf  =  +  7 

In  the  laft  Example  36  a —  a  a  z z  243 

Which  was  changed  into  a  a  —  36*2  —  —  243 

Here  *  =  9  l  Add 
And  a  ==  27  I 


2  a 


22. 

3b 
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Hence  it  is  evident,  that  if  either  of  the  Roots  be  found,  the 
other  may  be  eafily  had  without  Divifion. 

If  the  Contents  of  this  Section  be  well  underftood,  it  will  be 
eafy  to  give  a  Numerical  Solution  to  any  Quadratick  Equation, 
that  happens  to  arife  in  refolving  of  Queftions,  &c.  And  as  for 
giving  a  Geometrical  Conftrucftion  of  them,  I  think  it  not  pro¬ 
per  in  this  Place;  becaufe  I  here  fuppofe  the  Learner  wholly  igno¬ 
rant  of  the  firft  Principles  of  Geometry,  therefore  I  ftiall  refer 
that  Work  to  the  next  Part. 


CHAP.  IX. 

Of  Mpfiss,  or  the  Method  of  refolving  P^ObICU!0  exem¬ 
plified  by  Variety  of  Numerical 

V  *  0' 

N.  B.  TJERE  I  advife  the  Learner  to  make  Ufe  always  of  the  fame 
Letters ,  to  reprcfcnt  the  fame  Data  in  all  Lfuejiions. 

7r.  r  If  a  reprefent  any  Number  7  ,  ^ 

7  IZ‘  |  And  r  reprefent  a  left  Number  1  or  oth?1  Or a  lty’ 

a  -|~  e  ~  s  their  Sum. 

a  —  e~ ~d  their  Difference. 

a  e  —  p  their  Prod u£f. 

Then  let  d  a  .  .  ~ 

-  their  Quotient. 
e 

a  a  -f-  e  e  rz  %  the  Sum  of  their  Squares. 

*^aa~ — ee  —  x  the  Difference  of  their  Squares. 


Any  two  of  the  fix  (r,  y>,  y,  %,  x)  being  given,  thence  tq 

find  the  reft  $  which  admits  of  fifteen  Variations,  or  Queftions. 

Qucjlion  i.  Suppofe  s  and  d  were  given,  and  it  were  required 
by  them  to  find  a  .  e  .  p  .  q  .  %  .  and  *  . 


Let  | 
L 

I  -f*  2 

3-2 
?  —  2 


1 

2 

3 

4 


a 

a 


—  **  =  d } and  fupp°fe  { j=  192  }  Then 


2  a  —  s  -j-  d \  —  432 
a  —  i—L fiL  ~zz  2 1 6,  here  a  is  found. 


2  e 


2 

j  —  d 


48. 


5-5- 2 
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5^2 

4x6 

4^6 

4  ©-* 

6  ©-* 

9  +  10 
9—  10 


6 

7 

8 
9 

10 

11 

12 


7/ 


72  e  — 

a 
e 

a  a  = 


2 

s  s- — •  d  d 


24,  here  e  is  found. 


—  P  —  5x^4i  here  p  is  found. 


4 

-  —  q  —  9,  here  q  is  found. 
j  —  7/ 

ii±2T^+^  =  46656. 


s  s  —  2  s  d  4-  d  d  r 

e  e  ~  — - ! -  ~  576. 

4 

•  i-  s  *4“  d  d  r  1 

a  a  -f-  e  e  ~ - =  z  =  47232,  %  found. 

2 

a  a  —  e  e  =  s  d  ~  x  ~  46080,  x  found. 


£>uejlicn  2.  Let  1  and  p  be  given,  to  find  the  reft 
That  is  | 


I 

2X4 

3—4 

5  VJJZ 

1+6 

7^ 

1  —  6 
9-V-2 

8  -r*  10 

8  ©-* 

10  ©-* 

12  + 13 
12  — 13 


2 

3 

4 

5 

6 

7 

8 

9 

10 

1 1 

12 

*3 

14 

*5 


7?  +  e  zz  j  =  240 


a  e  —  p  ~  5184 


}o» 


uaere  a .  e  .  d  .  q  ,  z  .  x. 

a  a  2  a  e  +  e  e  =  J  j-  ~  57600 

4«f—  4^=  20736 

77  77 -  277^  +  ^^ZZ^J  —  4P  ~  36864 

77  — ~  f  ~  n  —  4  />  =z  7/=  192 

2  72  ~  i  +  y/  J  J  -  4^> 


77 


_ _ i£,  hence  a  —  316 


2  e  —  s  — <  \/  s  s  —  4  p 

e  =  .J  y./  5-T l££,  hence  £  =  24. 
2 

^  __  j  +  — 4^  _  9# 

j  —  s/ss—^p _ 

/> 


a  a  ~ 


ss  +  ss/ss  —  4.p. 


2 


i  j  —  J  \  /  J  J  —  4  p  , 

e  e~ - — - —  :  —  p 

'  2 

7?77  +  <?7?  =  .fJ - 2  p  —  Z  =  47232 

7777  —  e  s  \/  s  5  — 4/)  rr  ^  ~  46080 


D  d  2 
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ghicjlion  3.  Suppofb  s  and  q  are  given,  to  find  the  reft. 


Viz  A 

2  x  e 
i  —  3 
4  +  9e 

5-^1+  1 

i  —  6 

6x7 

7-6 

7 &z 

.  6  ©-1 

10  -j-  11 
10—  11 


3 

4 

5 

6 

7 

8 

9 

10 


a  e  -=zs  —  240  1 


~  =  q  =  9  (  Quxre  a*e.d.p,z,x> 

e  J 


a  —  q  e 
e  =z  e  —  q  e 


q  e  e  =z  s 

— — ,  for  ^  +  1  *  e  =  £  *  +  * 

?  +  * 

_  1  x  q  $ 

a  =  s  Y 


ae  — 


?  +  1  ?  + 1 

=p 


H  +  2?+I 
-  d 


q  s  —  j- 

—  e  ~  1 _  — 


1.2 

x3 


?+ 1 


—  4  q  s  s 

a  a  —  _ U _ 


e  e 


qq  +  2q+l 
s  s 


4  4  +  2  4  +  1 

t  q  q  s  s  s  s  

a  a  e  e  —  — T.  —  — =  2 

qq+zq- H 

—  i;  


a  a  —  e  e 


qq-Jr2q+I 


g) uejiion  4.  Let  s  and  z  be  given,  to  find  the  reft. 

-«a}Q 


/7z.  | 

1 

2 

<7  +  e  =  *  ~  24°  I 

47232  f 

I  ©-s 

3 

* -J- 

3—2 

4 

2  ae  =  if  —  z 

2  — —  4 

5 

-2tf*  +  **  =  2z- 

5  WJ1 

6 

a  e  \S  2  z  —  if  — 

i  -f  6 


I 
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1  +  6 

7 

2  a  zz 

8 

s 

7  ^  * 

M 

1 

ON 

9 

2  £  =  S 

1 

9  -r-  2 

10 

n> 

II 

IT 

s  s 


2  X  -  S  S 


S  -  jJ  2  X  -  S 


The  reft  are  found  juft  as  in  the  ad  Quejiion;  the  8  and  10 
Steps  here  being  the  very  fame  with  the  8  and  10  Steps  there. 


Quejllon  5.  Whea  s  and  x  are  given,  to  find  the  reft. 


Viz.  { 

2  I 

S  -f  3 
4-f-2 

1  —3 

&  -T-  2 

5  *  7 

1 

5^7 

5 

7  ©“* 

1 0  1 1 


1 

2 

3 

4 

5 

6 

7 

S 


a e t  =  x  =  4.60S0}  Q uxrza.e.d.p.q.z. 
a  — ■■  e  —  JLzz  <7,  viz.  a  e]  a  #  —  e  e  —*e 


_ _ .  x 

2  a  —  s  +  —  —  — J — 

s  s 

*  —  ts+* 

2  s 

_ s _  x  _  s  s  > — 


9 

10 

11 

12 


s  s 


a  e  = 

<7 

* 

a  a  ~ 


2S 

SSS  S  - — A’* 


4  r  r 
r  r  — |—  a* 


=  ? 


n  —  at 
*4  +  2  S  S  X  4* 


■»wuwp' 


4H 

.4  —  2  r  r  at  4-  *  * 
e  £  =  - — - — * x 

4  J  f 

+  r+  4-  ^  x 

£  :  =  - — ~  s 
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Quejlion  6.  Suppofe  d  and  p  are  given,  to  find  the  reft. 


Viz.  { 

1 

2 

aae-Lpt  s*ll  }Qi'*rea-?‘ 

I  &J_ 

3 

a  a —  2  a  e-\ -  e  e  ■=.  d  d 

2x4 

4 

\ae  =  4/» 

3  +  4 

5 

a  a  *•[-  2  #  £  ^  £  zz  ^^-j-4^ 

5  ^ 

6 

^  +  ^  =  A- p  —  s 

6  +  1 

7 

2  zz  zz  <3?  — j—  d  d  — f-  4^ 

7  -+  2 

8 

/7  _  d  ~\~  tj  d  d  -f“  4  /> 

2 

6  — *  i 

9 

2  e  —  ^/  d  d  -\-  \  p  —  d 

9  -+-  2 

10 

 nj  d  d  •'■}“  4  P  ~~ —  ^ 

2 

to 

1 1 

<7  ___  z/  —p  d  d  -j-  4  P  r 

—7-"  1  VJ 

e  d  d  -{-  4  p  —  d 

8©-* 

12 

n  n _ d  d  -|  -  2  ^  -1-  d  v/  d  d  -f-  4  p 

10  O-2, 

2 

d  d  — {—  2  /  d  d  “j-  4  P 

+  13 

T4 

2 

—  13 

J5 

zz  — -  e  e  ~  d  1/  dd  -f-  \p  —  # 

&  * 


ppuejlicn  7.  Let  d  and  q  be  given,  to  find  the  reft. 


F/%.  1 

I 

a  —  e  -zz  d  zz.  192  9 

/7  ( 

L 

2 

+  =  ?  =  9  $ 

2X  e 

3 

a  —  q  e 

1  e 

4 

%> 

+ 

,^s 

II 

3 an<1 4 

5 

q  e  d  -j-  e 

5  * 

6 

q  e  —  e  —  d 

j 

-r-?—  1 

7 

1 

Im 

2 

r* 

11 

q—l 

«  +  7 

8 

n  —  //-]_  +  — . 

?  —  I 

7  +  8 

* 

9 

Quaere  a.e.s.p.z.x. 


q—l 


X  g 


rr 


— 
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7x8 

10 

a  e  — 

?? 

8  ©-2- 

1 1 

A 

a  a  — 

it 

7  ©*2 

12 

e  e  — 

2  2- 

+  12 

*3 

a  a  e  e 

—  12 

14 

1 

a  a  —  e  e 

q  d  d 


p 


q  q  dd 


dd 


q  q  d  d  — |—  d  d 

~q  q  —  2  q  +  I 

q  qd d  —  d  d 

q  q  2  q  -J-  j; 


X 
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207 


gjueftion  8.  Suppofe  d  and  -z  given,  to  find  the  reft. 


Viz.  { 

I  ©-3 

2  —3 
2+4 

5  wj2 

j  -j~  6 

7^ 

6—1 

9^  2 

8  x  10 

8  ©-2 

jo  ©-4 

12  —  13 

8  -r*  10 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

1 1 

12 

13 

r4 

15 


—  47232 


292  } 


a  a  —  za  e  -f-  e  e  zz.  d 
2  a  e  =.  z  —  d  d 
aa-\-2ae-\~ecmil%  —  dd 
a  e  ~  y  2  z  —  d  d  ~  s 
2  a  zz  d  y  2  z  —  d  d 
n  —  ^  +  V  2  z  —  d  d 

W  1  J1  J-  ■"  -  -  -  - ■— 


2  £  m  2  z  —  d  d  —  d 
_  2  z  —  d  d  —  d 


z  —  dd 

a  e  —  ~ — ~  p 


a  a  zz 


z4-^\/2z—  d  d 


e  e  = 


z  —  d  y  2  z 


d  d 


a  a  ' —  e  e  zz  d  *J  2  z  — ddz=x 
a 
e 


d  -{-  \/  2  z  —  d  d  __ 


y  2  z  —  ^  d — d 
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Quejlion  9.  Let  and  a-  be  given,  to  find  the  reft. 

ffz.  |  1 


2  1 

*  +  3 

4^2 

3  —  5 
5x6 

5  ~  6 

5  ©" 

6  ®-z 

9+10 


4 

5 

6 

8 

x  9 

10 

11 


^  ^  —  d  ZT  24.0  ?  /a 

*^*  =  *  =  46080 

*  +  *  =  =?  /,  viz.  a  —  e)a  a  —  **  (* -}- * 


d  d  -4-  x 

2a—  ' 


d 

rH 

d 

d  d  -f-  x 
a  zz  —..  !  ,. 

2d 

x  —  d  d 

2  d 

xx  —  d$ 


ae 


4  dd 

a  d  d  4"  x 


-p 


zzq 


e  x —  d  d 
_ d*  -\-2dd x 

4  d  d 

xx —  2  d  d  x  d\ 


aa 


e  e  ~ 


a  a 


4  d  d 

+  d^Jl~  x  x 

eezz  — — - zz  z 

2  dd 


r rrsr 


Quejlion  io.  Let  p  and  q  be  given,  to  find  the  reft. 

VizA  y'  =  ?=5i847 

L  _  1  a  ^C^uaere  a  .  e  .  d  .  %  .  x  . 


1x2 

3  WjZ 


5  wjl 

4+6 


=  ?=  9  3 


ae  ^  a  a  a  e 


3  aa  —  qp  ^  for  —  x  —  = 

|  I  ^  * 

4  a  =  \/  q  p 

5*‘-±,  for  -f.)  *i  (011  = 
i  q  1  '  1  \  a 


a  a 


e  e 


<1 

6/=  v/- 


q  a  e  —  qp  +  \/- 

I  ? 


/>  - 


I 
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4  —  6 

8 

a  —  e—  qp — */A  ==  d 

i 

3+5 

9 

aa-\-e,ez=.qpA^  — p 

9 

3  —  5 

10 

P 

a  a  — -•  e  e  —  p  q  —  l—  rz  a 

✓ 

QueJUon  11.  Let/>  and  z  be  given,  to  find  the  reft. 


Viz.  | 

J  X  2 

2+3 

4  vjj2 

2  —  3 

6  iui2 

5  +  7 
8  -7-2 

5  —  7 
10  —  2 


9-=-  11 

9  ©- 

11  ©- 
a  <2  —  e  e 


ae  aJ*  i  Quaere  a  .  e  .  &c. 

-{-  e  e  —  z  ~  47232  A  ^ 


3 

4 

5 

6 

7 

8 

9 

10 

1 1 

12 

13 

14 

15 


2  a  e  —  2  p 
aaJt-2ae-\-ee~z~\-2p 

a-\-e-zzjJx-\-?.pzz s 
a  a  —  —  2P 

a  —  e  =z  ^  z  —  ip  —  d 


2a  =  Vz  +  2 p+  v*  —  2  /> 
a  -  /  z  +  2/)+  z.  —  2p 


2  e  zn  <y  x  A-  2  p  —  y/  z  —  2  p 
„  _  v/z+2^  — v/  K  —  2  £ 


#_  l/Z  +  2p  +  \/z  —  2p 
e  \/  Z~  2  /> v/z  —  2p 


a  a 


z  +  ^/zz — '4/>/> 


Z  — v/zz  —  4  pp 
e  e  —  — — — - - — 


a  a  • — — 4/)P  =  * 


Quejlion  12.  Let/)  and  a*  be  given;  to  find  the  r$ft. 


1 

*  =  />:=:  5184  .  v 

l 

1 

2 

a  a  —  e  e  ~  x  set  46080 

s 

-  2 

3 

a  a  e  e  zz  p  p 

£  e 


a  ©■» 


/ 
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2  ©-z 

4 

a  a  a  a  •—  iaaee-\-eeee~xx 

3X4 

5 

4.  a  a  e  e  zz  \pp 

4  +  5 

6 

a  a  a  a  +  2aaeeA-eeee~xx-\-\pp 

6  U0Z 

.  7 

a  a e  e  =  y/  **+4/>/>  =  % 

.2+7 

8 

2«tf:rr*4’JV/**-f-4/>p 

8  -S-  7 

9 

a  n  —  *  “4“  ^  ^  "d-*  A"  P  P 

2 

9  U«z 

10 

_ x  J  x  +•  **4-4 pp 

2 

7  —  2 

11 

2**  =  v/**+4/>^  —  x 

II  -T-  2 

12 

__  V  •*•*  +  A  P  P  —  x 

2 

12  uwz 

1? 

r~  - r - 

.V':'v/**  +  4/>/>  —  * 

O 

2 

jo  +  13 

14 

,  >£+  a/**H~40£  1  /v/ xx-\-\pp—x 

a+'=v/  2  +v  2 

15 

_ _ J44V**+#/>  f/xx+4PP—x_4 

10—13 

a  e-^  2  -V  - 

9  +  12 

16 

0  +  6  6  ZZ  ^  XX  -j-  4  P  P  -=—  % 

ghteflion  13.  Having  q  and  3  given,  to  find  the  reft. 


J  X  e 
3  ©-1 

2  —  4 

4+iHf 

e-r'f^+I 


3 

4 

5 

6 

7 


1~'q~  (-Qusre  a  .  f,  &c, 

aa-\-e.e~z~  47232  * 

a  rzz  q  0 
a  a  =  q  q  e  e 
e  e  z=.z  —  q  q  e  e 
q  qe  e  e  e 

__  z  - - 

— ff+T  ww  +  ixct  =  q  qe e  -f*  e? 


2  —  7 
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2  —  7 


^  uu  2 


7  UJU  * 
9  +  10 
9  —  10 
9  x  10 
8-7 


8  h  a  zz  2  — . 


z 


—  qqz 


9 

10 

11 

12 

*3 

*4 


qq  +  l  qq  +  I 

tf  =  / 


'  =  v/ 


z 


qq  +  1 


*  +  *  —  v/ 


?7Z 


+  V 


?7+i  '  w  77+1 
- /  z 


?  7  +  * 

q  q  z  z 

-  =/> 


??  +  * 


a  e  zz  J  — 

?*  +  2  7  ?  +  1 
<7  q  z  —  z 

a  a  —  e  e  z=:  2_Z - =  # 

??+ 1 


!%ueJUtm  14.  When  j  and  *  are  given,  to  find  the  reft. 


IX* 
3  ©-1 

2  +  ** 

4  and  5 

6  —  * 

7-r -qq—e 

2+8 


9  tu>5 


8 


WJ 


10  +  II 


3 

4 

5 

6 

7 

8 


10 


11 


12 


? 


e  ^  ^  VQuaere  a .  e .  &c* 

#*7  —  *  *  =z  Af  =  46080 3 
_  _  — -,- , — - — — — — 

a  —  q  e 
a  a  zr  q  q  e  e 
a  a  =  x  +  e  e 
qqeezz=.x-\-ee 
q  q  e  e  —  e  e  =  x 
x 

e  e  - - 


qq  —  t 


1  * 

a  a  zz  x  +•  1 

££—* 

*  =  v 


 1?* 


?? 


<  =  v 


qq  —  i 

X 

q  q  — —  T" 


fl  +  r=^  4ii-  +  v-i— 

99  —  *  99— i 


-  t 


2  12 


Parc  IP 


10  —  13 
io  x  ii 
8  +  2 


13 

14 

15 


AUL  -aJ  _ 

11— •*  11 

q  q  x  x 


x 


=  d 


a  e  ~  Kf 
a  a  e  e 


1111  —  2??  +  I 
—  ii*  —  *  —  ~ 
ii  —  i 


1 

P 


£?ueJllon  15.  When  z  and  x  are  given,  to  find  the  reft. 


Viz.  | 

r+2 

3->2 

I  —  \ 

4  uw  2 


6lw2 


7  + 8 

7_8 

7X8 

8 


2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 


a  a  - e  e  ~  z~ 


a  a  —  e  e 


'-*=  Solo  1  Q-uaere  fl  •  '  •  &c- 


2  a  a  =  z  +  x 

Z  x 
a  a  —  — ! - 

2 

2  e  e  =  z-—x 
z  —  x 


e  c  ~ 


a.= 

e=z\/ 


,z+x 


2 

Z - X 


a  +  e  =  x/ 


z  -f** 


+  aJ 


X  —  z 


,  Z  +  *  . 

a — *  zz  V  — - —  —  aJ 


2 

z  —  A4 


d 


ae  —  aJ 


.  2 
zz  —  xx 

4 


<3  _  4/  Z  +  A1 

*  ^  A? - Z 


=  7 


Thefe  fifteen  Queftions  are  propofed  in  Dr  Pell' s  Algebra ; 
but  he  purfues  only  the  firft  Queftion  throughout,  and  breaks 
off  in  the  other  fourteen,  after  the  Values  of  what  I  call  a 
and  e  are  found.  But  I  have  proceeded  in  every  one  of  them. 


t® 
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to  find  the  Values  of  all  the  unknown  Quantities,  becaufe  they 
afford  fuch  Variety,  as  being  well  obferved  by  a  Learner,  will  be 
found  very  ufeful  in  the  Solution  of  moft  Queftions. 

Note ,  I  have  chofe  to  ufe  the  fame  Numbers  for  the  refpe<5iive 
Value  of  each  Quantity  throughout  all  the  Queftions,  becaufe 
they  will  be  more  fatisfa&ory  in  proving  the  Work  than  various 
Numbers  would  have  been.  Not  but  that  any  Numbers  may 
be  taken  at  Pleafure,  provided  that  the  Number  reprefented  by 
Gt  be  greater  than  that  by  &c.  I  have  omitted  the  Numerical 
Calculations  purely  for  the  Learner  to  praciife  on. 

„  »  /'  ^  \  * 

Quejltoyi  16.  There  are  two  Numbers,  the  Sum  of  their  Squares 

is  2368  ;  and  the  greater  of  them  is  in  Proportion  to  the  lefs, 
as  6  to  i.  What  are  thefe  Numbers  ? 


Let  a  =  the  greater  Number,  e  ;rrthe  lefler,  and  z  rr  2368, 


Then 

And 

1 

2 

t.7  ~  2  I  by  the  Queftion. 

2  v 

3  ©-* 

1  —4 

36  e  e 

3 

4 

5 

6 

1  a  ~  6  e 
a  a  -=z  36  *  £  . 
e  e  —  z  —  36  ee 

37  e  e  ~  z 

Z  s 

r 

1 

It  a  =  48 

6-T-37 

7 

e  e  —  —  ~  04 

37 

e  ~ — =8 

37 

6  *  =  6  V—  -  48 

and  e  —  8 

7  UAi1 

8 

Proof. 

a  a  zrz  2304 
e  e  64 

8x6 

9 

a  a  -}-  e  e  —  2368 

3  and  9 

10 

37 

a  =  48 

Vand  48  :  8  : :  6  :  1 

Quejlion  17.  There  are  three  Numbers  in  continued  Propor¬ 
tion,  the  Sum  of  the  Extreams  is  156,  and  the  Mean  is  72  ; 
\yhat  are  the  two  Extreams  ? 


That  is,  Suppofe  a  .  m  .  e  in  -rr,  and  m  =  72. 


2  *.* 
I  &1 


3 

4 


3  *  4 


a  -f-  e  n  156  =  r  7  by  the  Queftion. 
a  :  m  :  :  m  :  e  j  Quaere  a  «  e  .  &c, 

"■  — . .  ■■■  ■  — - .-’ll  ,mt 

a  e  ~  ?n  m 

a  a  *f-  2  ae-\~ee'nts 
4  a e  =  \m m 


4  -5 


2  14 


Part  [1. 


4—5 

6  tui2, 

i  +  7 

8  -r*  2 


7 

8 


io 


2tf£-f'^:::::i'5  —  \  mm 


1 

<o 

■> 

II 

<0 

-4  mm 

= s  A-  V  ss 

—  4  mm 

S  -(-  \/  5  S  - 

—  4  mm _ 

2 

1 

<-> 

<-> 

1 

-4  7nm 

2 

•  t 

*  =  43 

<?=lo8 


£)ueJUon  18. 


74 


There  are  three  Numbers  in  ~r-,  their  Sum  is 
and  the  Sum  of  their  Squares  is  19245  What  are  thofe 


Numbers  ? 


That  is,  a,  e ,  y  are  in  4r 

tf  +  *+.y  ='*  =  74 

zz  1924  Quaere 

0 :  e  :  :  e  :  y 


Then  ^ 


3 

I  —  e 

2  —  e  e 

4x2 
6  -f  7 

5  ©-z 

8  and  9 

10  + 

11-^25 

5> 

13 

4X4 
14  —  15 

l6  w,a 

;3+  T_7 
18  4-  2 

13—  19 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

1 1 

12 

x3 

14 

15 

16 

17 

18 


J9 

20  y 


a  y  —  e  e 
a  -f-  y  zz  s  —  e 
a  a  y  y  —  e  e 
2  a  y  =  2  e  e 

a  a  +  2  —  %-[-££ 

+  'lay  yy  $  —  2  s  e  e  e 
z  -j"  e  e  zz  j  i  — 

2  s  e  =  s  s —  % 
n  —  z 

e  zz -  zz  24 

2  J 

^  J  —  e  —  50 

a  a  -f- 1 a  y  A~  y  y  —  2500 
4  ^  rz  4  *  —  2304 

<2  #  —  2  «  /  -}*•  JJ'  —  1 96 

a  — y  —  ^/  196  z=  14 
2  <7  =  5®  —f~  J  4  — -  64 

•=32  -  =,„} 


50  —  32 


32 


Tn  all  Queftions  about  continual  Proportionals,  (either 
Arithmetical  or  Geometrical)  where  three  Terms  are  fought,  the 
Mean  is  the  eafieft  found  firft  (as  above)  and  if  all  the  Terms  be 
Affirmative,  then  it  is  equal  whether  the  firft  or  laft  Term  be 

the  greateft. 

2  Ghteftion 
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ghieftion  19.  There  are  three  Numbers  in  -ff-  their  Sum  is 
76  ;  and  if  the  Sum  of  the  Extreams  be  multiplied  into  the  Mean, 
that  Product  will  be  1248  -3  What  are  thofe  Numbers? 


c 

I 

a:  e::e:y  1 

Viz.  \ 

2 

a e y  ~  5  =  76  rby 

l 

3 

<7  ^  -f-  y  £  1=  1248  J 

1  v 

4 

a  y  =  e  e 

I  x  e 

5 

ae  +  ee~\-ye  zzse 

5  —  3 

6 

eezz.se  — p 

6  • — s  e 

7 

e  e  —  s  e  zz  — p 

7  CD 

8 

e  e  —  =  — P 

8  wz 

9 

‘  —  i*  =  \/iss  —  P 

9  +  is 

JO 

e  =  i*  +  \/iss  —  P=\  \ 

2  —  10 

r  1 

«  +  >’  =  52 

4x4 

12 

4ay  =  \e  e  ~  2304 

1 1  ©*z 

13 

aa-\-2ay-\-yy=.  2704 

13  — 12 

14 

a  a — 2  a  y y  y  —  400 

14  uu1 

15 

a  — y  =  y/  400  —  20 

11  +  {5 

16 

2  Cl  —  52  -{”  20  —  72 

16  -r-  2 

17 

« =  36  7  f  Or 

II  —  17 

18 

y  =  52  —  36  =  1 6  3  (  and 

by  the  Queftion. 


24  Chap. 


16 

36 


N.  B.  If  you  take  e  =  ~  s  -j-  \/  }$s  s  —  p  =  52  (at  the  10^ 
Step)  then  it  will  be  76  —  52  m  24  —  a  +  y,  which  is  impoffi- 
ble,  viz.  that  the  Mean  fhould  be  greater  than  the  Sum  of  the 
two  Extreams.  Therefore  itmuft  bee  =4  '\/^ss —  p  —  24. 

(See  page  201.) 


^uejiion  20.  There  are  three  Numbers  in  Arithmetical  Pro- 
greffion,  the  firft  being  added  to  twice  the  fecond,  and  three 
times  the  third,  their  Sum  will  be  62 ;  and  the  Sum  of  ail  their 
Squares  is  275 ;  What  are  thofe  Numbers  ? 


Suppofe 


a ,  e ,  y  in  Arithmetical  Progreffion. 


And  | 

2 

3 

tf-j-2*~|~3y=I02  , 

aa  -f-  e  e  -\-yy  =  275  ' 

Then 

4 

+  y  —  2  per  S 

2—4 

5 

2^  +  27=62  —  2  e 

5  -*-2 

6 

e  ~\-y  -  31  —  e 

6  —  <? 

7 

y  —  31  —  2  e 

4—7 

8 

a  —  4.  e  —  31 

8  * 
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8  ©■  1 

9 

0  0 

=  16  e  e  —  248  e  +  961 

7  ©•  1 

TO 

77 

=  961  —  1 24  *  +  4  * 

q  -p  10 

I  I 

0  0 

+  yy—  20  ee  —  372.  + 

1922 

3  —  11 

12 

e  e 

=  372  £  —  1647  —  20  e  e 

12  +  20^ 

*3 

21 

e  e  —  372  *  —  1647 

13  —  372  ^ 

14 

21 

e  e —  372  *  —  —  1647 

14=  2  T 

15 

*  e 

1  i 4  -  -  549 

~  T  *  — •  — ‘  7 

15  c  □ 

l6 

e  e 

_  1  2  4-  -  JL  3844—.  38  +  4  _ 

,T  f  7  T9  “  T3* 

5i9  _  t 

T  —  $9 

16  luP 

*7 

e  — 

~  T  —  s/  X7T  -  T 

_  ,  6  a 

17  +  T 

18 

£  = 

z  V  +  t  =  9j  or  8  4  the  Mean. 

18  x  4 

19 

4 

=  3^  or  3p6 

8  and  19 

20 

0  1 

=  36  —  31  =  5,  or  34 

-3i  =  3  4 

18  x  2 

21 

2  * 

=  18,  or  17 

7  and  21 

22 

7  = 

=  31  —  18  —  13,  or  31  — 

17  t  =  x34 

ghicJUon  21.  There  are  three  Numbers  in  Arithmetical  Pro- 
<rreflion  ;  the  Square  of  the  firft  Term  being  added  to  the  Pro¬ 
duct  of  the  other  two  is  567  ;  the  Square  of  the  Mean  being  added 
Co  the  Product  of  the  two  Extreams,  make  612  ;  and  the  Square 
of  the  laft  Term  being  added  to  the  Product  of  the  firft  into  the 
fecond,  is  792  :  What  are  thole  Numbers? 


5  x  e 
2  +  4 
7  — 6 
3  —  *_f 
9x2 
8+10 

.  5  ©•* 

1 1  and  1 2 
»3  +  4if 

14  -r-  8 


UW 

8 
10, 
■  18 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

1 1 

12 

*3 

15 

16 

*7 

18 

J9 


0,  e ,  7  in'  Arith.  Progref.  as  before. 
a  a  +y  e  =  576  *> 
e  e  +  70  —  612^ by  the  Queftion. 
7  y  +  a  e  =  7q2  3 


0  -p  y  =  2  e,  per  Se£t.  1.  Chap.  6. 
0  *  +  7  *  =  2  £ 

0  0  +  7  £  +  77  +  a  c  —  1368 
tftf+77~  1368  —  2  £  £ 

70  =  612  — •  <?  <? 

270=1224 — 'lee 
00  +  270+77  ~  2592  —  4  e  e 
00  +  270+77  —  \  e  e 
4  e  e  =  2592  —  4  *  * 

8  =  2592 

**  =  324 

e~*J  324  =  18,  the  Mean. 
tftf  +  77  =  1368—2^^  =  720 
2  y  a  ~  1224  —  2  e  e  =  576 
t0  0  —  270  +  77  =  720  —  576  — 


44 


I  io; 


17 
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1  m1 

20 

a  —  y  =z  144  =  1  2 

«l*Mi  li  ill 

5  -J-  20 

2  I 

2  a  ~  2  £  -j-  22—48 

. 

21-4-2 

2  2! 

-  24 

ot|“=  I7- 

<N 

1 

23j 

y  —  2  e  —  24—12 

(y  zz  24 

'Gjuefiion  22.  It  is  required  to  find  two  fuc'h  Numbers,  that 
the  Sum  of  their  Squares  may  be  82264. ;  and  their  Product  being 
added  to  the  Square  of  the  lefs,  may  be  6921^. 


f;z.  { 

1 

2 

I  -  2 

0 

0 

3  it* 

4. 

4  «' 

5 

5  ©■* 

6 

1  —  ^  # 

7 

6  and  7 

8 

8  x  rf  a 

9 

9  +  *  4 

10 

10  + 

1 1 

31^2 

12 

12  C  □ 

*3 

I  3  .«,* 

J4 

I4  +  27&C. 

15 

Suppofe 

t6 

Th-en 

And  5, 

18 

1 

Or  let 

*9 

10  <jjjz 

20 

Then 

Therefore 

And 

21 

#  a 

4-  e  e  ~ 

—  8226  V? 

Quaere 

a  e 

-j-  e  e  = 

-  69214-  i 

a  a 

—  ^  : 

=  r3°S 

a  e 

—  ci  a  - 

-  *3°S 

P  ~ 

0  a  - 

-  no5 

a 

^  e 

_  <74 - 

-  2610  a  a  -f- 

0 

00 

0 

** 

<7  <7 

e  e  : 

—  8226,5  —  a  a 

<?4-  - 

—  26  ro 

<7  <7  -p  I  70?0?  5 

a  a 

!>5“ 


a  a 


<74-—  2610  a  a  -f-  170*3025  =  8226,5  a  a  — 

2  #4-  —  26 1 0  a  a  4-  1 703025  zz  8226,5  a  a 
2  a\ —  10836,5  a  a  —  —  1703025 

— 5418,25  <?*  = — .851512,5  (5,765 

m —  541 8,25  «■«, 1-1-7339358, 26562=648784 

a  a  —  2709, 125=.^/ 6487845, 765625— 254 
<712  =  2709,125  +  2547,125  (7, 1  25 

a  a  —  2709,125  -j-  2547,125  =  5256,25 

a  —  -J  525^’25  =  72>5 
^  _  a  a  +  1305  _  5  256,2  5*9* 

_ _ _ 72^5 

2=  2709,125  - 2547,12 5;=  l62 

a  —  162  zz  12,72  &c. 

*  —  which  is  impoffible. 

12,72 

a  ~  }as  at  t^ie  *7^  an^  18th  Steps. 


This  Queftion  maybe  performed  with  lefs  Troub'e,  by  fubfli- 
tuti-ng  Letters  for  the  known  Numbers. 

F&.  \  aa  ~V  ee  ~  Then  let  z  —  p  =  d  =  aa—ae9  kc. 
lae-f-eezzp) 

F  f  Quejlion 
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Part  ii. 


Quejlion  23.  It  is  required  to  find  three  fuch  Numbers,  that 
the  bum  of  the  firft  and  fecond,  being  multiplied  with  the  third, 
may  be  37824;  and  the  Sum  of  the  fecond  and  third,  multiplied 
with  the  firft,  may  he  59944  ;  alfo,  that  the  Sum  of  the  firft  and 
third,  being  multiplied  with  the  Second,  may  be  52456. 

Let  a ,  y  reprefent  the  three  Numbers. 


Then 

7  +  2  +  3 
'  '  Let 

4  1  -  _  2 

6  —  3 

6  —  2 

6- 

V  * 

10  -r-  a 

8x11 

i.  *. 

9  and  12 

-i  it  i  . 

13  x 

14-*- 

15  rtu  7 

1 1 

8 


1 

2 


ay  +  ey—  37824  —  b  1 

+ya=  59944  ~  c  \  Qua;re,  a,  e,  y. 
+  y  e  =  c24-^6  —  d  ' 


a  e 


3  *  *  +  y  *  —  524.56 


4j2«>  +  2tfy_|-2y*’=:£ 

25  —  b  —  | —  c  — d 

,  -  I  _  b  c  —1—  d 

ae-\-ay‘\~ye~l.%  —  _ 


5 

6 


7  =  — d  — 

ry  -  2  d 


j—  2d 


2 


8 

9 


2  a 


25 


I  10  a  e  zz  z  —  h 


2 

25  —  2b. 


II  e  = 


12 

i 

*3 

H 

15 

16 

1 7 

18 


2  # 


Z-^-2d  Z —  2  b  ZZ — >2dz — 2bz-\-A.bd 

yezn - —  x  — - =  - - - - - 

2  a  *  2  a  4  a  a 

z  —  2  c  zz  —  7  dz  —  2  b  z  -4-  4  b  d 


—  -  2  -  — -  *  4.  a  a 

2zaa  —  4  ca  a  ~  25  z  < —  2  z  —  2b  z  Wb  d 
25  Z -  2  <*/  Z  —  2  b  z  A.  b  d 

a  a  ~  . - - - - — - —  — 

-  - . -  -  *2  z  — ‘  4  c  -  •  '  ■ 

a  =:  V  55696  =  236 
«  =  ?L=*i  =  158 


55696 


7 


2 

2  -  2  d 


■  ) 


2 


=  96 


‘  Queftion  2\.  It  is  required  to  find  two  fuch  Numbers,  that  their 
Sum  being  fubtraded  from  the  Sum  of  their  Squares,  may  leave  14  j 
and  if  their  Product  be  added  to  their  Sum,  it  may  make  14. 

Let  a  and  e  be  put  for  the  Numbers,  and  let  y  zz.  a  -f-  * 

’  j  by  the  Queftion. 

’  '  1  +y 


r 1 

a  a  - e  e 

1  2 

a  e  fy  — 

14 

Chap.  9. 

of  JSummail  duefttong.  ’219 

1  -f  y 

3 

a  a  e  e  ~  14  ~|-y 

2  —  y 

4 

a  e  —  14  —  ^ 

4X2 

5 

2  a  e  zz  28  —  2y 

3  +  5 

6 

a  a  +  2  a  e  e  e  =  42  —  y 

6  mi z 

*7 

/ 

a  ~h  £  ~  jJ  42  — y 

But 

8 

a  -}-  e  zz  y,  by  Subftitution  above. 

7  and  8 

9 

y  —  \/  42  — j 

9  ©-  2 

10 

yy  =z  42  — y 

1 0  — F  y 

1 1 

yy+y  =  42 

11C0 

12 

^  -j-j'  +  i  =  '42  +  *  =  42>25 

I  2  WJ2, 

*3 

*  +  i  =  v/  42>2s  =  6.5 

14 

^  =  6,5 - 2-  =  6 

Confeqiient* 

*5 

+  e  zz  6,  by  Reftitution  from  above. 

3  and  14 

16 

a  a  e  e  —  14+  6  zz  20 

^  and  15 

*7 

2  a  e  —  28  —  12  zz  16 

16  —  17 

18 

<2  <?  —  2  a  e  ^  zz  4 

18  WJ2 

*9 

<s 

II 

> 

II 

1 

<3 

15  + 19 

20 

2^  =  8  f  If  <7  =  4,  and  r  =  2 

23  ^  2 

I  —  21 

21 

22 

r>  fj  Then <7 #-4-^ * — <3 — <?zz  14 
a  =  4  rrooK  A  j  1  ,  « 

. 6  —  a 2  1  And  «<-  +  *  +  .=  14 

^  v  According  to  the  Queftion. 

Queftion  25.  Three  Men  difcourfing  of  their  Money,  faith 
the  firft,  if  100/.  were  added  to  iny  Money,  it  would  be  as  much 
as  both  your  Money  put  together ;  faith  the  fecond  Man,  if  100  /. 
were  added  to  my  Money,  I  fhould  have  twice  as  much  as  both 
you  have;  faith  the  third  Man,  if  100/.  were  added  to  my 
Money,  I  fhould  have  then  three  times  as  much  Money  as  both 
you  have  :  How  much  Money  had  each  Man?" 

Let  a  reprefent  the  firft  Man’s  Money,  e  the  fecond,  and  y 
the  third. 


Then^ 

1  —  a 

2  —  e 

3  — y 

4  and  6 

7  & 

5  —  8 

9  4- 4.  a  —  2e 

4  -f-  6 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 


a  +  100  zz  e  +  y  7 
e  -f-  100  rzz  2  a  -j-  2y  f  hy  the  Queftion. 

y  +  too  =  3g  +  3*  * 

e  -f-  y  ——  00  zz  r  7 

2a  +  2y  —  e  =  ioo  =  s  ^Quaere  a7  e>y* 
3*+  3e — y  =  tco  -  j  J 
*  +  y  —  *  z=  3*4-  3 *  — ^ 

2y  —  4  +  2  * 

2  <2  —  £  m  r  —  —  2  e 

6  <?  -{-  <?  —  r  —  100 


2  5  4  f  2  2Q0 

F  f  2 


XO  X  4 


2  20 


Part  11 


IO  x  4 
12  —  II 


i3 

io  - 


8 


■  22 
6  a 

T-  2 


12 

13 

14 


15 

16 


24  -(-  4?  —  4  i  nr  4OO 

22  a  ='  2  5  —  200 


Anfwer. 


la  =  —  =  Vx°  =  Q-U 

5 —  6  * 
y  zz  2  #  -f-  <? 

C  firft  1  1  9/.  I  J.  9  ri 

The  7  fecond  >  Man  had  7  45/.  9  s.  1  zL  d. 


9  TT 

IOO—  W°  =  T°T  =45  lV/- 

TT  +  Vt  =  Vt  =  T?T 


9 


third  J 


I  l 


64  /.  12  s.  8  TV  d. 


Gfueflim  26.  Three  Men  have  each  fuch  a  Sum  of  Money, 
that  it  the  fhft  and  fecond  Mens  Money  be  added  to  Half  of  what 
the  third  Man  hath,  that  Sum  will  be  92/.  And  if  the  fecond 
and  third  Mens  Money  be  added  to  one  third  Part  of  the  firft 
Man’s  Money,  that  Sum  will  be  92/.  Laftly,  if  one  fourth  Part 
of  the  fecond  Man’s  Money  be  added  to  the  Sum  of  the  firft  and 
third  Man’s  Money,  the  Sum  will  alfo  be  92  /.  How  much  was 
each  Man’s  Money  ?. 

Put  a  for  the  1 ft  Man’s  Money,  c  for  the  2^,  and  y  for  the  3 d* 


Then  | 

1 

2 

3 

a  -j-  e  +  l  y  ~~  s  1 

c  -\-y~  s  >  by  the  Queftion  ;  and  5  zz  92 

4-  -~r-  (7  -!-  y  zz  3  J 

I  and  2 

4 

a  4-  e  -ft  4-  y  —  y  ^  +  ^  +  7 

4_ —  f 

5 

<3+t7==T^  +  7 

;  X  2  x  3 

6 

+  37  =  2  a  +  6  y 

6  ± 

i 

\a  —  3  y 

2x3 

8 

a  +  3  e  +  3  J’  = 

8  —  7 

9 

a 3  e  =  3  s  —  4.  a 

9  a 

10 

3  *  zz  3  s  —  5  * 

10  3 

1 1 

11 

00 

On 

1 

en 

& 

— 

3 

3  X  4 

12 

e  +  4  a  -|-  4y  =  4  i  zz  368 

12  —  2 

13 

3t«  +  3^  =  3*  =  276 

13  and  7 

H 

3t<?  +  4^:—  3-f=:::  276 

14  x  3 

15 

11  a  12  =  9  s  ~  828 

15  —  23 

16 

• 

=  36/.  the  1 ft  Man’s  Money. 

11 

x7 

e  —  iL — —  9t6  —  32/.  the  2z/ Man’s  Money, 

7-^3 

18 

y  —  —  *4 4  —  4$  7.  the  3^  Man’s  Money. 

31  \ 

SjhujUon 


Chap.  9. 


of  jBumeucal  snuefttous. 
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Quefthn  27.  Four  Men  walking  abroad,  found  a  Purfe  of 
Shillings  only,  out  of  which  every  one  took  a  Number  at  an  Ad¬ 
venture  ;  afterwards  by  comparing  their  Numbers  together  they 
found,  that  if  the  firft  took  25  Shillings  from  the  fecond,  it  would 
make  his  Number  equal  withjwhat  the  fecond  had  then  left;  if 
the  fecond  took  30  Shillings  from  the  third,  his  Money  would  then 
be  triple  to  what  the  third  had  left ;  and  if  the  third  took  40 
Shillings  from  the  fourth,  his  Money  would  then  be  double  to 
what  the  fourth  had  left ;  laftly,  the  fourth  taking  50  Shillings 
from  the  firft,  he  would  then  have  three  times  as  much  as  the  firll 
had  left,  and  5  Shillings  more  ;  It  is  required  to  tell  how  many 
Shillings  each  Man  had.  , 


Put  a  for  the  firft  Sum,  e  the  fecond,  y  the  third,  and  u  the 
fourth. 

1  a  +  25  =  e 

2  e  z°  ~  3  y  —  90 

3  y  +  4 0—2M 


Then 


1  4-25 

2  —  3° 
5  and  6 

7+120 

-  8-3 

3  —  4° 

9  and  10 

II  +  120 

I  2  -r-  2 

4  —  50 
13  and  14 

15x6 
16  + 

17  -7-  1 7 
by  the  5 
by  the  9 
by  the  14 


-  25] 

_  j  by  the  Queftior.. 


4!"  +  5°  =  3«  —  '45 

i 


5 

6 

7 

8 

9 

10 

1 1 

12 

r3 

14 

15 

16 

17 

18 

19 

20 

2  I  {  « 


a  +  50  -rr  e 
3  y  — >120  =  e 
a  +  50  =  3>  —  120 

.«  +  17°  =  zy 

 a  +  170 


3 

y  - ~  2  u  — 
2  U  — —  1 20 


120 

Ci 


17  o 


2  U 


u 


o+iyo  .  12Q  _  *+531 

3  3 

_  *+  53° 


U  — 

— 

195 

3  a  ~ 

-  195  - 

_  0  +  53° 
6 

i8  a 

—  1170 

=  a  +  53° 

17  a 

=  1700 

a  zz 

100  the 

i/n 

e  — 

150 

J”  Man’s 

y  = 

90 

u  — 

105 

4?/;  J 

£htcjlion 


•A  ’•  ,S  *ST*  ,  /•  •  -r-^* 


-n;  »*■  1---JV 
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SUgefya* 


Fart  II. 


~s  :v-».  *"« 


Queflion  28.  Four  Men  have  each  a  Sum  of  Money,  which 
being  put  all  together  makes  250  Pounds  ;  and  if  to  the  firft 
Man's  Money  be  added  8  Pounds*  it  will  be  juft  as  much  as  the 
fecond  Man’s  Money  decreafed  by  8  Pounds,  and  as  much  as  8 
times  the  third  Man's  Money,  and  but  as  much  as  one  eighth 
Part  of  the  fourth  Man’s  Money  \  how  much  had  each  Man  \ 


Let 

f 

{7,  l 

1 

Then  \ 

2 

3 

24 -  b 

4 

3^* 

5 

3  *  & 

6 

4  +  5  +  6 

7 

I  —  a 

8 

7  and  8 

9 

9  x  b 

10 

IO  ± 

11 

II  -r- 

12 

by  the  4, 

by  the  5, 

H 

by  the  6, 

15 

a  b  zz  e _ _  b  ]  by  the  Queflion.  Let  s 

u  >:=  250  and  £  n:  8,  or  any 

yb~  _rz  a  -p  b  J other  Number  at  Pleafure; 

i  ■  ■  -  -  .  .  .  . . _ 

a  -f-  2  b  —  e 

y  —  f— becaufe  y  b  zz  a  -j-  b 


u 


b  a  “(-  b  by  for  H-  z=  *  £ 

b 


e’\-y-\-uzza-\-2b-\-  4 -  b  a  b% 

b 

e  y  u  ~  s  —  a 
a  -f-  2  b  -f-  b  -f*  b  b  =  s  a 

b  a  -j-  ib  b  a  4-  b  -\-bb  a -\-bbbzn  bs  —  b  a 

zb  a  b  b  a  a  ~  b  s—~bbb  —  2  b  b  —  b 

bs  —  bbb — 2  bb — b  r,  o  0 

a  r= - -  =  16,691358,  &c. 

b  b  -J-  2,  b  b  -j—  t  *  ^ 

*  =  #  4- 2  £  =  32,69 1358,  &C. 

=  “-f-  =3,086419,  &c. 

u~ba-\-bb~  197,530864,  &c. 

/.  s.  */. 

1*  =  16  .  13  .  9,92592 

*  =  32  •  13  *  9,92592 

J  =  3  •  1  •  8,74056 

«  -  r97  ♦  10  -  7,4°736 

Confequently  a-\-e-\-y-\-u—  249  .  19  .  1 1,99976 
which  fhould  be  juft  250/.  the  Sum  propofed  in  the  Qiieftion. 
Now  what  it  wants  of  that  Sum,  proceeds  from  the  Imperfe&ion 
of  the  Decimal  Parts  being  not  continued  on  to  more  Places, 
which  would  have  brought  it  nearer  the  Truth,  tho’  not  perhaps 
exactly  fo.  Set 7.  5.  Chap.  5.  Part  1. 

2  Queftion 
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'uejlion  29.  Several  Merchants  enter  into  Partnerfhip,  every 
one  put  into  the  Stock  65  times  as  many  Pounds  as  there  were 
Par  ners ;  with  that  Stock  they  traded  and  gained  as  many  Pounds 
per  ioqL  as  there  were  Partners.  Now  if  jo  A  10  s.  be  added  to* 
and  fubtracSied  from,  their  Gain,  the  Produ<£t  of  that  Sum  an<J 
Difference  will  be  6491/.  3^. 

Quare,  How  many  Merchants  there  were,  &c.  . 


Let 

I 

e  =  the  total  Gain. 

1  +  io,5 

2 

e  +  10?5 

i  —  10,5 

3 

e  —  10,5 

2  x  3 

4 

e  e  —  110,25 

Per  Quef. 

5 

ee—  110,25=  649T,3I25 

5  Solved 

6 

e  =z  81,25 

Let 

7 

a  ~  the  Number  of  Merchants. 

7  X  65 

8 

65  a  —  every  one’s  Sum  put  into  Stock, 

'  8  x  a 

9 

65  a  a  =  the  whole  Stock. 

And 

£ 

10 

100  :  a  :  :  65  a  a  :  ^  a  a  by  the  Queftion, 

100 

Viz. 

1 1 

65  *  ^  —  8 1,25  the  whole  Gain 

100 

11  Reduc. 

> 

12 

al  -=  125 

12  W)  * 

*3 

#  =  3^/  125  =  5  the  Number  of  Merchants 

13  X  65 

14 

65  a  —  325  the  N umber  of  Pounds  each  put  in 

Quejllon  30.  Three  Merchants  join  Stocks  together;  the firft 
Man’s  Stock  was  lefs  than  the  fecond  Man’s  by  13/.  the  fecond 
and  third  Man’s  Stock  was  175  /.  in  trading  they  gain  48/.  more 
than  their  whole  Stock  was  5  the  firft  Man’s  proportional  Part  of 
the  Gain  was  78.  What  was  each  Man’s  Stock  and  Part  of  the 
Gain  ? 


Let  a 

S  i 

Then  J 
And  | 


4  4“ a 
1  and  5 


e ,  y  reprefent  each  Man’s  Stock. 

a  e  -|-  y  —  s  the  whole  Stock, 
s  -f~  48  =  the  whole  Gain. 

a  1  ^  ~  e  ?  by  the  Queftion, 

*  +  y  =  175  3  ; 


«+e  +y=  lJS  +  a 
s  =  175  +  a 


6  and  2 


9.24- 


b  and  2 
But 
8  v 
9  —  78  c 
%o  C  □ 

II  iwz 


12  —  72,5 

3 

4  —  14 
Then 
Again 

Proof  | 

18  —  19 


7 

8 

9 

10 

1 1 

12 

13 

H 

15 

16 

*7 

18 

19 

20 


_ 9iiTClua. _ Part  II. 

j  ~ f-  48  =  223  a 

*75  +  a  :  223  4-  a  :  :  a  :  78  per  Queftion. 

<2  a  -j~  223  a  —  78  <2  13650 

u  -f-  145  a  =  13650 
a  #4-  143  a  4-  52^6,25  =  18906,25 
a  +  7  2>5  =  s/  18906,25  =  137,5 

a  =  3  37’5  —  72’5  =  65 
e  —  a  13  =  78 

7  -  97 

65  :  78  :  :  78  :  93 /.  125.  =  Ps  Gain. 

65  :  78  :  :  97  :  1 16 /.  8  r.  =  /s  Gain, 
r  1 6  /  8j-  — j-  93A  i2i.  -{-  78  /.  =  288/.  the  Gain. 
65  -f  78  4-  97  —  240  the  whole  Stock. 

288  —  240  ~  48  the  Gain  more  than  the  Stock. 


Queftion  31.  A  Father  at  his  Death  left  his  three  Sons  his 
Money  in  this  manner  ;  to  the  elded  he  gave  half  of  it,  wanting 
44  Pounds ;  to  the  fecond  he  gave  one  third  of  it,  and  14  Pounds 
more ;  to  the  youngeft  he  gave  the  Remainder,  which  Was  lefs  than 
the  Share  of  the  fecond  Son,  by  82  Pounds :  What  was  each  Son’s 
{Share  ? 


Let  a ,  <r,  y  be  the  three  Shares,  and  z 
I  '  a  4--  e  y  ~  z 


Then 

2  +  3  +  4 

1  and  5 

frx  3 

7x2 

8  ± 

2  and  9 

3  and  9 

4  and  9  i 


2 

3 

4 

5 

6 


a 

e 

y 


4*- 

Ts"r 


44 
1 4 


_  rr 
3  ^ 


+  '4 


q~ 
o  2. 


the  whole  Sum. 


by  the  Queftion. 


a  4-  €  4*  y  —  -Z  4~ 

3 

2  z  .  z  0 
s  =  —  4*  — —  98 


98 


7 

3 

z 

“  2 

,  3  2 

z  4"  — 
2 

—294 

8 

6 

z 

=  4 

z  +  3 z 

-588 

9 

% 

ZZ 

588 

,  the  whole  Sum  that  was  left. 

10 

a 

zz 

s  8  a 
2, 

—  44  ~ 

250,  the  eldeft  Son’s  Share. 

1 1 

e 

ZZ 

588 

3 

4-  14  — 

210,  the  fecond  Son’s  Share. 

12 

y 

uz 

5  8  8 
*5 

4-  *4  — 

82=  128,  the  youngeft, 

Queftion  32.  A  Man  playing  at  Hazard  or  Dice,  won  the 
firfl  Throw  juft  fo  much  Money  as  he  had  in  his  Pocket  ;  the 

\  fecond 
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fecond  Throw  he  won  the  Square  Root  of  what  he  then  had,  and 
five  Shillings  more  ;  the  third  Throw  he  won  the  Square  of  all  he 
then  had  ;  after  which  his  whole  Sum  was  XI2/.  16;.  What 
Money  had  he  when  he  began  to  play  ? 


Suppofe 

I 

a  —  his  firft  Sum.  Then 

1X2 

2 

la  —  his  Sum  after  the  firft  Throw. 

And 

3 

5  -+  v7  2  a  zzz  the  Winnings  at  the  2d  Throw. 

2  +  3 

4 

la  -+  5  4*  v7  2  a  the  Sum  after  the  2d  Throw, 

4 

5 

4<2d  -+22#  ■+  25  -+  4  a  2  a  :-j- 10  */  2^  =  the 
Winnings  at  the  3d  Throw  ;  and  therefore 

4-4-5 

6 

\aa  -+24^  4-30-]-  \a\/ la  +  1 1*/ 2*73:225  6  Shil. 

But  to  avoid  thefeSurd  Quantities,  let  us,  inftead  of  fuppofing 


a  —  the  firft  Sum,  make  a  fecond  Trial,  viz. 


Let 

1x2 

Then 

2  +  3 

4 

4+5 

1 

2 

3 

4 

5 

6 

laa~  the  firft  Sum. 

4 aa  —  theSurn  after  the  firft  Throw. 
la  -+  5  —  the  Sum  won  at  the  2d  Throw. 
4^«-f-2^-+5=:  his  Sum  after  the  2d  Throw. 
i6tf44-i6<23+-44tftf-+20tf+-25;=:  the  Win* 
nings  at  the  3d  Throw  ;  and  therefore 

160 i6^34>  48 -\~22a  -J- 30  =12256  Shil. 

Yet  again 

,  to  avoid  thefe  high  Equations,  let  us  make  a  third 

Suppofition 

thus, 

Let 

1 

~~  r=  the  firft  Sum, 

2  ^  f 

1X2 

2 

*4  ff 

a  a  —  the  Sum  after  the  firft  Throw. 

Then 

? 

J 

a-j- 5  ”  the  Winnings  at  the  2d  Throw. 

2  “+*  3 

4 

a  a  -j-  a  ■+  5  =  the  Sum  after  the  2d  Throw. 

Subfti. 

5 

b a  a  — j— ’  a  — ■  | —  5. 

5  ©> 

6 

e  e  —  the  Winnings  at  the  3d  Throw.  Thea 

5  +  6 

7 

ee  -f-?“2256  Shillings  by  the  Queftion. 

7  c  □ 

8 

ee  ■+* e  "+  0,25  “  2256,25 

8  Wj" 

9 

=  V'2256,25  =347,5 

9  —  0,5 

10 

<  =  47 

5  and  10 

1 1 

a  a  -f-  <7  +  5=47 

11  —  5 

12 

a  a  a  —  42 

12,  C  □ 

l3 

c?  rz  — + •  a  -+•  0,25  42,25 

I  UJJ  2 

14 

« 4-  0,5  =  442,25=6,5 

14  —  °>5 

*5 

a  =  6 

15 

16 

aa  —  36 

1642 

r7 

aa  _  _  g  J  The  Shillings  he  had  in  his 

2  1  Pocket  when  he  began  to  play^ 

G  g  Note, 


52  6 


aigcbja. 
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Note,  In  refolvingof  the  laft  Queftion,  I  have  made  three  dif¬ 
ferent  Suppofitions  for  the  Thing  fought,  purely  as  an  Inftance, 
to  ftiew  the  young  Learner  how  well  he  ought  to  confider  the 
Nature  of  the  Queftion,  when  hefirftftates  it,  and  make  choice 
of  reprefenting  the  Thing  fought,  fo  as  to  avoid  running  it  into 
Surds,  if  poflible,  viz.  as  in  the  firft  Suppofition  of  a  =  the  firft 
Sum,  &c.  Not  but  that  fuch  Equations  may  be  folved,  as  (hall 
be  fhewed  in  the  next  Chapter.  However,  it  is  moft  like  an 
Artift  to  perform  Things  of  this  Nature  the  neareft  and  eafieft 
way  they  can  be  done. 

Queftion  33.  Suppofe  there  were  two  equal  Circles ,  whofe  Peri~ 
phenes  (viz.  Circumferences )  are  divided  into  44.3 10  equal  Parts  ; 
and  that  thofe  Circles  were  fo  placed  upon  one  Axis ,  as  to  move  the 
contrary  way  to  each  other  ;  and  fuppofe  one  of  them  to  move  but  one 
of  thefe  equal  Parts  the  firft  Day,  two  Parts  the  fecond  Day ,  three 
Parts  the  third  Day ,  and  fo  on  in  Arithmetical  Progreffion,  viz. 
1,2,3,  4?  5>  &c,  and  ^e  other  to  move  every  Day  the  Cube  of 
thofe  Parts ,  I,  8,  27,  64,  125,  &c.  of  the  fame  Parts :  How 
many  Parts  and  how  many  Days  mujt  each  Circle  move ,  before  the 
fame  two  Points  meet  that  were  together  when  they  began  to  move  ? 

In  order  to  give  a  ready  Solution  to  this  Queftion  (or  any  other 
in  this  Kind)  it  will  be  convenient  to  premife  this  Lemma. 

LEMMA, . 


The  Sum  of  any  Series  of  Cubes  whofe  Roots  are  in  Arithme- 
tick  Progreffion  (the  firft  Term,  and  common  Difference  being 
Unity  or  1 )  is  equal  to  the  Square  of  the  Sura  of  all  thofe  Roots. 


As  in  thefe 

Terms  in  Arith. 

&c. 

1 

ft 

3 

4  * 

5 


their  Cubes. 

1 

8 

V 

64 

125 

216  &c. 


21  x  21  =  441  Sum  of  their  Cubes, 


Let 
Then 
fitenfequen. 
tC  o 


1 

2 


3 

4 


a  =  the  Sum  of  all  the  Parts  the  ift  Circle  moves. 
a  a =  the  Sum  of  all  the  Parts  the  2d  moves. 
aa-t~azz  44310  by  the  Queft.  (per  Lem, 
,cta~ j-tf  <4-o>25  443IO>25 

4  u*  * 
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4  ULM 

5  —  °T 5 
6@-a 


*  -f*  0,5  =  1/443!°, 25  .=  210,5 

-  _  0  Tn  5  Number  of  Parts  the  firft  Circle 
a-210\  muftmove. 

4  a  =  44. tool  th"  Nu,mber  °f  Parts  the  fecond  ' 
^  i  Circle  moves. 


Next  to  find  the  Number  of  Days  they  moved ;  there  is  given 
the  firft  Term  =  1,  the  common  Difference  =  1,  and  the  Sum 
of  all  the  Terms  =  210,  thence  to  find  the  laftTerm,  which 
in  this  Cafe  is  the  fame  with  the  Number  of  all  the  Terms. 

Let  o z=i  the  firft  Term,  ez=i  the  common  Difference,  and 
i  zzz  2 10  the  Sum  of  all  the  Terms,  to  find  y  =  the  laft  Term  ; 
as  perSedfc.  1.  Chap.  6.  Then  yy  +  ey  zzz  2  s  a  a  —  a  e  by  the 
16  Step,  Page  186;  that  is,  yy  -\-y~2io  x  2  =420  &c.  Hence 
y  =  20  the  Number  of  Days  required. 


I  fhall  now  proceed  to  give  an  Example  or  two  of  the  Method 
ufed  in  arguing  about  unlimited  Queftions  ;  viz.  fuch  Queftions 
which  admit  of  various  Anfwers,  fuch  as  thofe  in  Alligation  A l- 
ternate  promifed  in  Page  117. 

In  order  to  fhorten  that  Work,  it  will  be  convenient  for  the 
Learner  to  know  the  two  Signs  of  Comparifon,  ^  and  ^7,  The 
Sign  -yr  is  of  d520dtCr  tl)3N  ;  as  b  -7  a  fignifies  that  b  is  greater 
than  a.  The  Sign  is  of  tljatl ;  as  b  ^  d  fignifies  that 

b  is  leffer  than  d,  &c, 

K  .  j 

EXAMPLE  1. 

Quejlion  34.  A  Tobacconift  hath  three  Sorts  of  Tobacco ,  viz. 
one  of  2s.  8d.  the  Pound ,  another  of  20  d.  the  Pound ,  and  a  third 
Sort  of  16  d.  the  Pound ;  of  thefe  he  would  make  a  Mixture  to  con¬ 
tain  56  Pounds  that  may  be  fold  for  22  d,  the  Pound;  How  much 
of  each  Sort  may  he  take  P 

Let  azzz  the  Quantity  of  that  worth  32  Pence  the  Pound,  ezz: 
that  of  20  Pence  the  Pound,  and  yzzz  that  of  16  Pence  the  Pound; 

Hviz.  each  Quantity  multipli¬ 
ed  into  it’s  own  Price,  equals 
their  Sum  multiplied  icst©  the 
mean  Price. 

G  g  2  Thi$ 
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aiptaa. 

This  Queftion  being  thus  ftated,  it  appears  by  Rule  I,  Page  176, 
that  it  is  capable  of  innumerable  Anfwers ;  becaufe  for  any  one  of 
tbefe  three  Letters,  <7,  e,  y,  there  may  be  taken  any  Number  at 
Pleafure,  provided  it  be  lefs  than  56.  But  although  that  may  be 
truly  done,  yet  there  are  feveral  Ways  of  arguing  about  thefe  Sorts 
of  Queftions,  which  will  limit  or  bound  them  to  all  their  proper 
pr  poilible  Anfwers  in  whole  Numbers.  Thus, 


Let 

1 

a  -4-  e  y  —  56  7 

And 

2 

32  a  ~f~  20  e  -\-  16 y  —  1 232  ) 

I  —  a 

3 

e  -f- y  =.56  —  a 

—  Va 

4 

20  e  -f-  i6y  =  1232  —  32a 

3x16 

5 

i6<?  -f-  i6y  —  896  —  i6tf 

4—  5 

6 

4*  —  336  —  l6a 

6^4 

7 

e  —  84  —  4 a;  hence  a 

3  —  7 

8 

5  —  32  —  28  ;  hence  a 

as  atove. 


From  the  two  laft  Steps  it  appear?,  that  the  Quantity  fignified 
by  a,  ought  to  be  lefs  than  21,  and  greater  than  9-?.;  that  is, 
any  Number  betwixt  94  and  21,  may  be  taken  for  the  Value  of  a'. 
Confequently  there  may  be  eleven  Anfwers  to  this  Queftion  in 
whole  Numbers. 

Suppofe  a  — 10,  then-?  “84 — 40^44,  per  7th  Step;  and 
y  =  40  —  28  —  2,  per  8th  Step.  Again,  if  az=ii,  then  e 
n~  84  —  44  —  40,  per  7th  Step  ;  and  y  z=.  33  —  28  nr  5,  per 
8th  Step:  and  fo  on  for  the  rdf,  which  will  be  as  in  the  follow¬ 
ing  'Fable. 


a 

e 

y 

a 

e 

y 

a 

e 

y 

10 

44 

2 

H 

28 

x4 

18 

I  2 

26 

1 1 

40  - 

5 

1 5 

24 

x7 

19 

8 

29 

1  2 

36 

8 

16 

20 

20 

20 

4 

32 

J3 

3  2 

1 1 

\  1 

1 

17 

1  *6 

23 

Thus  it  will  be  eafy  to  find  out  and  colled  all  the  limited  An¬ 
fwers  to  any  Queftion  (of  this  Kind)  wherein  there  ajre  only  three 
Quantities  propofed  to  be  mixed  :  But  when  there  are  more  than 
three,  then  the  Work  requires  a  little  more  Trouble ;  becaufe  the 
fingle  Limits  of  all  the  Quantities  above  .two  mull  be  found ;  that 
is,  if  there  are  four  Quantities  concerned  in  the  Queftion,  the 
Limits  of  two  of  them  muft  be  found  ;  if  five  Quantities  are 
concerned,  then  the  Limits  of  three  of  them  muft  be  found,  Lfc. 
As  in  the  following  Queftion.  4 

Quejlion 
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ghtejiion  35.  Suppofe  it  were  required  to  mix  four  Sorts  of  Wines 
together ;  viz.  one  Sort  worth  7  s.  4  d.  the  Gallon ,  another  Sort 
worth  4  s.  7  d.  the  Gallon,  a  third  Sort  worth  3  s.  8  d.  the  Gallon , 
fourth  Sort  worth  2  s.  9d.  //;<?  Gallon:  How  much  of  each 
Sort  may  he  taken  to  make  a  Mixture  of  63  Gallons,  fo  as  that  the 

whole  Quantity  may  be  fold  for  5  s.  6d.  the  Gallon ,  ivith'ma  Lojs ,  See. 

'***  #  '  *  '  *  ! 

Firft,  let  all  thefe  feveral  Rates,  and  the  mean  Rate,  be  re¬ 
duced  to  one  Denomination,  viz.  into  Pence. 


Viz.  1 71 

i  3  r.  8  d.  =  44  d. 


Put  a  z=z  the  Quantity  of  that  worth  88  d.  the  Gallon  ;  e  =: 
that  of  55  d,  the  Gallon,  y  =  that  of  44  d.  the  Gallon,  and  u  = 
that  of  33^.  the  Gallon. 


Then 

I 

tf4-<?4“74-w  — 63  by  the  Quefiion. 

And 

2 

80  a  55  ^  -j-  44 y  — {—  3 3 ~  4 ' 58  =  63  x  66 

1  * — 

3 

~  ^3  — 

«| 
00  1 

00 

1 

4 

55*  -T  447  4*33"  ™4i58  —  88* 

3  X  33 

5 

33*4-  337  4-33"  —  2079  —  33* 

4—  5 

6 

22  e  -f-  1 1  y  =  2079  —  55  * 

6  -7-  u 

7 

2 £  -f-y  =189  —  5  * ;  hence  a  y -r-y9  or  37 * 

3  x  55 

8 

55  *  +  55  7  4-  55  “  =  3465  —  55  a 

8  —  4 

9 

n y  4-22*  =  3377  —  693 

9  —  TT 

10 

y  4-  2  k  3  *  < —  63;  hence  a  y  6f  or  2 1 

From  the  7th  and  10th  Steps  it  appears,  that  the  Quantity  of 
that  Sort  of  Wine  denoted  by  a ,  muft  be  lefs  than  37  i  Gallons, 
and  greater  than  21  Gallons:  that  is,  it  may  be  a  —  any  Num¬ 
ber  of  Gallons  betwixt  21  and  37  t.  Whence  it  follows,  that 
there  may  be  collected  16  Anfwers  to  this  Queftion  from  the 
Limits  of  a  only. 


Next  to  find  the  Limits  of  e ,  y,  and  u. 


Suppofe 

1 1 

But 

12 

12  —  2  e 

*3 

Again 

» 4 

14  —  e 

15 

15  —  13 

16 

a  —  22,  then  will  5  a  no,  and  3  a  =z  66 
2<?-|“7— 189 —  5  a  =  79,  per  7th  Step. 
y  z=z  79  —  2  e ;  hence  e  y  kf  or  39  f- 
*  4-  7  4-  w  —  63  —  0  =  41,  per  3d  Step. 
y  4-  u  =  41  — 
a-r  —  38  5  hence  * 77  38 


From  the  13th  and  16th  Steps  it  appears,  that  if  ^  =  22,  then 
9  zz  39,  y  —  79  —  2e  zaz  I,  and  a  3=  *  —  38  =  i. 


Again, 


rty 


$Ug;eb?a* 


2^0 


Part  I L 


Again, 


Suppofe 

*7 

But 

18 

18  —  2  e 

x9 

Again 

20 

20  —  e 

21 

21  —  19 

22 

^==23,  then  5^  =  115,  and  3*7  =  69 
2  ^  -4-  =  1 89  —  5 a  ==  74,  per  7th  Step. 
7=74  —  2  <? ;  hence  e  =  ^  =  37 

*  y  -4. «  =  63  —  *7  =  40,  per  3d  Step. 

y  -j-  a  =  40  —  e 

u=ze  —  34,  hence  *^34. 


From  the  19th  and  22d  Steps  it  appears,  that  if  a  =r  13,  then 
r  may  be  either  35  or  36. 


Once  more  for  a  further  Uluftration. 


Let 

23 

But 

24 

24  —  2e 

25 

Again 

26 

26  —  e 

27 

27  —25 

28 

a  r=  24,  then  50  —  120,  and  t=z  72 
2 *  -f-y  ==:  189 —  5^  =  69,  per  7th  Step* 
y  =  69  —  2e  j  hence  *  ^  or  34  ~ 

*  -f-  y  ~h  «  =  63  —  =  39,  per  3d  Step. 

^  4-  u  =  39  —  * 

u~  e  —  30,  hence  e  myr  30. 


From  hence  it  appears,  that  if  a  —  24,  then  *  may  be  either 
31,  32,  33,  or  34,  viz.  it  may  be  any  Number  betwixt  30  and 
34  |  by  the  25th  and  28th  Steps  j  from  whence  the  Values  of  y 
and  u  may  be  eafily  found. 


Proceeding  on  in  this  manner  with  all  the  other  fingle  V alues  of 
a,  there  may  be  found  above  120  Anfwers  to  this  Queftion  in 
whole  Numbers:  and  if  you  pleafe  to  put  a  zzi  Fractions,  there 
may  be  found  an  innumerable  Set  of  Anfwers ;  whereas  the  Rule 
of  Alligation  in  Vulgar  Arithmetick  affords  but  only  one  Anfwer  in 
Fra&ions,  to  wit,  that  of  =  31  f,  *  =  iof,  y  =  10  f,  «  =  I0| ; 
as  may  be  eafily  tried  per  Rule  Page  1 15,  &c. 

Thefe  two  Examples  being  well  understood  (efpecially  if  the 
laft  be  thoroughly  purfued)  may  fuffice  to  fhew  the  Method  of 
limiting  the  Anfwers  to  ail  Sorts  of  Queftions  of  this  Kind.  I  (hall 
therefore  conclude  this  Chapter  of  Queftions  with  giving  a  Solu¬ 
tion  to  the  Enigma  (or  Riddle)  propofed  (but  not  anfwered)  by 
Mr  John  Kcrjy,  in  the  Clofe  of  the  Appendix  to  his  Arithmetick  y 

which 
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■which  affords  feveral  pretty  Quedions,  the  Solution  whereof  will 

difcovera  certain  Sentence  confiding  of  three  Words,  which  mud 
be  found  by  the  Help  of  Figures  placed  (or  fuppofed  to  be  placed) 
over  the  twenty-four  Letters  of  the  Alphabet* 

2.  3.  4*5*6.  7.  called  Indices. 
b  ,  c  .  d  .  e  .  /  .  g  .  6v.  to  the  lad  Letter. 

So  that  if  the  Index  of  that  Letter  be  once  feund,  the  Letter  t<* 
which  it  belongs  is  confequently  known. 


Thus  f  1  • 
l  a  . 


The  Enigm,a. 

1.  If  the  Difference  between  the  Indices  of  the  fecond  Letter 
of  the  fecond  Word,  and  the  third  Letter  of  the  fird  Word  be 
multiplied  into  the  Difference  qf  their  Squares,  the  Product  \vili 
be  576 ;  and  if  their  Sum  be  multiplied  into  the  Sum  of  their 
Squares,  that  Product  will  be  2336,  the  Index  of  the  faid  third 
Letter  being  thegreated. 

a  =  the  greater  Index,  or  that  of  the  3d  Letter. 
e  =  the  leffer,  or  that  of  the  2d  Letter. 


Let 

And 


Then 


i 


3  x 

4  x 

6  —  5 

64-7 

8  ujj  3 

4  -j-  a  -j-  e 

9 

—  10 


12 

a 


I  t 

10 

13  iw 
9-4-14 
15  -r-  2 
9  —  16 


1 

2 

3 

4 

5 

6 

7 

8 


10 

1 1 

12 

13 

r4 

*5 

16 

J7 


a 


a 


e  x  aa  —  ee 
e  x  a  a  4-  e  * 


SJ~ g  }  hy  'he  Quefiian. 


- — ±2^ 

aaa— aae—-aee-\-eee  —  5  7  o 
a  a  a  4  a  a  e  4* a  e  e  4* e  e e  =  2336 
2aae-\-2ee  zzz  1760 

a  a  a  4-  3#  e  4"  3®  e  e  4" e  e  e  =  4096 
a  4-  *  3  4/  4096  =  1 6 

#  «  4* ee  =  -4 —  —  — —7 —  =146 
a  4  *  16  T 

tf*4“2tf*4"^::::::'256 
2ae  zez  1 10 
a  a  —  2ae-\-eei=z^6 
a  —  *  —  ^36  —  6 

2  a  z=:  22  1  i  From  hence  it  appears ,  that  the  3d 
flr:  11  r  j  Letter  of  the  id  JVord  is  1,  and  the 
5  3  v.  2d  Letter  of  the  2d  JVord  is  e. 


Note,  /c  to  fet  down  the  Letters  (as  they  become  found )  in 
their  proper  Places ,  1/  be  convenient  to  fupply  the  vacant  Places 
with  Stars . 


Thus5Firft7°rd' 

l  *  *  l  *  # 


Second  Word. 

*  *  e  %  *  * 


Third  Word. 

&  *  *  *  * 

2.  The 
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2.  The  Indices  laft  found,  are  the  two  Extreams  of  four  Num¬ 
bers  in  Arithmetical  Progreftion,  the  lelTer  Mean  being  the  Index 
of  the  firft  Letter  of  thq,  third  Word  ;  and  the  greater  Mean  is 
the  Index  of  the  fourth  and  laft  Letter  of  the  fir  ft  Word.  Viz . 
5.7.9.  11  are  (the  four  Terms  in.  Arithmetical  Progreffiom 
Whence  it  appears,  that  G  (whole  Index  is  7)  is  the  firft  Letter 
of  the  third  Word  ;  and  that  i  (whofe  Index  is  9)  is  the  fourth  or 
laft  Letter  of  the  firft  Word;  which  being  placed  down*  will 
ftand  thus, 

%  *  H  G  * 

...  3.  The  fecond  Letter  of  the  third  Word  is  the  fame  with  the 
third  Letter  of  the  firft  Word  ;  and  the  fifth  Letter  of  the  third 
Word  is  the  fame  with  the  laft  Letter  of  the  firft  Word  :  Whence 
the  Letters  will  ftand  thus, 

*  *  //*  *  €  %  *  Gl  *  *  *  l 

4.  The  Sum  of  the  Squares  of  the  Indices  of  the  firft  and  fe¬ 
cond  Letters  of  the  firft  Word  is  520,  and  the  Produdf  of  the 
fame  Indices  is  feven  Ninths  of  the  Square  of  the  greater  Index, 
which  is  the  Index  of  the  faid  firft  Letter. 

Let  a  =  the  greater,  and  e  =  the  lefter  Index. 

a  a  -f-  e  e  5 20  ?  aCCOrding  to  tfie  Data  ' 
a  e  =  2  a  a  1  ® 

e  =  £  a 
ee  =■ a  a 
a  a  zz  520  —  -fi  a  a 
8 1  <7  a  =  42120  —  49  a  a 
130  a  a  =  42120 

a  a  =  =  324 

a  =  v7  324  =  18,  whofe  Letter  is  U 
e  =  |  a  =  14,  whofe  Letter  is  0. 

t 

Hence  the  Letters  will  ftand  thus, 

Soli .  #  c  *  *  GL  &  %-  i  *  * 

5.  The  Difference  between  the  two  laft  Indices,  is  the  Index 
of  the  firft  Letter  of  the  fecond  Word,  viz .  18  — 14  =  4  being 
tfee  Index  of  the  Letter  D.  Then  the  Letters  will  ftand  thus. 

Soli*  De  *  %  *.  Gl,  *  %  t  *« 


Then 

And 

2  -f-  a 

3  &  4 

1  —  4 

5  x8i 
6  _J_  49  a  a 

7  -r-730 

8  ujj% 

2  and  9 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 
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6.  The  third  and  laft  Letter  of  the  fecond  Word,  aifo  the 
third  Letter  of  the  third  Word,  are  the  fame  with  the  fecond 

Letter  of  the  firft  Word  3  hence  the  Letters  will  ftand  thus, 

¥ 

Soli  Deo  Glo  *  i  *. 

7.  The  Sum  of  the  Indices  of  the  fourth  Letter  of  the  third 
Word,  and  the  fixth  or  laft  Letter  of  the  fame  Word,  being 
added  to  their  Product  is  35  ;  and  the  Difference  of  their  Squares 
is  288  3  the  Index  of  the  laft  Letter  being  the  leaft. 

Put  a —  the  greater,  and  e  —  the  lefier  Index,  as  before. 


Then 

And 


a 


3  +  i 

4 

2  +  5 

6  x  a  a  See. 

\ 

7  + 


1 

2 

3 

4 

5 

6 

7 

8 


a  e  -f-  a  -T  e  “  35 
a  a  —  e  e  288 

ae  +  *=  35  —  a 


^  by  the  Data . 


35 


a 


a  -f-  I 
1225  —  70  a  -f-  a  a 
a  a  -j-  2  a  -j-  I 


,  forcxa-\-i-=zae-\-e 


a  #  —  288-j- 


1225  —  70  a  -f*  a  a 


a  a  2  a  -|*  x 
C  4.  2  a3  4-  a  a~  288  a  a-\-5lb  a  288 
X  4-  1225  — 70  a  4.77  a 
a*  -j-  2  a  3  —  288  a  a  — -  506  a  1=  1513 


This  laft  Equation  being  refolved  according  to  the  Method 
which  fhall  be  fhewed  in  the  next  Chapter,  it  will  be  a  =  17  it's 

Letter  3  and  from  the  4th  Step  7  =  — - —  =  1,  the  Index  of 

a  4-  1 

the  Letter  a.  Then  thefe  two  Letters  being  placed  according  to 
the  Data  above,  are  all  that  are  required  by  the  Enigma  to  com- 
pleat  thefe  Words. 

Soli  Deo  Gloria . 


H  h 


1 


CHAP; 
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-  CHAP.  X. 

Ibe  Solution  of  aUfCCt£t>  CqU0tfOH0  *»  Numbers. 

BE  F  O  R  E  we  proceed  to  the  Solution  of  Adfe&ed  Equations, 
it  may  not  he  amifs  to  (hew  the  Inveftigation  (or  Invention) 
of  thofe  Theorems  or  Rules  for  extracting  the  Roots  of  Simple 
Powers,  made  ufe  of  in  Chapter  n.  Part  i.  I  fhall  here  make 
choice  of  the  fame  Letters  to  reprefent  the  Numbers  both  given 
and  fought,  as  in  my  Compendium  of  Algebra . 

r-Gr  always  denote  the  given  Refolvend. 

\  5  any  Number  taken  as  near  the  true  Root  as 

Viz.  Let<*  (  may  be,  whether  it  be  greater  or  lefs. 

I  _  S  the  unknown  Part  of  the  Root  fought  by 

Le  t  which  r  is  to  be  either  increafed  or  decreafed. 

Then  if  r  be  any  Number  lefs  than  the  true  Root,  it  will  be 

r  -J-  e  =  the  Root  fought.  But  if  r  be  taken  greater  than  the  true 
Root,  it  will  then  be  r  —  e=  the  Root  fought.  And  put  D  for 
the  Dividend  that  is  produced  from  (?,  after  it  is  leffened  and 
divided  by  r,  &c.  (into  the  Co-efficients  of  Adfedfed  Equations) 
according  as  the  Nature  of  the  Root  requires.  Thefe  Things 
being  premifed,  we  may  proceed  to  raffing  the  Theorems. 


S  E  C  T.  I. 


I F  O  R  Square  Root,  viz.  a  a  Quaere  a . 


Let 

I 

r  ~p  e  =  a 

1 

2 

rr  +  2re 

—  rr 

Then 

3 

2  re-\-ce=- 

\  D 

4 

\  2  r  -f-  e 

0  - 

5 

r  e  ~p  i  e 

This  (hews  the  ift  Method 
—  e  ofextra&ingtheSquareRoot, 
Se&.  5.  Chap.  ii.  Part  1. 
r  r 


Which  gives  this  Theorem  ^ 


G 


D 


=  £>. 


e . 


r-pi  e 

The  Arithmetical  Operations  of  both  thefe  Theorems,  you 
have  in  the  Examples  of  Section  2,  Page  126,  to  which  I  refer 

the 
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the  Learner,  fuppofing  him  by  this  Time  to  underftand  them 
without  any  more  Words  than  what  is  there  expreft. 


II.  To  extract  the  Cube  Root ;  viz .  a  a  azzG,  Quaere  a . 


Let 

i<&* 

2  — rrr 

3  3  r 

e  e  e 


1 

2 

3 


r  -J-.  e  =  a,  fuppofing  r  lefs  than  the  true  Root. 
rrr-\-'$rre-\-'$ree-\~eee-=zaaa’=:G 
3  r  £-f*  3  r  e  e-^  e  e  e  zz  G  —  r  r  r 


v  c  "T*  o  o  "T* 


e  e  e 

3  r 


G 


r  r 


3  ' 


=  2? 


Let  -  be  reje£ed  or  caft  off,  as  being  of  fmall  Value  j  then  it 

3 

will  be,  r  e  -}-  ee  zz.  D,  which  gives  this  following 

Theorem  -  zz  e 

r  e 

By  this  Theorem  or  Rule,  the  ift  and  2d  Examples  in  Cafe  1. 
Page  132,  are  performed  ;  the  which  being  compared  with  this 
Theorem  may  be  eafily  underftood. 

Again,  Suppofe  aaazzG>  as  before,  and  let  r  be  taken  greater 
than  the  true  Root. 


Then 

1 

2  + 
3  3  r 


1 

2 

3 


r  —  e  in  a 
rrr — '^rre-^-^ree 
3  r  r  e  —  3  r  e  e  zz  r  r  r  — 
rrr  —  G  _ 

re  —  e  e  zz - ==  L) 


5  eee  being  reject- 
zza'zzGl 


ed  as  before. 


D 


3  r 


Which  gives  this  Theorem  -  =  e 

r  —  e 

By  this  Theorem  the  third  Example  in  Cafe  2.  Page  133,  is 
performed. 


III.  To  extradl  thz  Biquadrate  Root;  viz.  a*zzG,  Quaere  <7, 


Let 

I 

r  —  e  zz  a  fuppofing  r  lefs  than  juft. 

1 

2 

r4'-j-4.rrre-^6rree=a4'=:G  C  reje&ing  all  thePow- 

2  —  r+ 

3 

4.rrre-\-6rreezzG~-r*  1  ers  of  e  above  e  e. 

G  —  r4 

3  -r  2  rr 

4 

2  re  —4—  7  e  e  zz  • -  -  g 

J  2  r  r 

D  


by 


Which  gives  this  Theorem 


2r  +  3<? 

Hh  2 
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By  this  Theorem  the  Biquadrate  Root  of  any  Number  may  be 
extracted.  But,  as  I  have  already  faid,  Page  134,  thofe  Ex¬ 
tractions  may  be  very  well  performed  by  two  Extractions  of  the 
Square  Root.  Vide  Example,  Page  135. 


IV.  To  extract  the  Surfolid  Root,  viz .  a1  =z  G.  Quaere  a. 

If  r  be  taken  lefs  than  juit,  then  r  -4-  e  =  a,  as  before,  and 


=:  D ,  which  gives  this  Theorem 


D 


e. 


By 


5  rJ  ~  r  — 2  e 

this  Theorm  the  Surfolid  Root,  Example  1,  Page  136,  is  ex¬ 
tracted.  But  if  r  be  taken  greater  than  juft  ■,  then  r  —  ez=z a,  and 


==  D ,  which  gives  this  Theorem 


D 


—  e. 


By 


5  r '  r  —  2  e 

this  laft  Theorem  the  Example  in  Page  137  is  performed. 

I  prefume  it  needlefs  to  purfue  the  railing  of  thofe  Theorm*?, 
for  extracting  the  Roots  of  Simple  Powers,  any  further  ;  becaufe 
the  Method  of  doing  it  is  general,  how  high  foever  they  are  ; 
and  therefore  it  may  be  ealily  underftood  by  what  is  already  done. 


SECT.  2. 


'VT  Otwithftanding  I  have  already  (hewed  the  Solution  of  Qua- 
dratick  Equations,  two  feveral  Ways,  viz.  by  cafting  off  the 
loweft  Term  ;  and  by  com  pleating  the  Square,  vide  SeCtion  2. 
Page  195,  idc.  Yet  it  may  not  be  amifs  to  (hew,  how  thofe 
Equations  may  be  refolved  into  Numbers  by  this  Univerfal  me¬ 
thod  of  continued  Series  ;  wherein,  if  the  firft  r  be  taken  equal 
to  the  firft  true  R.oof,  or  fingle  Side  of  the  Refolvend  ;  and  every 
fingle  Value  of  e  (as  it  becomes  found)  be  ftill  added  to  it,  for  a 
new  r,  then  thofe  Roots  may  be  extra&ed  without  repeating  a 
fecond  Operation,  as  before  in  the  fingle  Powers. 

Cafe  1.  Let  a  a  -f-  2  ha  =2  G.  It  is  required  to  find  the 


Value  of  a. 
Put 
1 

1  x  2h 

2-f  3 

4  —  rr  &c. 

S 


1  r  ~p  e  —  a 

2  rr-\-2re-\-eez~aa 
2  b  r  2  b  e  7.  b  a  * 
r  r  — J—  2  br  —•  j  -•  2  re — j —  2  be  — j—  e  e ~ —  a  a  ■  j—  2b  a  -  G 
2  r  e  -|r  2  b  e  — {-  e  e  an  G  —  r  r  —  2  b  r 
r  e  b  e  e  e  z=.  1:  G  —  jrr  —  b  r  zxoD 

Which  gives  this  Theorem  — : — ~~  ■—  ”  e 


z 


3 

4 

5 

6 


r  —  |—  b  -f- 


2  e 


Suppofe 
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Suppofe  bz=L  364,  and  G  -1:38692865:  If  r  r=6coo,  then 
r  r  =  36000000,  and  2  b  r  ~  4368000.  But  36000000  -f* 
4368000  =  40368000  38692865  zz:  G.  Therefore  the  firft 

r  6000.  Let  rzz:  5000,  then 


ift  r  =  5000 

l934-6432,s=i 

G 

b  =  364 

— 1432000,  — i 

r  r  — 1~  b  r 

iftr  ft-  b  =  5364 

5026432,5  =  z> 

11 

0 

0 

00 

+  400 

46112 

1  Divifor  5764) 

41523 

11 

0 

VO 

2d  r  -j-  b  —  6164 
+  ^  e  ~  3° 

37i64 

11 

'  4359 

2  Divifor  6194) 

4359  2>5 

867  —  e 

30  7  -p  0  . . -  0224 
-±-\e~  3,5 

3Divifor  6227,5 

(0) 

Firft  r  :zz  5000  ? _ 

-j-  e  —  867  J 

5867  =  a  as  was  required. 

Cafe  2.  If  a  a  —  2  b  a  =  G,  then  proceeding  as  above,  there 

will  arife  this  Theorem  — -  .  &c.  And  in  Cafe  3, 

V - 0  “h  2  * 

D 

viz.  2b  a  —  aa  =  G ,  you  will  have  this  Theorem  - - 7-* 

'  — r —  i  £ 

&c.  as  above.  , 

I  think  it  needlefs  to  trouble  the  Reader  with  the  Work  of  thefe 
two  Theorems  in  Numbers ;  becaufe  if  the  laft  Example  of  Cafe  1, 
be  underftood,  the  other  will  be  eafy.  Not  but  that  the  Method 
of  compleating  the  Square  is  very  ready  and  eafy,  as  you  may  ob- 
ferve  by  the  Work  in  feveral  Queftions  of  this  Chapter. 


SECT.  3* 

\  ♦  * 

IN  the  Solution  of  all  Adfe&ed  Equations,  that  are  above  (or 
higher  than)  Quadraticks,  it  will  be  the  beft  way  to  tak er  = 
the  next  neareft  Root  of  the  Equation  :  And  then  it  will  be  r  - j-e 
—  if  r  be  lefs  than  juft  ;  or  r  —  *  =  a  if  r  be  greater  than  juft 
(as  at  the  beginning  of  this  Chapter).  And  all  the  Powers  of  the 
unknown  Part  of  the  Root,  [viz.  e)  above  it’s  Square  [e  e)  are  to 

be  rejected  or  caft  oft,  as  before  in  railing  the  T  heorems  for  the 

Simple 
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Simple  Powers.  And  therefore  it  is,  that  to  fupply  the  want  of 
thofe  Powers  (above  e  e  in  the  Theorm)  the  Operation  muft  be  re¬ 
peated  :  as  in  the  Example  of  extrading  the  Cube  Root,  Page  133, 
•viz.  when  the  Figures  in  the  Root  confift  of  more  than  three 
Places  (vide  Page  140,  and  141.) 

Suppofe  a  a  a  4-  b  az=z  G.  Quaeres. 

Let  1  r~l~e  =  a  viz.  let  r  be  fuppofed  lefs  than  juft. 
1  2  r  r  r  -f-  3  r  r  e  -{-  3  r  e  *  =  a  a  a 

I  x  b  3  br  +  be  =  ba 

2-4-3  4  rrr-\-br-\-7>rre-\-be-\-Tiree—a1>  -\-ba~G 

b  e 

4  -i-  3  r  5  ^ r  r  b  r  e  — j-  — 

e>  C  ^  *  G 

c  —  &c.  o  reA - U  e  e  =  — 

3r  3r 

D  ‘ 


-f  e  e  =  — 


G~ 

3r 

—  %rr*-*\bzzD 


Which  gives  this  Theorem 


r  + 


— 

3^ 


-f-  e 


But  if  r  be  taken  greater  than  juft,  then  it  will  be  r  e-\- 


e  e  \  r  r  -f-  j-  b 
D 


G_ 

3  r 


Li 

3  r 


=  D which  produces  this  Theorem 


=  e. 


r  *4 - - 

3  r 

By  either  of  thefe  two  Theorems  the  Value  of  a  may  be  eafily 
found.  Or  rather  otherwife,  as  in  the  following  Example. 

Let  a  a  a-j-  24  #  =  587914.  Here  £=24.  Suppofe  the  firft 
r= 90,  then  r3  =  729000^587914  without  the  24x96  being 
added  to  it:  Therefore  90  Again,  Suppofe  r=8o  then 
r3=5i2000,  and  24^=11920.  But  5 12000 4-1920:=: 5 13920 
^58791,  hence  ^70,  but  nearer  to  it  than  90.  Therefore 


it  muft  be 
1  &3 
ix  24 
2  in  Numb, 
•a  in  Numb. 

4  +  5 

5  —  513920 
7—240 

8- 


1 

2 

3 

4 

5 

6 

7 

8 


r  4-  e  ==  a  lefs  than  juft. 
rrr-\-3rre-\-$ree=aaa 
24 r-f.  24 *  =  24  a 
5 12000  -j*-  19200  e  4—  240  e  e  =  a  a  cl 
1920  4~  24  *  =  24  a 

5 1 3920 -f-  19224*4-  240  **  =  587914 
19224  *-f-  240  e  e  —  73994 
So,  1  *  4-  *  *  z=  308,31  =  D 
_  D 
8o,i  4-* 


Operation 
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/8o,  ==  r 

308,31  V  3,68  &c.  =e 

249?3  83,68  &c.  =  r~+* 

59, 01 
52,02 


Operation  80, 1 
+  *==  3> 

1  Divifor  83,1) 

+ e  =  3*^ 

2  Divifor  86,7) 

+  *  >67 _ 

87>37)  6>99  &c- 

Or  rather  new  r=83,7  for  a  fecond  Operation,  which  being  in¬ 
volved  and  tryed  (as  above)  will  be  found  greater  than  juft:  therefore 

it  muft  be  1  r  — -  e  =  a 

1  2  r  r  t  —  3  r  r  e  ■+  3  r  e  e  =  a  a  a 

I  x  24  3  24  r  —  24  e  =  24  a 

4  586376,253  —  21017,07*+ 251,1  eerzaaa 

5  2008,8  —  24  *==24*? 

6  588385,053  —  21041,07  *  +  251,1  **  =  587914 

7  21041,07* — 251,1  **  =  471,053 

8  83,795s  ^ — **= 1,87595778=2) 

D 

9  e 


2  in  Numb. 

3  in  Numb. 

4  +  5 
6 

7 


251,1 
8  -r* 


83*7955  — 


2d  Operation  83,7955 

- —  *  =  ,02 


ift  Divifor  83,7755) 

—  e=  ,022 

2d  Divifor  83,7535) 

—  *=  ,0023 


3d  Divifor  83,7512) 

—  *  —  3&C.  ,02512536 

83,751  ,00781542 

• • •  00753760 

Here  the  new  Divifors  are  27782 


/83, 70000000 
1*87595778  V 00,0223933 1 

I*^7S51°  83,67760669 

,2004477  — e- 

,1675070 
,03294078 


r 

e 


=  a 


rejected,  as  infignificant. 


25*25 

2657 

2512 

145 

83 


All  the  remaining  Examples  of  extracting  Roots  (except  Page  260)  are  left  in  the  Author’s 
own  Method  j  which  by  this  Time,  it  is  prefumed,  the  Learner  will  eafiJy  know  how  to 
correct  of  himfelf,  if  he  takes  due  Notice  of  what  has  been  delivered  Page  131,  132,  &c. 

But 
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But  if  more  Exaeftnefs  be  required,  you  may  make  the  new  r  = 
83,6776067,  and  proceed  with  it  to  a  third  Operation  ;  which 
will  afford  twenty-feven  Places  of  Figures  for  the  Value  of  a  \ 
that  is,  every  Operation  will  produce  triple  the  Places  of  Figures 
to  thofe  of  the  Precedent  r.  And  this  tripling  the  Places  of  Fi¬ 
gures  in  the  Root,  at  every  Operation,  holds  good,  and  is  to  be 
obferved  in  the  Solution  of  all  Adfedted  Equations  (how  high  fo- 
ever  they  are)  according  to  this  Method  of  refolving  them.  See 
Page  1 41. 


Example  2.  Suppofe  aaa  —  b  a  =  G.  Quaere  a.  If  r  -f-  t 

=  —  +  i  b—\rr  =  D, 


,  7  b  e 

=  a ,  then  re - +  e  e 


D 


which  gives  this  Theorem  '  3 £  , 

r 

h  G 


e.  But  if  r  —  e 


ay  then  re- f- 


k  b  e 


4-  e  e  =  - —  -f-  7  b  —  7  r  r  —  Dy 
r  r 


J) _ 

^hich  gives  this  Theorem  (  3  £  , 

r  *■“ j"  ■  € 

r 

Or  you  may  proceed  otherwife,  as  in  the  Jaft  Example.  Let 
aaa  —  6438  a  —  104785688,  here  b  =  6438.  Suppofe  the 
firft  r  =  500,  rrr  =  125000000,  and  £>*  =  3219000,  then 
125000000  —  3219000  =  121781000.  But  121781000 
104785688,  therefore  r  ^  500.  Again,  fuppofe  r  =  400, 
r  r  r  =  64000000,  and  b  r  =  2575200,  then  will  6400000© 
■ —  2575200  =  6142800.  But  61424800  "x  104785688,  hence 
r'y  400  ;  confequently  r  is  betwixt  400  and  500.  But  500  is 
the  next  neareft  \  therefore,  let  >*  =  500  being  greater  than  juft. 


Then 

1 

1  x  £ 

2  in  Numb. 

3  in  Numb. 

4  —  5 
6  -|“ 

7  T565 

8~ 


1 

2 

3 

4 

5 

6 

7 

8 

9 


r  —  e  =  a 

rrr-—2)rre-^r2>reez=Laaa 
b  r  —  £  e  =  £  a 

125000000 — 750000^-4-1500^^  =  ^^^ 
3219000 —  6438^=6438^7  (88 

121781000 — 7435  62  -4-1500**=  1047856 
743562' —  1500  ee  =  16995312 
495  *  —  *  e  =  1 1 330  =  D 
___  _ D 

~~  495  -1** 


Operation 
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Operation  495 
—  e  “  20 

I  Divifor  475) 
472) 


/500,o  =  r 

1 1330  V  23,8=:* 

9  SO  470,2  =  r  — *  =  £ 

I»3° 

1 4 16 

414,0 

377,6 


241 


Let  new  >*=476  for  a  2d  Operation,  then  ^  =  107850176 
and  ^=3064488:  but  107850176  —  3064488  =  104785688 
the  fame  with  the  Refolvend.  Confequently  a  =  476  juft. 


% 

Example  3.  Let  ba — aaa  —  G.  Qusere  a.  If  r-f-*=03  then 

—  -jb  ~  D,  which  gives  this 


4G 


The  or, 


re  — -  ee 
D 


em 


=  e.  But  if  r —  *  =  0,  then  re  — 


\be 


re 


e  e  —  —  -4 ~-j  rr 
r 


b  =  Dy  which  gives  this  Theorem 


D 


r 


Or  otherwife  as  before  in  the  two  laft  Examples*  Thus,  let 
1234560  —  aaa—  12272861.  Here  £  =  123456.  Suppofe  the 
firit  r  =  200,  then  rrr~  Soocooo,  and  br— 24691200 ;  then 
24691200— 8000000  =  16691200,  but  16691200 '75'i227286i, 
therefore  r  is  here  lefs  than  juft,  becaufe  the  higheft  Power  is — , 
or  Negative.  Again,  Suppofe  r  =  300,  then  r 3  =  27000000, 
and  £r  =  37036800,  then  37036800  —  27000000  =  10036800 
^122728610  Confequently  r  ^300,  and  r'y' 200.  Let  r 
=  300,  being  the  next  neareft,  but  more  than  juft. 


Then 
1  @-*3 
1  "x.  b 

2  in  Numb. 

3  in  Numb. 

5  —  4 

6  — 

7  900 

i  -f-  &c. 


1 

2 

3 

4 

5 

6 

7 

8 

9 


r  —  <?  =  a 

rrr —  3 rre  -H  Zree  =  # 
b  r  —  b  e  =  b  a 

27000000  —  270000  *  -f-900^ 

37036800 — •  123456*? 

10036800  -f-  146544*?  —  900  ee  =  12272861 
1465 44 *  — -  900  ee  =  2236061 
162*  —  e  e  ~  2484  =  D> 

—  D 
162  —  e 


I  i 


^OperatioD 


3Ipb?a. 
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Operation  162 

—  e  =  10 

ift  Divifor  152) 

—  e  =  6 

2d  Divifor  646) 


/  300,0  =  r 
2484  V  16,6  =  e 

1 52  283,4  “  r  —  £  ~ 

964 

876 


88,0 

86,6 

Or  new  r  =  283,  which  being  involved,  tsV.  will  appear  to 
be  the  true  Root,  that  is,  #  =  283  juft. 


Thefe  are  ufually  called  the  three  Forms  of  Cubick 
Equations;  and  in  the  Solution  of  the  third  or  laft  Form,  viz . 
la —  aaa~G,  you  may  meet  with  fome  feeming  Difficulties; 
efpecially  in  making  Choice  of  the  firft  r,  becaufe  this  Equation 
is  an  ambiguous  Equation,  and  hath  two  Affirmative  Roots,  viz. 
a  greater  and  lefier  Root.  But  having  once  found  either  of  them, 
the  other  may  be  eafily  obtained  by  Divilion  only  ;  as  in  the 
Quadratick  Equations.  Vide  Chap.  8.  As  for  Inftance,  in  the 
laft  Example,  <7=283  and  123456#  —  ###=12272861. 
Make  thefe  two  Equations  =  o,  to  wit,  let  #  —  283  =  0,  and 
—  ###  -F 123456#  —  12272861  =  o. 


Then,  #-— 283) —### -F 123456# — 12272861  ( — ## 

###-4-  283## 

—  282##4-  1234^6#  ( — 283# 

—  283##-!-  80089# 

-1-433670—12272861  (+43367 

-4-43367  #  — 12272861 

’  F)  F) 

Hence  it  appears  that  —##— 283#-f-43367  =  o.  Confequent- 
ly  ##  -F  283^  =  43367  this  Equation  being  folved,  a  —  1 10, 
2722  &c.  which  is  the  lefler  Root  of  the  aforefaid  Equation  ba 
—  ###  —  G,  &c.  After  this  Manner  all  the  poffible  and  im- 
poffible  Roots  of  any  Equation  may  be  eafily  difcovered,  any  one 
of  it’s  Roots  being  once  found.  I  fhall  therefore  omit  inferting 
more  Examples  of  that  kind. 

Suppofe###-}"£tftf-Fa?  =  G.  Quasre#.  Let  £=74,  <-  =  8729, 
and  6=560783.  By  Trial  (as  before)  it  will  be  found  that  the 
next  neareft  r=40  being  fomething  lefs  than  juft. 

Therefore 


1 


Chap.  10. 

of  $}Df?cte&  equations. 

Therefore 

I 

r  -f-  e  =  a 

1  x  c 

2 

c  r  -4—  c  e  =  c  a 

I  <&*  :  x  b 

3 

brr  +  lb  re  -f-  bee  =  baa 

1  ©->3 

4 

rrr  - f-  3  rre  +  37***  =  a  a  a 

2  in  Numb. 

5 

349160+  8729* 

.3  in  Numb. 

6 

118400+  5920*+  74*,? 

4  in  Numb. 

7 

64000+  4800* +  120** 

5  +  6  +  7 

8 

53i56o  + 19449*  +  194**  = 

8—531.6° 

9 

19449  *  +  194  ee  z=z  29223 

9  -r  i94 

10 

100,2  e  +  **  =  153,06  =  D 

TA 

T  T 

D 

I  U  “ 

100,2  +  e 
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Operation 
-4-  *  = 
ift  Divifor 
+  e  = 

2d  Divifor 


100,2 

I 

101,2) 

>5 

101,7) 


153, °6 

101 ,2 

5  i,8b 

50,85 

1,01 


/  4o,o  =  r 
\  M  =  * 

4ij5  =  r  +  *  =  * 


Or  new  r  =  41,5  for  a  fecond  Operation,  which  being  duly 
involved,  &c.  will  be  found  more  than  juft. 

Therefore  1  r  —  e  zz  a 

f  2  cr  —  c  e  zzz  c  a 
T  hen  <  3  brr  —  2b  re  +•  b  e  e  =  b  a  a 

L  4  rrr'—2)rre~\-2>reezzzaaci 

Thefe  being  turned  into  Numbers,  &c.  as  above,  they  will  be 
20037,75^  —  198,5^  =  390,375,  which  being  divided  by 
198,5  the  Co-efficient  of  e  e>  will  become  100,946*  — •  ce  = 
1,966624,  5c c.  =  D. 


Operation  100,946 
—  e  —  01 

ift  Divifor  100,93b) 
— *  e  =  ->009 

2d  Divifor  100,927) 

*  Here  I  proceed  by 
plain  Divifion  without 
forming  new  Divifors, 


/41, 5000000  =  7* 
1,966624  y  ,0194847  =  e 
1,00936  41,4805153  =  ?* 

957264 
908343 


ezzza 


* 


489210 

403708 

855020 

807416 

476040 
403708  ' 

72332  See, 

I  i  Z 


Let 


— 
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... 


Let  the  laft  Equation  in  the  Enigma,  Chap.  9.  be  here  pro- 
pofed  for  a  Solution.  Viz.  aaaa-\-baaa —  caa  —  da-zzG', 
b~  2,  £  =  288,  d  “  506,  and  G  1=1513,  Quaere  a.  By 
Trials  it  will  be  found,  that  the  next  neareft  r  =  20,  being 
fomething  more  than  juft. 


Therefore 
1  x  d 

1  ®-a  X  C 
I  <3^ 3  x  b 

I 


1 

2 

3 

4 

5 


r  —  e  zzz  a 

dr  —  de  rr  d a 

err  —  2  c  r  e  c  e  e  c  a  a 

brrr  —  3  brr  e  -f-  3  b  re  e  —  l  a  a  a 

r4  —  4  rrre  -f-  brr  e  e  =  a  a  a  a 


Thefe  being  turned  into  Numbers,  and  thofe  duly  collected, 
according  as  the  Signs  of  the  Equation  diredt,  they  will  become 
50680  —  22374*  -f-  2232**  re:  1513,  which  being  all  divided 
by  2232  the  Co-efficient  of  will  be  10*  ■ 


e  e 


22 


D . 


I 


Then 


Operation  10 
Divifcr  7 ) 


—  e  zzz  a  juft. 

See  the  End  of  Chap.  9. 


By  what  hath  been  already  done  about  the  Solution  of  thefe 
few  Equations  (being  carefully  obferved)  I  prefume  the  Learner 
will  eafily  conceive  howto  proceed  in  the  Solution  of  all  Kinds 
of  Equations,  be  they  never  fo  high,  or  adfetBed  ;  therefore  I 
fnall  not  here  propofe  many  various  Examples,  but  only  take 
them  as  they  fall  in  Courfe,  when  I  come  to  the  next  Part,  where¬ 
in  you  will  (perhaps)  find  fuch  Equations  with  their  Solutions  aa 
are  not  common. 

fir  r  *  .•  *  •  •  ^  ■-  •  ^ 


CHAP. 


\ 


Of  Simple  Ji.tercff, 
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CHAP.  XI. 

Of  Simple  Inteccff,  anmsttifg,  or  Penfms,  &C. 

INTEREST,  or  the  Ufe  paid  for  the  Loan  of  Money,  is 
either  Simple,  or  Compound. 

Seft.  3.  Of  Simple  3!ttt2F£lf. 

OlMPLE  Intereft,  is  that  which  is  paid  for  the  Loan  of  any 
Principal  or  Sum  of  Money,  lent  out  for  fome  Time,  at  any 
Rate  perCent.  agreed  on  between  the  Borrower  and  the  Lender  ; 
which,  according  to  the  late  Laws  of  England ,  ought  to  be  ii:: 
Pounds  for  the  Ufe  of  100/.  for  one  Year,  and  twelve  Pounds  for 
the  Ufe  of  100  /.  for  two  Y ears ;  and  fo  on  for  a  greater,  or  Idler 
Sum,  proportionable  to  the  Time  propofed. 

There  are  feveral  Ways  of  computing  (or  anfwering  Queflions 
about)  Simple  Intereil  ;  as  by  the  fingle  and  double  Rule  of 
Three  (Seepage  96,  &c.)  others  make  ufe  of  Tables  compofed 
at  feveral  Rates  per  Cent,  as  Sir  Samuel  Moreland ,  in  his  Doctrine 
of  Interefd,  both  fimple  and  compound,  all  performed  by  Tables; 
wherein  he  hath  detected  feveral  material  Errors  committed  by 
Sir  Ifaac  Newton^  Mr  Kerfey  upon  Wingate ,  and  Mr  CW/,  &c. 
in  the  Bufinefs  of  computing  Interefd,  LjV.  by  their  Tables,  too 
tedious  to  be  here  repeated.  But  I  fliall  in  this  T rad  take  other 
Methods,  and  {hew  that  all  Computations  relating  to  Simple  In- 
tereft  are  grounded  upon  Arithmetick  Progreflion  ;  and  from 
thence  raife  fuch  general  Theorems,  as  will  f’uit  with  all  Cafes. 
In  order  to  that 

!P  nr  any  Principal  or  Sum  put  tolnterefb 
R  nr  the  Ratio  of  the  Rate,  per  Cent .  per  Annum, 
t  m  the  Time  of  the  Principal’s  Continuance  at  Intereft. 
A  nr  the  Amount  of  the  Principal,  and  it’s  Intereft. 

Note ,  The  Ratio  of  the  Rate,  is  only  the  Simple  Intereft  of  1  /. 
for  one  Year,  at  any  given  Rate  ;  and  is  thus  found. 


6 


Viz.  100 
Or  100  :  7 
Again  100  :  7,5 


1 

1 

1 


0,06  nr  the  Ratio  at  6  per  Cent,  per  Annum. 
0,07  err  the  Ratio  at  7  perCent.  Szc. 

0,075  m  the  Ratio  at  7  and  \  per  Cent. 

And  if  the  given  Time  be  whole  Years  ;  then  t  nr  the  Num¬ 
ber  of  whole  Years  :  but  if  the  Time  given,  be  either  pure  Parts 
of  a  Year,  or  Parts  of  a  Year  mixed  with  Years;  thofe  Parts 
BBuft  be  turned  into  Decimals  $  and  then  tzz  thofe  Decimals,  (Ac. 

Now 
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Now  the  common  Parts  of  a  Year  may  be  eafily  turned  or  con¬ 
verted  into  Decimal  Parts,  if  it  be  considered 

f  Day  is  the  -j^y  Part  of  a  Year  zz  0,00274  fere 
That  one  <  Month  is  the  t»  Part  of  a  Year  1=  0,0833333  &c. 
L  Quarter  is  the  £  Part  of  a  Year  zz  0,25 

Thefe  Things  being  premifed,  we  may  proceed  to  railing  the 
Theorems. 

Let  R  zz  the  Intereft  of  1  /.  for  one  Year,  as  before. 

Then  2  R  zz  the  Intereft  of  1  /.  for  two  Years. 

And  3  R.z=:  the  Intereft  of  1 1.  for  three  Years. 

4  R  zz  the  Intereft  of  1  /.  for  four  Years.  And  fo  on 
for  any  Number  of  Years  propofed. 

Hence  it  is  plain,  that  the  Simple  Intereft  of  one  Pound  is  a 
Series  of  Terms  in  Arithmetic  Progreftion  increafing  ;  whole  firft 
Term  and  common  Difference  is  R ,  and  the  Number  of  all  the 
Terms  is  t.  Therefore  the  laftTerm  will  always  be  t  Rzrz  the 
Intereft  of  1  h  for  any  given  Term  fignified  by  t. 

Then  5  °ne  ^>0un^  *  1S  t0  lnierefl  cf  1 1.  : :  fo  is  any 
I  Principal  or  given  Sum  :  to  it's  Interejl. 

That  is,  1 1.  :  tR  ::  P  :  t  R  P  zz  the  Intereft  of  P.  Then 
the  Principal  being  added  to  it’s  Intereft,  their  Sum  will  be  zz  A 
the  Amount  required  $  which  gives  this  general  Theorem. 

Theorem  r.  t  R  P  -~f-  P  zz  A. 

From  whence  the  three  following  Theorems  are  eafily  deduced. 

Theorem  2.  —rr-, — r  =  P-  Theorem  3.  ~~~  zz:  R . 


tR-f-  1 

Theorem  4. 


A —  P 
RP 


t. 


Thefe  four  Theorems  refolve  all  Qiieftions  about  Simple  Intereft. 


Q ueftion  1.  What  will  256  1.  10  s.  amount  to  in  3  Tears ,  one 
Quarter ,  2  Months ,  and  18  Days ,  at  6  per  Cent,  per  Annum. 

Here  is  given  P  zz.  256,5  ;  R  zz  0,06  ;  and  /  zz  3,46599 
For  3  Years  zz  3  Quaere  A.  per  Theorem  1. 

one  Ql>arter  zz  0,25 
2  Months  zz  0,16667  zz  0,08333  x  2 
18  Days  zz  0,04932  —  0,00274  x  18 
Hence  t  zz  3,46599  :  x  0,06  zz  0,2079594  zz  tR 

Then  0,2079594  x  256,5  zz  53,341586  zz  tRP 
And  53,341586  -4-  256,5  zz  309,841586  zz  tRP-TP=^A. 
That  is,  309,84i586zz309/.  16 s.  lod.  being  the  Anfwer  re¬ 
quired. 

Quejlion 
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of  Simple  antmft 
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Quejiton  2.  What  Principal  or  Sum  being  put  to  Interejl ,  will 
raije  a  Stock  of  309  1.  16  s.  xod.  in  three  Years,  one  Quarter, 
two  Months,  and  18  Days;  at  6  perCent.  per  Annum? 

Or  the  fame  Queftion  otherwife  ftated  thus. 

What  is  309I.  *6S*  I0(f  due  3  Tears,  one  Quarter ,  2  Months 
and  1 8  Days  hence ,  worth  in  ready  Money  ;  abating  or  difcounting 
6  per  Cent.  Sec. 

Here  is  given  ^  =  309,841586;  R  =  0,06  ;  /  =  3,46599 
(found  as  before)  thence  to  find  P.  Per  Theorem  2.  Firft: 
3,46599  x  0,06  =  0,2079594  z=z  t  R.  Then 

t  R  -f-  1  =  >  ,2079594)  309,841586  =  A  (256,5  =  P  ; 
that  is,  256,5  =  256/.  10 s.  the  Anfwer  required. 

Jpuejlion  3.  At  what  Rate  or  Interejl ,  per  Cent.  Szc.  will 
256 1.  10  s.  amount  *0  309 1.  16  s.  10  d.  in  three  Years,  one 
Quarter ,  two  Months,  and  18  Days? 

Here  is  given,  ^=256, 5 ;  ^=309,841586 ;  and  *=3,46599 
to  find  R.  Per  Theorem  3.  Firft  309,841586  —  256,5  = 
53,241586  =yf  —  P.  Next  3,46599  x  256,5  =  889,026435 
=  /  R.  And  t  R  =  889,026435)  53,341586  (00,06=  the 
Ratio.  Then  1/.  :  0,06  ::  120  :  6  =  the  Rate  required. 

Spueftion  4.  In  what  Time  will  256  1.  10  s.  raife  a  Stock  of 
[or  amount  to')  3C9  1.  16s.  iod.  at  6  perCent.  Szc. 

Here  is  given,  P=  256,5  ;  Azzi  309,841586,  and  R  =  0,06 
to  find  t.  Per  Theorem  4.  Firft  309,841586  —  256,5  = 
53,341586=^  —  P.  And  256,5x0,06  =  15,39  z=z  PR. 
Then  15,39)  53,34*586  (3^599  =  *  5  that  is  t  =  3  Years 
and  ,46599  Decimal  Parts  of  a  Year ;  which  may  be  brought 
into  common  Parts  of  a  Year,  thus 

0,46599  And  0,08333)  °>2T599  (2  Months. 

0,25  =  one  Quarter.  ,16666 

0,21599  0,02074)  ,04933  .  (18  Days. 

Hence  t  =  3  Years,  one  Quarter,  2  Months,  and  18  Days;  the 
Anfwer  required. 

It  muft  needs  be  eafy  to  conceive,  that  what  is  here  done  at 
6  per  Cent,  may  be  done  at  any  other  Rate  of  Intereft,  by  form¬ 
ing  the  Ratio  [viz.  R )  accordingly. 
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Although  it  be  according  to  the  Laws  and  Cuftom  of  England „ 
to  compute  Intereft  at  the  Proportion  of  6  per  Cent,  (as  above) 
yet  he  that  takes  up  Money  at  Intereft  for  any  Time  lefs  than 
even  or  compieat  Years,  pays  more  Intereft  than  feems  reafonably 
due,  according  to  the  Rules  of  Art.  As  for  Inftance ;  if  ioo  ?. 
be  forborne  at  Intereft  one  whole  Year,  it  amounts  to  106  /.  But 
(I  fay)  if  it  be  paid  at  the  half  Year’s  End,  it  fhould  not  amount 
to  103  ;  as  appears  from  this  following  Proportion. 

Let  azzi  the  Amount  due  at  the  half  Year’s  End  ;  then  it  will 
be  ico  :  ci  :  :  a  :  ic6  the  Amount  at  the  Year’s  End.  Ergo 
aaz=z  10600,  and  a  =  v/io6og  =  102,9563 —  102/.  191.  if d. 
which  is  lefs  than  103  /.  by  10  \  d.  And  if  it  be  paid  in  lefs 
than  half  a  Year’s  Time,  the  Error  muft  needs  be  the  greater. 


Se£t.  2.  Of  SUttUUttCg*  or  pgttft'Ott#  in  Arrears ,  com¬ 
muted  at  Simple  Interefi . 

A  N  NUITIES,  or  Penfions,.  &c.  are  faid  to  be  in  Arrears,. 

when  they  are  payable  or  due,  either  Yearly,  or  Half-yearly, 
&c.  and  are  unpaid  for  any  Number  of  Payments.  Therefore  f 
the  Bufinefs  is,  to  compute  what  all  thofe  Payments  will  amount 
unto,  allowing  any  Rate  of  Simple  Intereft  for  their  Forbearance, 
from  the  Time  each  particular  Payment  became  due:  Nowin* 
order  to  that,  x 

!u  —  the  Annuity,  Penfion,  or  Yearly  Rent,  &c. 
t  zm  the  Time  of  it’s  Continuance,  or  being  unpaid, 
i?.— the  Ratio,  or  Intereft  of  1 /.  for  1  Year,  as  before. 

A ~  the  Amount  of  the  Annuity  and  it’s  Intereft. 

Then  if  u  —  the  firft  Year’s  Rent,  due  without  Intereft. 

*  ^  |  due  at  the  End  of  the  fecond  Year. 

ti.t  intereft  >  jue  ^  £n(j  0f  tj)e  third  Year, 
i  the  Kent  j 

-  the  Rent6^  \  at  ^  ^ie  ^ourt^  ^ear'*  ^ 

“  ^  t  |  ^ue  at  c±"  -fifth  Year, 

And  fo  on  for  any  Number  of  Years.  Hence  it  is  evident,  that 
Ru4-2Ru-\-2Ru-\-4.Ru-\- —A  the  Sum  of  all  the  Rents  and 
their  Intereft,  being  forborne  5  Years, 


R  u 
2  u 
2  Ril 

3» 
3 Ru 

4  u 

js^Ru 

5  u 


From 
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From  whence  it  follows,  that  Ru  +2.&K+ 3/^ +  4 Ru  ~  A — tu . 
Here  t  =  5.  Divide  by  «,  then  i£  +  2i£-|-3.£  +  4.£  = 

u 

Next  to  find  the  Sum  of  this  Progreffion  (See  Page  185)  thus. 
Let  R  +  2i£+3&+4&&c.  —  z,  then  1  +  2  +  3  +  4&C.  = 

R 

\  , 

Here  the  Sum  of  all  the  firft  and  laft  Terms  are  4  +  1  ~  5  r =  /, 
and  the  Numbers  of  all  the  Terms  are  4  =  / —  r.  Therefore 

t  z 

~  R  1 

1 1  R  —  tR  ^  r  .1  tt  R — .tR  A — tu 


tR  or  *1  ttR 

_ _  zr  z.  Confequently  — 


*- - 1  x  t  =z  the  Sum  of  all  the  Terms;  that  is  — 

2 

hence 

2  2  u 

Now  from  this  Equation  it  will  be  eafy  to  deduce  the  following 
'Theorems. 

ttRu  —  tRu-\-2tu  j.  ttu — tu 

Theorem  _ _ ! - =  A>  or 

2 


R  l  ■+  t  U  ——Am 


Theorem  2. 


2  A 


t  tR — t  R-\-2t 


r=  u.  Theorem  3. 


2  A  —  2  t  u 


=  Rm 


T  2  1  f  2  A  ,  XX 

Let  f*. —  1  _=  then  /  =  y  --  +  —  :  — 
R  y  Ru  y  4 


ttu  —  t  u 
^  x  Theorem  4. 


Quejlion  1.  If  250  1.  yearly  Rent  ( or  Penfion &c.)  be  forborn 
*  unpaid  /even  Tears  ;  what  will  it  amount  to  in  that  Time , 

.6  per  Cent.  y$r  Payment ,  //  becomes  due  ? 

Here  is  given  «  =  250,  t  =  7?  and  =  0,06  ;  to  find  A.  P er 
r  Th.  I.  Firfi  25O  X  7  =  1750  =  /*,  1750x7  =  12250=/^. 
Again  12250 — 1750=10500  =  // « — /«,and  1  °i-Q  °X  o,c6  —  3I5* 
Lafily  315  +  1750=2065  =  ^;  Viz,  2065/.  is  the  Anfw.  required. 
But  if  the  Annuity,  Rent,  orPenfion,  is  to  be  paid  by  quarterly 

or  half  yearly  Payments,  & c.  Then  —1—  =s  0,03  =  R  for 

half  yearly  Payments :  and  2£_6  =  0,013  =  R  for  quarterly; 

or  0,045  —  ^  f°r  three  quarterly  Payments.  Example  of  half 

yearly  Payments.  <  _ 

Suppsfe  250 1.  per  Annum,  to  be  paid  by  half  yearly  Payments, 

were  in  Arrears ,  or  unpaid  for  f<*uen  Tears  ;  what  would  it  amount 
to ,  allovoing  6  per  Cent,  per  Annum  for  each  Payment,  as  it  be - 

♦ 


K  k 


In 


Part  II* 


250 


9lgeb?a* 


In  this  Example  there  is  given  u— 125  = 


250 


ber  of  Payments  $  and  R  zz  0,03  = 


o,c6 


/  —  14  the  Num- 
thence  to  find  A . 


Firft  125  X  14=  1750 zi  tu  ;  1750  x  14  —  24500:1=  ttu: 
again  24500 — 1750=22750  =  /  /  u — t  u then  =H375> 

and  11375x0,03=341,25.  Laftly  341,25  +  1750  =  2091,25  ; 
that  is,  A '=■  209 1 1-  SSt  the  Anfwer  required. 

N.  B.  Hence  it  may  be  obferved,  that  half  yearly  Payments 
are  more  advantageous  than  yearly.  For  2091  L  5  s.  ~y  2065  /. 
by  26  /.  5  s.  confequently,  quarterly  Payments  are  more  ad¬ 
vantageous  than  half  yearly  Payments. 

fjuejlion  2.  JVhat  yearly  Rent,  Penfion ,  &c.  being  forlorn  or 
unpaid  feven  Tears ,  will  raife  a  Stock  of  2065  1.  allowing  6  per 
Cent,  per  Annum  for  each  Payment ,  //  becomes  due  ? 

Here  is  given  A  rr  2065,  t  ~  7,  and  P  =  0,06  ;  to  find  u. 
Per  Theorem  2.  Firft  7  x  0,06  ~  0,42  =  /  R,  and  0,42  x  7 
zz  2,94  —  t  t  R.  Then  1 1  R  —  t  R  ~  2,52.  LafPy  1 1  R 
—  i  R  -f-  2  t  zz  16,52)  4130  ~  2  A  (250  =  «  ;  that  is*  250/* 
per  Annum ,  &c.  will  raife  2065  /.  the  Stock  required. 

fhteficn  3.  In  what  Time  will  250  1.  yearly  Rent  raife  a  Stock 
of  2065  1.  allowing  6  per  Cent,  & c.  for  the  Forbearance  of  the 
Payments  as  they  become  due  ? 

Here  is  given  u  —  250,  A  =  2065,  and  R  z=  0,06  ;  to  find  t . 

Per  Theorem  4.  Firft  L  —  JL  —  33,3333;  and  33,3333  — * 

R  ,GO 


*  =  32,3333  =  * 


2 

1?' 


1.  Then  16,16666  See.  zz  ~  x ; 


261,3605  &c.  zz  -  x  x  .  Again  =  27  5*333  —  zA^Ru^ 

2  y/ 

and  273,3333  +  265,3603  =  536,6938  —  —  +^xx.  Then 

R  u 

f  536,6938  —23,1666.  Laftly,  23,1666  —  16,16661=7 
=z  /  the  Time  required. 

Quejlibn  4.  If  250 1.  yearly  Rent ,  being  for  born  feven  Yearsy 
will  amount  to  2065  1.  allowing  Simple.  Inter  eft  for  every  Payment  as 
it  becomes  due  ;  %vhat  mujl  the  Rate  of  the  Inter ejl  be  per  Cent.  lAc. 

Here  is  given  u  zz  250,  A  zz  2065,  and  t  zz  y  -y  to  find  P.* 
Pfr  Theorem  3. 

J  /  /  «  zz:  12250  J  4130  z=  2  yf 
1  *«  =  1750  £  3500  =  2  /  u 


Thus 


ttu  —  tu  =  10500)  630  =  2  A —  2  t  u  (0,06  =  R \ 

Then  1  ;  0,06  ; :  j  00  i  6  the  Rate  required. 

Se&. 
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Se&.  3.  The  P^fCitt  Worth  of  SmiUfttCS  or  Penftons , 
&c.  computed  at  Simple  Inter  eft.  t 

/T~iHE  Bufinefs  of  purchafing  Annuities,  or  taking  of  Leafes, 

for  any  afHgned  Time,  depends  upon  the  true  equating  of  the 
Principal  or  Money  laid  out  on  the  Purchafe,  with  the  Annuity 
or  Yearly  Rent,  by  allowing  (or  difcompting)  the  fame  Rate  of 
Intereft  to  both  Parties.  Which  may  be  eafily  performed  by  duly 
applying  the  refpe&ive  Theorems  of  the  two  laft  Se&ions  together ; 
as  will  fully  appear  by  the  following  Queftion. 

Spue  (lion  1.  What  is  75  1.  yearly  Rent ,  to  continue  nine  Tears , 
worth  in  ready  Money ,  at  5  per  Cent,  per  Annum  Simple  Intereft  ? 

I.  Per  Theorem  1.  of  the  laft  Section,  find  what  the  propofed 
yearly  Rent  would  amount  to,  if  it  were  forborn  9  Years,  a^t 
5  per  Cent . 

Thus  u  =  75,  t  —  9,  and  R  =s  0,05  :  Quaere  A . 

ttu  —  6075  Then  2)  5400  (2700  £  Mu!t;ply 


/  u  =  675 
ttu  —  t  u 


R  =  0,05  3 


5+00  ,  ;  ’35>Mio=.a 

2.  Then  by  Theorem  2.  SeSfion  i.  find  what  Principal,  being 
put  to  Intereft  for  the  fame  Time,  and  at  the  fame  Rate,  will 
amount  to  8  r  o  L  A .  Thus  t  R~  0,45  zz  9  X  0,05  j  t  R  -\-  t 

=  1,45)  8Jo  (558,6206  =  P  :  that  is,  P  =  558  /. 
which  is  the  Worth  of  75/.  a  Year,  as  was  required. 

From  the  Work  of  thefe  two  Operations  (duly  confidered)  it 
muft  needs  be  eafy  to  conceive,  how  the  two  Theorems  by  which 
they  were  performed,  may  be  combined  in  one. 

ttRu  —  tRu  +  2tj  =  J  and2>  ptR+p±± 


For  1. 


Confequently  P  t  p  — 


tt  R  u —  t  Ru- f-2  t  u 


Aqd  from 


this  Equation  may  be  deduced  the  following  Theorems. 

crt  ttRu — tRu+2tu  _  p  ttR—tR+it  -p 

Theorem  1 . - — -  - - T,  or  — - — - xm-=z  r. 

2tR-{-2  2t  Rft-2 

By  this  Theorem  all  Queftions  of  the  fame  Kind  with  the  laft 

(viz.  that  above)  may  be  eafily  and  readily  anfwered  at  one 

Operation, 


K  k  2 


Theorem 
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Theorem  2. 


2?  t  R~\-  2  P 
1 1 R  —  t R  -\-2.t 

Theorem  3. 


uy  or 


t  R  -J-  1 


ttR-^tR-\-  2 1 


:K2  P  = 


u. 


it  u 


1 1  u 


i  u  —  2  P  t 


-R. 


Let  — -  —E  —  1  =  x,  then  will  /  /  -4-  x  t  rs  J2— ~ . 

a  _  ii  a 

Which  gives  this  Theorem  4.  k/  -J-  ~EE :  . —  *  zz  t. 

Ru  42 

By  the  fecond  and  fourth  Theorems ,  two  very  ufeful  Queflions 
may  be  eafily  anfwered. 

1.  As  for  Injiance  :  If  it  he  required  to  find  what  Annuity ,  tfr 
yearly  Rent ,  &c.  he  purchafedy  for  any  propofed  Sum,  to  con¬ 
tinue  any  ajfigned  Time ,  allowing  any  Rate  of  Inter  eft? 

This  Queffion  may  be  anfwered  by  Theorem  2. 

2.  Again :  If  it  be  required  to  find  how  long  any  yearly  Rent, 
Penfion,  or  Annuity,  Sc  c.  may  he  pur  chafed  (or  enjoyed)  for  any  pro¬ 
pofed  Sum ,  at  any  given  Rate  of  Interejl  ? 

All  Queftions  of  this  Kind  are  eafily  anfwered  by  Theorem  4. 

In  thefe  Queftions  it  is  fuppofed,  that  the  Purchafe  or  yearly 
Rent,  is  to  commence  or  be  immediately  entered  upon.  But  if 
At  be  required  to  find  the  Value  or  Purchafe  of  an  Annuity  or  yearly 
Rent,  6fc.  in  Reverfion  ;  that  is,  when  it  is  not  to  be  entered 
upon  until  after  fome  Time,  or  Number  of  Years  are  paft ;  then 
you  muft  firft  find  what  the  Sum  propofed  to  be  laid  out  in  the 
Purchafe,  would  amount  to,  if  it  were  put  to  Intereft:,  during 
the  Time  the  Annuity,  &c.  is  not  to  be  put  in  prefent  Pofleflion  , 
and  make  that  Amount  the  Sum  for  the  Purchafe,  proceeding 
with  it  as  in  either  of  the  two  laft  Queftions,  &c. 

Note,  From  the  firft  Ffueftion  of  this  Section  it  will  he  ?afy  to 
conceive  how  to  perform  the  Equation  of  Payments ,  between  Debtor 
or  Creditor ,  at  any  Rate  of  Intereft ,  without  doing  any  Damage  to 
cither  Party . 

That  is,  when  feveral  Sums  of  Money  are  to  be  paid,  at  feveral 
different  Times,  to  find  the  Time  when  all  the  Payments  may 
be  truly  difcharged  at  once  :  as  if  one  Sum  were  to  be  paid  at  the 
End  of  two  Months,  another  at  fix  Months,  and  perhaps  a  third 
Sum  at  eight  Months  End,  &c.  And  if  it  were  required  to  find 
•he  Time  when  all  thofe  Sums  may  be  truly  difcharged  at  one  Pay~ 
ment  without  Lpfs, 
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CHAP.  XII. 

Of  Contpounn  Intereft,  and  3mUtftte&  GV. 

COMPOUND  Intereft  is  that  which  arifes  from  any  Princi- 
^  pal  and  it’s  Intereft  put  together,  as  the  Intereft  fo  becomes 
due ;  fo  that  at  every  Payment,  or  at  the  Time  when  the  Pay¬ 
ments  became  due,  there  is  created  a  new  Principal ;  and  for  that 
Reafon  it  is  called  Intereft  upon  Intereft,  or  Compound  Intereft. 

As  for  Inftance  ;  Suppofe  ico/.  were  lent  out  for  two  Years, 
at  6  per  Cent,  per  Annum ,  Compound  Intereft  :  then  at  the  End  of 
the  firft  Year,  it  will  only  amount  to  106  /.  as  in  Simple  Intereft. 
But  for  the  fecond  Year  this  106/.  becomes  Principal,  which 
will  amount  to  112/.  J  s.  24 -d,  at  the  fecond  Year’s  End, 
whereas  by  Simple  Intereft  it  would  have  amounted  to  but  112  l. 

And  altho’  it  be  not  lawful  to  let  out  Money  at  Compound 
Intereft  ;  yet  in  purchafing  of  Annuities  or  Penfions,  tAc.  and 
taking  Leafes  in  Reverfion,  it  is  very  ufual  to  allow  Compound 
Intereft  to  the  Pnrchafer  for  his  ready  Money  ;  and  therefore  it 
is  very  requifue  to  underftand  it. 


Sedt.  I .  Of  Compound  Intereft. 


Let  < 


P 

t 

A 

R 


asbefore. 


the  Principal  put  to  Intereft. 
the  Time  of  it’s  Continuance, 
the  Amount  of  the  Principal  and  Intereft. 

{the  Amount  of  1  /.  and  it’s  Intereft  for  1  Year,  at 
any  given  Rate,  which  may  be  thus  found. 


Viz.  IOO  :  106  ::  I  :  1,06:=  the  Amount  of  I /.  alb  per  Cent. 

Or  100  :  105  ::  I  :  1,05  =  the  Amount  of  1  /.  at  5  perCent, 

and  fo  on  for  any  other  aftigned  Rate  of  Intereft. 

Then  if  R  —  the  Amount  of  1  L  for  one  Year,  at  any  Rate. 

R 2  =  the  Amount  of  1  /.  for  two  Years. 

Rl  =  the  Amount  of  1  /.  for  three  Years. 

Ra  —  the  Amount  of  1  /.  for  four  Years. 

Rs  =  the  Amount  of  1  /.  for  five  Years.  Here  t  —  $ 

For  I :  R  ::  R :  RR  ::  RR:  RRR::  RRR':  R*  In 

C  As  one  Pound  :  is  to  the  Amount  of  one  Pound  at  one 
That  is  <  Year’s  End  : :  fo  is  that  Amount :  to  the  Amount  of 
L  one  Pound  at  two  Year’s  End,  CV. 

Whence 
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aigefya. 


Whence  it  is  plain,  that  Compound  Intereft  is  grounded  upon 
3  Series  of  Terms,  increafing  in  Geometrical  Proportion  con¬ 
tinued  ;  wherein  t  (viz.  the  Number  of  Years)  does  always  afiign 
the  Index  of  the  laft  and  higheft  Term ;  Viz .  the  Power  of  R , 
which  is  R*. 


Again,  As  i  :  R{ ::  P  :  P  R?  =  A  the  Amount  of  P  for  the 
Time,  that  R*  =  the  Amount  of  i  /. 

f  As  one  Pound :  is  to  the  Amount  of  one  Pound  for  any 
That  is  s  given  Time  : :  fo  is  any  propofed  Principal  (or  Sum):  to  it's 
v  Amount  for  the  fame  Time . 

From  the  Premifes  (I  prefume)  the  Reafon  of  the  following 
Theorems ,  may  be  very  eafily  underftood. 


Theorein  i.  P  R*  ~  A,  as  above. 

From  hence  the  two  following  Theorems  are  eafily  deduced. 

’A  '  A  n 

Theorem  2.  ~  =  P.  Theorem  3.  --  = 

Rt  P 


By  thefe  three  Theorems ,  all  Queftions  about  Compound  In¬ 
tereft  may  be  truly  refolved  by  the  Pen  only,  viz .  without  Ta¬ 
bles  ;  tho’  not  fo  readily  as  by  the  Help  of  Tables,  calculated  on 
Purpofe  ;  as  will  appear  farther  on. 


Queftion  1.  What  will  256 1.  10  s.  amount  to  in  f even  Tear sy 
at  6  per  Cent,  per  Annum,  Compound  Interejl  ? 

Here  is  given  P  =  256,5;  t  —  7  ;  and  R  =  1,06  which 
being  involved  until  it’s  Index  =  t  (viz.  7.)  will  become  R7 
™  1,50363.  Then  1,50363  x  256,5  ==385,6811  =  A=  385  L 
33J.  7  ±d.  which  is  the  Anfwer  required. 

Quejlion  2.  What  Principal  or  Sum  of  Money,  muft  he  put  (or 
let)  out  to  raife  a  Stock  of  385  1.  13  s.  7  id.  in /even  Years,  at 
6  per  Cent,  per  Annum,  Compound  Interejl  f 

Here  is  given  A~  385,6811 ;  R  =  1,06;  and  t  ”  7;  to  find  P. 
by  Theorem  2.  Thus  Pr  ~  1,50363)  385,6811  ~A  (256,5  =P. 
That  is,  P  iz  256 1.  10  s.  which  is  the  Principal  or  bum,  as 
was  required. 


Quejlion 
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®)ueJlion  3.  In  what  Time  will  256  1.  10  s.  raife  a  Stock  of 
(or  amount  to)  38 5  1.  13  s.  7  id.  allowing 6  per  Cent  per  Annum, 
Compound  Inter ejl  ? 

Here  is  given  P  =  256,5  5  ^13385,6811;  i£z=i,o6;  to 

find  t  by  the  third  Theorem.  R*  =  —  m  zr  1,503675, 

...  P  256o  . 

which  being  continually  divided  by  R  =  1,06  until  nothing  re¬ 
main,  the  Number  of  thofe  Divifions  will  be  7  =  t.  Thus 
1,06)  1,50363  (1,41852.  And  1,06)  1,41852  (1,338225. 
Again  1,06)  1,338225  (1,262477.  And  fo  on  until  it  become 
1,06)  1,06  (1.  which  will  be  at  the  feventh  Divifton.  Therefore 
it  will  be  /  =  7  the  Number  of  Years  required  by  the  Queftion. 


Quejlion  4.  If  256 1.  I O  s.  will  atnount  to  ( or  raife  a  Stock  of) 
385  J.  13  s.  7  4d.  tn  feven  Tears  Time  ;  what  mujl  the  Rate  of 
Interef  £<?,  per  Cent,  per  Annum  ? 

Here  is  given  P  =  256,5  A  =.  385,681  r,  and  /  7,  Quaere 


R.  By  Theorem  3.  =  Rt  =  1  >50363 


as  before  in  the  la& 


Queftion,  And  if  Rt  =  Rt  =  1,50363,  then  R  =  1^/  1*50363;, 
which  may  be  thus  extracted. 


Put 

I  ©"7 

2  — -  r7 

3  -r-  7  r5 

4^ 


1 

2 

3 

4 

5 


r  -f  *  =  then 

rl  -f-  7  r6  *  -j-  21  rS  e  e  n  j£7  =  1,50363  =  (f 

7  r6  1?  2 1  rS  e  e  —  G  —  r7 

1  G  —  rl  n 

re-}-  7  e  e  rm  - - —  ~ 

7  r5 

j) 

e  =  - ;  let  r  —  1,  then  D  =  0,07  rf 

r+3e 


Operation  r  rr:,i,oo 
-j-  3  =  0,18 

-  /i,oo  n  r 

Oivifor  1,18)  0,0719  \o,o6  ==  e 

708  - 

- -  1 ,06  ==  r  — j-  e  =  R 

11  to  be  reje&ed. 


Then  1  :  0,06  ::  100  :  6  the  Rate  per  Cent,  required.- 

The  firft  three  Queftions  may  be  much  more  eafily  performed1 
by  the  following  Table,  which  is  only  the  Amounts  of  one  Pound 
for  thirty-nine  Years*. 


That 
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That  is*  of  R  .  RR  .  .  R *  .  and  fo  on  to  i^39. 


*5 

rt 

►-t 

C/5 

11 

The  Amounts 
of  1  /.  at  6  per 
Cent.  &c.  Com¬ 
pound  Intereft. 

*< 

<T> 

-t 

CO 

II 

• 

The  Amounts 
of  i  /.  at  6 
^.Com¬ 
pound  Intereft. 

0 

& 

<s> 

II 

*S. 

The  Amounts 
of  1  /.  at  (oper 
Cent.  See.  Com¬ 
pound  Intereft. 

i 

1.06  —  R 

14 

2.2609039557 

27 

4.0223459407 

2 

1.1236  =  RR 

£5 

2.3965581931 

28 

5.1 1 16866971 

3 

1. 191016  =^Ri 

l6 

2-54035j6847 

29 

5.4183878990 

4 

t.  26247696 

17 

2.6q277278<?7 

30 

5’74349rl729 

5 

i-338225577& 

l8 

2-854339I529 

3r 

6.o88I006432 

6 

I.418519H22 

19 

3.0255995021 

32 !  6.4533866818 

7 

1.5036302590 

20 

3.2071354722 

33 1 6.8405898828 

8 

1.5938480745 

21 

3»3995636oo5 

34 

'7.2510252757 

9 

I.689478959O 

22 

3-6o35374i66 

35 

7.6860867923 

to 

I.7908476965 

23 

3.8l974966l6 

3^  1 8.1472519998 

1 1 

I.8982985583 

24 

4.0489346413 

37 

8.636087 I I98 

12 

2.OI21964718 

25 

4.29I87O7I97 

30I9.1542523470 

13 

*2.1329282601 

26 

4-5493829629 

39 

1 9-7°35°74878 

The  Tide  of  this  Table  (hews  ids  Conftru&ion,  and  ids  Ufe 
will  eafily  appear  by  an  Example  or  two. 

.  EXAMPLE  r. 

What  will  375  /.  io  s.  amount  to  in  nine  Years,  at  6  per  Cent, 
per  Annum,  &c  ? 

The  tabular  Number  againfl  g  Years  is  1,689479  which  being 
multiplied  with  the  Principal  3 75,5  will  produce  6,34,3993  &c. 
viz .  634/.  8  s.  fere,  being  the  Amount  or  Anfwer  required. 

EXAMPLE  2.  - 

What  Principal  ( or  Sum )  ?nufl  be  put  to  Inter  eft  to  raife  a  Stock 
of  634  /.  8  s.  in  nine  Years  Time,  at  6  per  Cent,  per  Annum, 

If  the  propofed  Stock  (viz.  634,4,)  be  divided  by  the  tabulr*: 
Number  that  is  againft  the  given  Number  of  Years  (viz.  g)  the 
Quotient  will  be  the  Principal  (or  Sum)  required.  Viz.  againft 

9  is  1,689479.  Then  1,689479)  634,4  (375>5  =  375 l- 
the  Principal  (or  Sum)  required. 

EXAMPLE  3. 

In  what  Time  will  375  1.  10  s.  raife  a  Stock  off  or  amount  to) 
634/.  8  s.  at  6  per  Cent.  &c? 


Divide 
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Divide  the  propofed  Stock  (viz.  634, 4J  by  the  given  Principal 
(viz.  375,5 J  and  the  Quotisnt  will  {hew  the  tabular  Number 
that  hands  over  againft  the  Time  fought.  Thus  375,5)  634,4 
(1,689479  This  Number  being  fought  in  the  Table,  will 
be  found  to  hand  againh  9  Years,  which  is  the  Time  required. 

But  if  the  Quotient  caanot  be  truly  found  in  the  I  able  of 
Amounts  for  Years,  as  above  ;  then  take  out  of  that  Tab’e  the 
neareh  Number  that  is  lefs,  and  make  it  a  Divifor,  by  which  you 
muh  divide  the  firh  Quotient ;  and  then  feek  the  lecond  Quo¬ 
tient  in  the  Table  of  Amounts  for  Days  (which  h  inferted  a  little 
further  on)  and  it  will  afligu  the  Number  of  Days:  as  in  this 
Example. 


In  what  Time  will 563  1.  amount^to  860  1.  at  6  per  Cent,  per 
Annum,  Compound  Interefl  ? 

Anfwer .  In  7  Years  and  99  Days. 

Thus  563)  860  (1,52753  which  {hews  the  Time  to  be  more 
(or  above)  feven  Years;  for  over  againh  7  Years  is  1,50563 
which  being  made  the  new  Divifor:  Viz.  1,50363)  1,52753 
(1,01589  &c.  this  Number  is  the  neareh  Amount  1099  Days. 

Note,  If  the  Stock ,  Principal ,  and  Time  be  given  ;  the  Rate  of 
Interefl  will  he  beft  found  by  extradling  the  Root ,  &c.  as  before  in 
the  fourth  Afueflion, 

The  next  Thing  that  I  {hall  here  propofe  is,  to  make  this 
Table  (which  is  only  calculated  for  the  Rate  of  6  per  Cent.) 
univerfally  ufeful  for  all  the  Rates  of  Compound  Intereh,  which 
I  may  prefume  to  fay ,  is  a  new  Improvement  of  my  own ,  being 
well  fatisfied  it  never  was  publilhed  before ;  and  not  only  fo,  but 
I  have  heard  feveral  very  good  Artihs  affirm  it  was  impoflible  to 
be  done. 

The  Method  of  performing  it  is  briefly  thus,  Let  A,=  tbe 
Difference  between  i,e6  =  R,  the  Amount  of  1 /.  for  one  Year 
(in  the  Table)  and  any  other  propofed  Amount  of  1 /.  for  one 
Year;  which  admits  of  two  Cafes. 

Cafe  1.  If  the  propofed  Rate  be  greater  than  the  1,06  =  R*, 
then  will  R  -f-  x  =  the  true  Amount  of  1  /.  for  one  Year  at  th*t 
Rate. 


Cafe  %.  But  if  the  propofed  Rate  be  lefs  than  1,06  =  R ,  then 
it  will  be  R  — •  x  =  the  Amount  of  1  /.  &c. 

Make  J  *  —  1  -  /  —  2  =  c,  t  —  3  z=  f  t  -  4  =/,  &c. 

\ltb  =g,  icg  =  m>  i  dm  =  n,  \fn  =  s  be. 

L  1 


Then 
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Then  will  Rl  -|-  t  x  -{-  g  Rc  xz  -f-  m  RJ  x*  &c.  rr  the 
Amount  of  i  /.  at  the  given  Rate,  for  any  Time  denoted  by  t, 
in  Cafe  i.  And  R *  —  t  R&  x-|-£  Rc  xz  —  m  Rd x *  &c.  zz:  the 
Amount  of  i  /.  in  Cafe  2. 

Which  is  no  more  but  this  :  Let  R !  +  x  or  R  —  x  (which  fo-  , 
ever  it  is)  be  involved  (as  directed  in  Sefi.  5.  Chap.  2.)  to  the 
fame  Power  or  Height  as  the  Index  /  the  given  Time  in  the  Que¬ 
stion  denotes  :  rejecting  all  the  Powers  of  x  above  x  x  x  ox  x  x  x  x 
at  moft,  as  ufelefs.  Then  multiply  that  Power  of  R  x  or 
R  —  x  into  the  given  Principal,  and  their  Product  will  be  the 
Amount  required. 

An  Example  or  two  in  each  Cafe  will, render:  all  eafy. 

E  X  A  M P  L  E  u 

Suppcfe  it  were  required  to  find  what  256 1.  would  amount  to  in 
fifteen  Tears ,  at  81.  per  Cent,  per  Annum  Compound  Inter  eft? 
Here  /  —  15. 

Firft  too  :  108  ::  1  :  i,c8  the  Amount  of  1  /.  at  8  per  Cent. 
Next  1,08  —  1 ,06  ~  0,02  =  #.  And  R  -j-  x  —  1,08  as  in  Cafe  1. 
Then  R  I5-p  1 5  R1^  1 05  Ra  x  .r  4-455.  x  x  &c.  —  the 

Amount  of  1  /.  for  15  Years,  at  8  per  Cent. 

Here  x  zz  c,02  .  x  x  zz  0,0004  .  and  x  x  x  zz  ,000008 

By  the  Table  Rr3  zz  2,396558 
C  Z=2;26o9C4X  15  x  ,02  —0,678271 

And  7.  105  Rl3  xx  —  2,132928  x  105  x  ,0004  zz  0,089583 
t  455  R 11  xxx  rr  2,012196  x  455  x-,000C08  0,007324 

Sum  =3,171736 

/ 

Then  3, r 7 1736  x  256  —  81 1,964416  ~  Ai 
That  is,  8 1 1  /.  9  s.  d.  fere.  Which  is  the  Anfwer  required^ 

E  XA  M  P  L  E  2. 

What  will  365  1.  amount  to  in  [even  Tears  at  four  and  a  half: 

:  per  Cent.  &c. 

Firft  100  :  104,5  :  :  1  :  1,045  Amount  of  1 /.  at  4^/. 
per  Cent. 

Next  1,06- — 1,045  —  0,01 5  ~-x.  Confequently  R — *=1,045 
as  in  Cafe  2. 

Then  R  —  7  Rs  x  -f>  21  Rs  xx — 35  j^4xxx  &c.zz:the  Amount 
of  1  /.  for  7  Years,  at  4  ~  per  Cent . 

Here 
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Here  x  .=  ,o  Jt  5  ;  =,000225  ;  and  xxxzz  00000337  5 

By  the  Table  Rt  =r  *>503630 
( —  7P6*  n  — 0,148944 
And^j  -j-  21  P5  at  .v  =  -}-  0,006323 
t — 35  zz —  0,000141 

Rj  —  7  Rf>  x  -j-  2J  Ry  x  x  — « «  35  R+  x  x  x  zrz  1,360868 

Then  1,360868  x  365  —  496,71682  —  ^, 

That  is,  496  /.  14  j.  3!^.  is  the  Anfwer  required. 

If  the  Reafon  of  thefe  two  Operations  be  but  well  underflood, 
it  will  be  very  eafy  to  conceive  how  to  find  P,  the  Principal, 
by  having  A\  t ,  and  *  given  (becaufe  R  and  it’s  Powers  are  al¬ 
ways  given  by  the  Table.) 

For  R{  j;  /  Rt>  x  -{-  if  R?  x  x  T  m  Rd  x  x  x  x  P  =  A  (as  above. 

Therefore  - - - ~ - - - -  =  P 

T  *  R*-*  +  i  &c  x x  'jr  m  Rd  x xx 

'Or  ?if  A ,  P,  and  t  be  given,  *  may  be  found. 

For  R*  +•*  Rl>  x-j-g  Rs  x  x  m  Rd  xxx~  _.  This  Equation 

being  folved  (as  in  Chap.  10.)  the  Value  of  x  will  be  found; 
and  then  either  R  -f-  *,  or  R  — *  will  fhew  the  Rate  of  In- 
tereft,  &c. 

''  But  I  {hall  leave  the  numerical  Operations  to  the  Learner’s 
Pra&ice,  fuppofing  enough  done  to  fhew  how  all  Queftions  of 
this  Kind  that  are  limited  by  whole  Years  may  be  computed. 

And  if  the  Time  given  or  fought  be  not  terminated  by  whole 
Years,  but  by  Weeks,  Months,  Quarters,  or  Half-Years,  c 5V. 
for  refolving  fuch  Queftions,  the  belt  Way  will  be  to  reduce  thole 
Parts  of  a  Year  into  Days.;  that  done,  find  an  Anfwer  accord¬ 
ing  to  the  Demand  of  the  Queftion  (and  agreeing  to  I  /.  as  be¬ 
fore)  for  that  Number  of  Days  ;  and  in  order  to  that,  it  will 
be  requifite  to  find  the  Amount  of  1  7.  for  one  Day  (as  in  ?ny 
Compendium  of  Algebra ,  Page  no)  which  I  {hall  here  infert. 

Put  a  —  the  Amount  fought,  then  it  will  be 

,1  :  a  :  :  a  :  a  a  :  :  a  a  :  a  a  a  :  :  a{a  a  :  a  a  a  a  -fr  to  a  365, 


{As  one  Pound  is  to  it's  Amount  for  one  Day  :  :  fo  is  that 
Amount  :  to  the  Amount  of  two  Days  :  :  end  fo  is  that 
of  two  Days  :  to  that  of  three  Days.  And  fo  on  in  -~f- 
to  365. 


L  .1  2 


Then 
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Then  the  laft  of  the  Terms  will  be  ai(> 5  cz:  1,06 


Put 
1  ©-365 
2  in  Numb. 

3  —  T 

4^-66430 


r  e  zz  a.  And  let  r  —  1 

r365  -j-  565  r364  ^-{-66430  r3^3  ^  ^365  rz:  1,06 

I  -J-  365  -|-  66430  £  £  =  1,06 

365  e  4-  66430  *  *  =  0,06 

,00549  e  •+*  e  e  =  0,0000009032  =  z> 

D 


1 

2 

3 

4 

5 

6  <?  zz 


Ope  ration  ,00549 
e  —  ,ooor 


,00549  4-  <? 


I  ft  Divifor  ,00559)  0,0000009032 
e  zz  ,00015  5^9 


( 1 ' 

\o. 


C0000C0  rr  r 
OOOi  598  trr  e 


2d  Divifor  ,00574 
-[-*=:,■  OOO59 


)3442 

2870 


1,0001598  =  r  -X-  e  z=z  a 
true  to  the  7  th  Figure, 
and  only  too  much  by 
2  in  the  8th,  at  one 
Operation. 


3d  Divifor  ,005799  )57zoo 

&c  &c 

New  r  zz  1,00016  for  a  fecond  Operation.  Then 

7  1,06013401407  +  386,887  e  70402,172  e'e 
zz  1,06.  Hence  it  appears  that  r — 

8  1,0601340 1407  —  386,887  *  4”  70402,172  £* 
=z  1,06 

9  386,887  — 70402,172  **  =  0,00013401407 

>oc>54953  —  ^  3:1  ,0000000019035503 
_  ,0000000019035503 


2  in  Numb. 
Therefore 


8  ± 

9  " 

IO 


10 

1 1 


Operation  >0054953 

—  '=  3 


>0054953 


■  >  •  /  T , 

iftDivifor, 0054950)  0,0000000019075503  V  0,000000346417 

164850 


r, 00016  =  r 


_ 34 

,00549466 

- *  3BS  46 

2d  Divifor  ,005494614 
—  *  zz  64 

3d  Divifor  ,00549460 


1,000159653583 


a 


)2550503 

2197864 

’J3526390Q 
32967684 

)22962iO 

2197840 

98376 

S4946 

•  -  •'  "  &c. 

Which  being  further  purfqed  to  a  third  Operation  wii!  give 

=  1,030159653587453  &c.  This 


Chap.  i2.  Of  Conipctmti  Sntereff.  261 

This  Value  of  a  is  the  Amount  of  1  l.  for  one  Day,  from 
which  if  1 /.  be  fubtradted,  the  Remainder  ■=  ,000159657587 
he.  will  be  the  Intereft  of  1  /.  for  one  Day.  Confequently,  if  any 
propofed  Principal  be  multiplied  into  either  of  thefe,  the  refpedlive 
Product  will  be  the  Amount  or  Intereft  of  that  Principal-  for  one 
Day,  at  6  per  Cent ,  & c. 

And  that  the  Amount  (or  Intereft)  of  any  Principal  or  Sum 
may  be  eafily  computed  for  any  Number  of  Days  lefs  than  a 
Year  ;  I  have  here  inferted  the  following  Table,  which  with  a 
great  deal  of  Care  (and  I  believe  Exadlnefs)  is  calculated  from 
the  laft  found  (1,000159653587453)  Amount  of  1 /.  for  one 
Day.  To  which  alfo  is  annexed  a  Table  of  the  Amounts  of  1  /. 
for  Months. 


0 

Amounts  of  1  /. 

0 

Amounts  of  1 1. 

O 

Amounts  of  1  /. 

V) 

he. 

CO 

rr 

he. 

<y> 

he. 

1 

1.0001596536 

26 

1.0041592879 

51 

1.0081749166 

2 

1.0003193326 

27 

1.0043196055 

52 

1.0083358753 

3 

1.0004790372 

28 

1.0044799187 

53 

1.0084968597 

4 

1.0006387673 

29 

1.0046403175 

54 

1 .0086578699 

5 

i.oco-985229 

3° 

1. 004.8007 1 20 

55 

1.0088189057 

6 

1.0009583039 

31 

1. 004961 1320 

56 

1.0089799673 

7 

I. CO  I  I  18  I  105 

32 

1.0051215776 

57 

1.0091410545 

8 

1.0012779426 

33 

1.0052820488 

58 

1.0093021675 

9 

1.0014378002 

34- 

1.0054425457 

59 

1.0094633062 

10 

1.0015976834 

35 

1.0056030682 

60 

1.0096241707 

1 1 

1. 0017575920 

3  6 

i  .0057636164 

61 

1.0097856608 

1 2 

I. OOI 9175262 

37 

1  0059 24 1 90 1 

62 

1.0099468767 

13 

1.0020774859 

38 

1.0060847895 

63 

1.0101081 184 

14 

1. 0022371712 

39 

1.0062454146 

64 

i  .0102693858 

15 

1.0023974820 

40 

1.0064060653 

65 

1.0104306789 

16 

1 .00255751 84 

41 

1.006566741 6 

66 

1.0105919978 

*7 

1.0027175803 

42 

1.0067274436 

.67 

I-OIC?533424 

18 

1.0028776677 

43 

1.0068881712 

68 

1.0109147128 

19 

1.0030377808 

44 

1.0070489245 

69 

1. 01 10761090 

20 

1.0031979193 

45 

1.0072097035 

70 

1  01 12375309 

21 

1.0043580850 

46 

1.007  705082 

1. 01 13969786 

22 

1.0035182732 

47 

1  -00753  *  33^5 

72 

1. 01 15604521 

23 

1.0036784885 

48 

1.0076921945 

73 

1-0117219513 

24 

1.0038387291 

49 

1.0078530762 

74 

1. 01 18834764 

25 

1.0039989958 

5°' 

1.0080139835 

75 

1.0120450272 

Days 
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a 

Amounts  of  1  /. 

a 

Amounts  of  1  /. 

O 

Amounts  of  1  /. 

tu 

'r> 

&c. 

C3 

V) 

&c. 

c/s 

&c. 

76 

1.0122066038 

Il6 

1.0186908655 

r56 

1.0252166658 

77 

1.0123682062 

1 1 7 

1.0188535031 

*57 

1.0253803453 

78 

1 .0 1 2.5  398344. 

1 18 

1.019016 1667 

158 

I,025S44°5°9 

79 

1.0126914885 

119 

1.0191788563 

159 

I.O257O77827 

80 

1.01285^1683 

120 

1  0193415719 

160 

I.O2587I5406 

81 

1.0130148735 

121 

1.0195043134 

161 

1.0260353247 ' 

8  2 

1 .01 31 766054 

122 

1.0196670809 

162 

I.O261991349 

83 

'•31 33383627 

123 

1.0198298745 

J63 

I.O2636297I3 

84 

1.0135001458 

124 

1.0199926934 

*64 

I.O265268338 

85 

I.OI36619C47 

12$ 

1.0201555389 

/65 

1.0266907225 

86 

1.0138927895 

120 

1. 0203184110 

166 

1.0268546374 

87 

1.0139856501 

127 

1.0204813084 

167 

I.O27O185784' 

88 

1.0141475365 

>12  8 

1.0206442319 

168 

I.O271825456 

89 

I.OI43O94488 

129 

1.0208071814 

169 

1.0273465389 

90 

I.OT447I3869 

130 

1. 0209701 569 

170 

1.0275105585 

91 

1.91463335 1 1 

*3* 

[.0211331585 

171 

I.O2767.46046,' 

92 

'•°'479534o8 

132 

1. 0212961861 

172 

I.O278386764' 

93 

'•0149573565 

J33 

1. 0214592397 

*73 

I.a280027746-' 

94 

1. 0151 193981 

1 34 

1.0216223193 

*74 

I.O28I  668989" 

95 

1.0152814655 

1.0217854250 

x75 

1-0283310494..; 

96 

'•°'54435589 

136 

1.0219485567 

176 

1.0284952262 

97 

I.DJ56056781 

x37 

1.0221117144 

177 

1,0286594291 

98 

1.0157678232 

■38 

1.0222748982 

178 

I.O288236583 

99 

I.OI5929994I 

i39 

1.0224381081 

179 

I.O289879I37 

100 

I..0l60q2I9I0 

140 

1  0226013440 

180 

I.029I52I953 

101 

I.OI62544I38 

141 

1.0227646060 

181 

1.0293160231 

102 

I.OI64166624 

142 

1.0229278940 

182 

1.0294908372 

I03 

I.OI6578937O 

*43 

1.0230902081 

i83 

1.0296451975 

104 

1.0167412375 

T44 

1.0232545483 

184 

I.O298O9584I 

™  5 

I.OT69O35638 

H.5 

1.0234179146 

185 

I.0299739969. 

106 

I. OI70659161 

146 

1.0235813069 

l86 

1.0301384359' 

107 

1.0172282944 

J47 

1.0237447253 

I87 

I.  O3O3O29OI2 

108 

I‘or739°^9^5 

148 

1.0239081699 

f  88 

1,0304673928 

109 

MASS'S08-6 

149 

1,0240716405 

189 

1.0306319206 

TIO 

I.OI77I55846 

150 

1.0242351372 

190 

I.0307964557 

II  I 

I.OI78780665 

X5X 

1.0243986600 

i9"i 

I.O3O96IO25I 

1 12 

1.0180405744 

*52 

1.0245622089 

192 

I.  031  1256216 

”3 

1.0182031083 

I53 

1.0247257830 

r93 

I.03J2902445 

I  H 

I.OI83656680 

i54 

1  0248893851 

194 

1.0314548937. 

1 x5 

I  O185282578 

155 

r. 0250530124I 

195 

I.O316IQ5692 

Days 
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i  0 

Amounts  of  1  /. 

0 

Amounts  of  1  /. 

a 

Amounts  of  1  /. 

1 

|  c n 

See. 

V! 

CO 

&c. 

</> 

&c. 

I96 

1.0317842709 

236 

1  0383939484 

276 

1.045045968b' 

197 

1.0319489990 

237 

I  03855973i8 

277 

r.  0452128133 

1^8 

1*0321 137534 

238 

1.0387255415 

278 

1-°45379685  5 

199 

1.0322785341 

239 

1  0388913778 

279 

1.0455446584 

1  200 

I-°324433410 

240 

j  0390572405 

280 

1.0457135092 

201 

1.0326081742 

241 

I.O392231298 

281 

I.O4588O461I 

I  20  2 

1.0327730339 

242 

1.0393890454 

282 

1.0460474397 

203 

i.0329379i98 

243 

i.°3955498/6 

283 

r  0462144449. 

204 

1,0331028321 

244j 

1.0397209563 

284 

1.0463814768 

|205 

I.O332677706 

245! 

1  0398869515 

285. 

1.0465484353, 

|2,o6 

i.o334327355 

246 

I.O4OO529732 

286 

1.0467 156206' 1 

j207 

10.33597726* 

247 

I.0402X902I4 

287 

r. 0468827325 

208 

i.°337627444 

248 

1*0403850961 

288! 

1. 0470498711 

2°9 

1.0339277883 

249 

I.04055II973 

289 

1.0472170363 

J  2 1  0 

I.O34O928586 

250I 

1.0407 173250 

290 

1.0473842283,,- 

|2I  I 

1.0342579552 

251 

1.0408834793 

291 

1.0475514469 

j  2 1  2 

i.034423°782 

252 

I.O4IO49660I 

292 

1.0477186923 

2I3 

1.0345882275 

253 

I.O4I2I58674 

293 

1.0478859643 

[214 

1.0347534033 

254 

I.O41382 1012 

294 

1.0480532631 

215 

I  03491 8605^ 

255 

1 .041 5483616 

295 

1,0482205885 

216 

j  .0350838338 

256 

1.0417146485 

296 

1.048^879407 

1.21.7 

I.O352490887 

2  57 

x. 0418809620 

297 

i-°485553I9^ 

12  1  8 

1.0354143699 

258 

I. O42047302I 

298 

r. 0487227252 

[219 

x.0355796775 

259 

I.O422 136687 

299 

1.0488901576 

j  22  0 

I-03S7450II5 

260 

I.O423800618 

300 

1.0490576166 

221 

i*°359IC37I9 

261 

I.O425464815 

301 

:  1.0492251025  ■ 

1 222 

1.0360757587 

262 

I.O427  1  29278 

202 

1.0493926150 

223 

1.036241 1719 

263 

I.O428794OO7 

303 

1.049560x543 

224 

1.0364066116 

264 

I.O43C459COI 

304 

1.0497277204 

>25 

1  *03^657 10776 

265 

I.O432 124261 

■3°  5 

1.0498953132 

226 

1.0367375701 

266 

j. 04337  89787 

306 

1.0500629327 

227 

1.0369030889 

267 

1-0435455579 

3°7 

'1.0502305790 

228 

1.0370686342 

268 

1.0437121637 

308 

1.050.3D&2521 

229 

1.0372342059 

269 

1.0438787961 

309 

1.0505659519 

;23° 

10.373998041 

270 

X. 0440454551 

310 

1.0507336786 

231 

r.0375654287 

271 

I.0442 12 1407 

3i* 

1. 0509014320 

232 

1.0377310798 

272 

I.O443788529 

3 1 2 

1 1. 0510692121 

233 

1.0378967573 

273 

i.  044.545591 8 

3*3 

1,0512370191 

234 

1.0300624612 

274 

1 .0447  1,23572 

3*4 

1 1.0514048529 

2  35 

1.0382241916 

275 

1  0448791493 

J  3T  5 

i  1. 051 5727134 

Days 
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Days 

l 

Amounts  of  1  /. 
&c. 

O 

rr 

Amounts  of  1  /. 
&c. 

Days 

Amounts  of  1  /. 
&c. 

316 

1.05  1 7406^08 

339 

1.0556094165 

362 

1  0594924636 

3X7 

1.0519085150 

340 

r>0557779484 

363 

1.05966161 54 

3»« 

1.0520764559 

84 1 

1.0559465071 

364 

1.0598307942 

3*9 

1.0522444237 

342 

*-°56ii5°  927 

3^ 

1.06 

320 

1.0524124183 

343 

1.0562837053 

321 

1 .0525804397 

344 

1.0564523448 

322 

1.952748 . 880 

345 

1.05662 101 12 

323 

1.0529165631 

34b 

1.0567897045 

The  Amounts 

3?4 

1.0530846650 

347 

1.0569584248 

of  1  /.  at  6  per 

325 

1  0532527937 

348 

1. 057127 1720 

3 

*— r 

Cent. 

226 

1.0534209493 

349 

I-°572959594 

D- 

co 

r  or  Months. 

427 

l-°535^9l3l7 

350 

I.0574647472 

1 

r. 0048675505 

328 

I-°537573410 

35* 

'•°5763!5753 

2 

1  .°°97  5879  42 

329 

I*°53925577 1 

352 

1.0578024303 

3 

1.0146738462 

33° 

1.0540938401 

353 

£.057971^122 

4 

1.0196128224 

331 

1.0543621300 

354 

I.O58  140/21  I 

5 

1.0245758394 

332 

1.0544304467 

355 

1.058309157° 

6 

1.0295530141 

333 

1.0545987903 

356 

I.O584781  IQQ 

/-1 

/ 

1.0345744641 

334 

1.0547671608 

357 

I.O586471097 

8 

1.0396103076 

335 

i-°5493555x'2 

358 

I.O588161265 

9 

1.0446706634 

336 

i-°55I039^24 

359 

1.0589851703 

10 

1.0497556507 

337 

1.0552724336 

360 

i.©59i54?4ii 

1 1 

1.0548653894 

338 

r. 05544091 16 

361 

i-°593^33389 

12 

1 .06 

The  Ufeof  this  Table  is  in  all  refpedfs  like  that  of  whole  Years, 
in  finding  the  Amount  of  any  given  Sum  for  any  propofed  Num¬ 
ber  of  Days  lefs  than  a  Year. 


EXAMPLE  i.  , 

Suppofe  it  were  required  to  find  the  Amount  of  3 75/.  for  2X0 

Days  at  6  per  Cent. 

The  Amount  of  1 1.  for  210  Days  is  1,0340928  &c.  per  Table. 
Then  1,0340928  x  375  —  387,7848  &c.  =  387/.  151.  8  L.d. 
which  is  the  Amount  required.  And  the  reft  of  the  Variations 
may  he  performed  juft  as  in  the  Examples  of  whole  Years. 

But  if  the  Time  given  conlifts  of  Years,  and  Parts  of  a  Year; 
as  Quarters,  Months,  &c.  Then  reduce  the  odd  Time  or  Parts 
of  the  Year  in  o  Days;  and  the  Anfwer  may  then  be  found  at 
two  Operations ;  as  in  the  following  Example . 

2 


Example 


I 


•-‘SS 


chap.  iz.  of  Compaium  Sintrait  ■  265 

- — -  -  -  -  •  -  -  -  - . . — -  -  1  1 1 

Example  2.  Suppofe  it  were  required  to  find  what  265  l.  would 
amount  to  in  five  Tears  and  135  Days  at  6  per  Cent.  hfc. 


Firft  the  Amount  of  1  l.  for 


Years  is  1,338225  Pic. 
Days  is  1,021785  Pfc, 


Then  1,338225  x  1,021785  x  265  /.  =  3^2,355232,  Pic. 
being  the  Amount  or  Anfiwer  required. 


Or,  if  the  Amount  and  Time  are  given,  to  find  the  Principal ; 
Then  Multiply  the  Amount  of  r  /.  for  the  Tears ,  and  the  Amount  of 
I  /.  for  the  odd  Days  together  ;  And  by  their  Produff  divide  the 
given  Amount ,  the  Quotient  will  be  the  Principal  required. 

Example  3.  TVhat  Principal  will  raife  a  Stock  of  362  /.  7  s.  1  ~dk 
or  3 62,355232  /.  in  5  Tears  and  135  Days,  at  6  per  Cent.  Pfc* 


sThe  Amount  of  1  /.  for 


J5  Years  is  1,338225  Pfc. 
13 5  Days  is  1,021785  Pic. 


Then  1,338225  x  1,021785=1,367378  &c.  the  Divifior . 
Next  1,367378)  362,355232  =  A  (265  /.  the  Principal  required. 

Again,  if  the  Prificipal  and  its  Amount  are  given,  to  find  the 
Time ,  at  6  per  Cent.  &c.  you  muft  divide  the  Amount  by  its  Princi - 
pal,  and  then  proceed  as  in  the  Third Exampley  Page  256,  for  the 
Anfwer  required. 

But  if  the  Amount  and  its  Principal,  with  the  Time  of  its  being  at 
Interefi,  are  given,  to  find  the  Rate  of  Interejl ;  Then  proceed  as  ia 
the  Fourth  Quejlion,  Page  255,  Pic. 

Now  in  order  to  make  this  Table  of  Amounts  for  Days,  ufeful  for 
all  Rates  of 'Inter  eft  (as  before  in  that  for  Tears)  you  muft  firft  find 
the  Simple  Interefi  of  1  /.  for  one  Day,  both  at  the  given  Rate,  and 
alfo  at  6  per  Cent.  And  call  their  Difference  a-. 

Thus,  fuppofe  the  given  Ratio  were  8  per  Cent,  per  Annum.  Firft 
130  :  8  :  :  1  :  0,08  And  100  :  6  :  :  1  :  0,06  the  Two  Simple 
Interefi s  for  one  Year. 

Then  365)  0,08  (0,00021917  Pic.  the  Simple  Interejl  of  1  L 
For  one  Day,  at  8  per  Cent. 

And  365)  0,06  (0,00016438^.  the  Simple  Interejl  of  1 /.  for 
one  Day,  at  6  per  Cent. 

Their  Difference  0,00005479  ~  x  which  may  do  indifferently 
well  for  ordinary  fin  all  Quejlions :  But  where  Exactness  is  r(q  bred, 
it  will  be  convenient  to  make  Ufe  of  this  Proportion. 

M  ai  Vi*. 


266  aiffeb^a.  -Part  II- 

{As  the  Simple  Intereft  of  i  /.  for  one  Day  at  6  per,  Cent : 
Is  to  the  Tabular  Intereft  of  i  I.  for  one  Day  :  :  So  is  the 
Simple  Intereft  of  i  /.  for  one  Day,  at  any  given  Rate;. 
To  a  Fourth  Number. 


That  is,  0,00016438  :  0,00015965  : :  0,0002 19 1.7  :  0,00021286 

Then  0,00021286  —  0,00015965  =  0,00005321  r=zx. 

»  * 

This  x  being  involved  with  the  refpedbive  Amounts  for  Days,  in 
the  fame  Manner  as  was  done  with  thofe  for  Tears  ( vide  Page  25 ,8j 
the  Refult  will  be  the  Anfuuer  to  the  Thieftjon. 


Sect.  2.  annuities  or  pnifions  in  Arr ear  computed  aP 

Compound  Intereft. 


When  Annuities ,  &c.  are  laid  to  be  in  Arrcar ,  fee  Page  248. 
And  I  (hall  here  make  ufe  of  the  fame  Letters  to  reprefent  the  fame 
Things  as  before  in  that  Page ,  fave  only  that  R  is  here  equal  to 
the  Amount  of  1  /.  as  in  Section  1.  of  this  Chapter. 

Suppofe  u  -rr.  the  Firft  Tears  Rent  of  any  Annuity  without 
Intereft . 

Then  will  R  u  -j-  11==. 

C  the  Amount. of  the  ift  and  2d  Tears  Rents, 
and  RRu  ft  R  u  u  zz  j  with  their  Inter  efts  \  More  the  3d  Tear's. 

L  Rent ,  Szc. 

FIcre  RRu~\-Ru~\-u  =  A  the  Amount  of  any  Tcarly  Rent  or  An¬ 
nuity ,  being  forborn  Three  Tun  s.  And  from  hence  may  be  dedu¬ 
ced  thefe  Proportions . 

Viz.  u  \  Pin  : :  Ru  :  RR  u  :  :  RRu  :  RRRu  and  fo  on  in  ~  for  any 
Humber  of  Perms  or  Tears  denoted  by  t,  wheiein  the  laft  Term 
will  always  be  u  Rl  —  r. 

Confequently  /l ■ — u  R  —  1  zz  the  Sum  of  all  the  Antecedents 
.And  A — u  —  the  Sum  of  ail  the  Cqnfequents  in  the  Series. 

And  therefore  it  would  be  u  :  uR  :  :  A — u  R[—-1  :A — u.  Vide 
Pave  188. 

o 

Ergo  Au  —  iiu  —  Ru  A —  uu  Rt  which,  being  divided  all  by  u, 
■will  become  A  —  u  =  RA~—  u  R>\  \ 

From  this  laft  /Equation  it  will  be  eafy  to  raife  the  following 

Theorems. 


J.  the  Amount ,  of  the  Firft  Tear's  Rent ,  and  it’s 
l  Intereft  \  More  the  2d  Tear  s  Rent. 


Theorem  1. 


Theorem  2. 


^  RA —  A 
i  iT  —  I 


u. 


\ 


Tloeorem 


Chap.  12. 


of  Compound  3lJtteceft 


2b7 


Theorem  3.  | - zz  Rz.  If  this  /Equation  be  continually 

divided  by  R ,  until  nothing  remain ,  the  Number  of  thofe  Divi- 
ftons  will  be  t.  See  Page  255. 


into  Numbers ,  according  to  the  Method  propofed  in  SeSl.  3. 
Chap.  iq.  the  Root  will  fhew  the  Value  of  R. 

fKttClIfcn  I.  If  30 1 '.  Yearly  Rent ,  or  Annuity ,  $zc.  be  for- 
born  (i.  e.  remain  unpaid)  Nine  Years  ;  what  ivill  it  amount  to ,  at 
6  per  Cent,  per  Annum  Compound  Interejl? 

Here  is  given  u  —  30,  t  —  9,  and  R  =  1,06  ;  to  find  A.  per 
Theorem  1 . 

R?  zz  1,689479  By  the  Table  of  Amounts  for  Years 
30  =  u 

R*u  —  50,684370 
u —  —  3°> 


R—  1  =  0.06)  20,684370  (344,7395  =  344/-  i4f-9i^-  =  A 

the  Amount  required. 

£Duc(tiOft  2.  IVi: at  Yearly  Rent  or  Annuity ,  &c.  being  for- 
born  or  unpaid  Nine  Years ,  will  raife  a  Stock  of  344/.  145.  9  {  d. 
zz  344,7395,  at  6  Per  Cent.  &c. 

Here  is  given  A ~  344,7395,  t  —  9,  and  1=  1,06  ;  to  find  w, 
per  Theorem  2. 

JR  -  344,7395  x  r>°6  =•  365,42387 

—  A-  344,7395 

R’ — 1  =  1,689479 — 1  =  0,689479)  20,68437  (30  —u 

flDuedfen  3.  In  what  Time  will  30/.  Yearly  Rent  raife  a 
Stock  or  Amount  to  344  /.  145.  9  ~d.  allowing  6  per  Cent,  for  the 
Forbearance  of  Pa:  rnents  ? 

Here  is  given  u  —  30,  A  —  344,7395,  and  R  =  1,06  ;  to  find  t. 
per  Theorem  3. 

Firft  AR+u-A-  365,42387  +  30-344,7395  =  50,6S437- 
And  «  —  30)  50,68437  (1,689479  —  Rz.  Then 
i^r=i,o6)  1,689479(1,593848.  And  1,06)1,593848  (1,50363; 
and  fo  on  until  it  become  1,06)  1,06  (1.  which  will  be  at 
the  Ninth  Divifion  5  therefore  t  ~  Q. 


M  m  2 


Or 


T" 
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Or  R1  —  1,689479,  being  fought  in  the  'Table  of  Amounts  for 
Years ,  will  be  found  to  ftand  over  againft  9  Years ,  which  is  the 
Time  required. 


<©uettl'0n  4.  If  30/.  per  Annum,  being  unpaid  Nine  Years , 
veld  amount  to  344  /.  14  j.  94^.  allowing  Compound  Inter  eft  for 
every  Payment  as  it  becomes  due ,  What  mujl  the  Rate  of  Inter  eft  be 
per  Cent.  62V. 

Here  is  given  u— r  30,  =  344,7395,  an^  /  —  9  ;  to  find  P 

Fy  the  laft  of  the  Four  /Equations ,  Viz.  $  —  R  —  Rz  =  — - 1 

L  u  it 


Firft  ^  “  34^395  —  1 1,491317.  And  — — — 
u  u 

Hence  there  is  this  /Equation ;  11,491317  R  —  Rv 


Let 

1  ©-  9 


r  +  £  zz  P,  and  fuppofe  r  —  1 
r9  -j-  qAe  -j-  36r7  e  e  =  P9 


10,491317. 
: 10,491317 


*  \T 

ix  —  in  JNum. 
u 

3  in  Numb. 


3  —  4 

Whence 

6  -r-  36  e 


3 

4 

5 

6 

7 


IL49*3*7  +  11,491317^=  11,491317  P 

1,000000  +  9,000000  +  36  rrr  P9 

i°»49I3I7  +  2’49I3I7^ — 36**  =  $0,49 1317 
36^—  2,491317* 

*  ~  0,06  &c. 


Firft  r  ~  J 
— j—  ^  rx~  0,06 


f  Tr  flwy  be  eafily  try  d  by  invol- 
9  rV,  and  ordering  it ,  the 
V  /Equation  above  directs. 


Seft.  3.  To  fad  the  Jj^Cfent  UBC’ti)  of  Annuities ,  Pen- 
or  Leafes ,  &c.  Compound  In  ter  eft. 

Let  P  =  the  prefent  Worth  of  any  Annuity ,  or  Leafe^  &c,  and 
the  reft  of  the  Letters  as  before. 

Then,  from  what  has  been  faid  in  Be/lion  3.  Chap.  11.  about 
Purchaftng  of  Annuities ,  &c.  at  Simple  Intereft^  it  will  be  eafy 
to  form  the  like  Theorems  here,  at  Compound  Intereft ,  wz,  by  com¬ 
bining  Iheorem  1.  Page  266.  and  Theorem  1.  254.  into  one 

Theorem . 

77?<?  Amount  of  any  yearly  Rent  being  un¬ 
paid  any  Number  of  Years.  Per  Theo¬ 
rem  1.  of  the  laft  Se/lion.  Page  266. 

{  The  Amount  of  any  Principal  or  Sum  being  put  to 
And  P Pt  =  A\  Intereft ,  for  the  fame  Number  of  Years,  Per 
i  Theorem  1.  Page  254. 


Hence 


'I":. " 
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2  0(J 


Hence  it  follows,  That  P  R ' 


uR'  —  u 

tr —  I 


Viz.  PR '  +  1  P  Pl  n  «  P*  —  a  being  the  very  fame  /Equation 
with  that  of  my  Compendium  of  Algebra ,  P<7§^  1 12.  which  is  there 
raifed  from  the  Confideration  of  purchafing  Annuities*  or  taking  of 
Leafes*  &c.  to  be  grounded  upon  a  Rank  or  Series  of  Geometri¬ 
cal  Proportionals  continually  deereafing.  Thus  —  is  the  Firjl  and 

R 

Greatejl  Term  ;  R  the  common  Ratio  of  all  the  Terms ;  and  P  is 
the  Sum  of  all  the  Series. 


U  U  .  U  U  U  U  U  U  a 

That  YR-  RRR  r  RRR  R^Ts^' 


u 


u  y  , 

•ff-  until  the  Jaft  Term  —  — .  Then  will  P-—  -J1  be  the  Sum  of  all 

Pc  Pl 


u 


R 


the  Sum  of  all  the  Confequents. 


the  Antecedents ,  and  P  ■ 

Therefore  it  will  be 

7L  :  .  Or  (in  the  fame  Ratio)  u  :  5  : :  P  — .  JL  :  p - ? 

R  RR  R  Rl  R 

which  produces  P  R:  +  1  — r  u  R'  —  P  R'  —  u.  As  above. 
From  this  /Equation  may  be  deduced  the  following  Theorem* 


u  — 


Theorem  1. 


u 

IT' 


R 


P.  Theorem  2 


•i 


PP  x  P 


PR' 


Rl  —  1 


m  u 


f  u  __  J  Which ,  being  continually  divided 
Theorem  3.  |  ~  A  £  by  R,  wtffrw  /. 

Theorem  4.  j  -S'  +  &  —  ■&'  +  ’•  The  Refolving  of 

which  Equation  will  difcover  the  Value  of  R.  < 

Queftion  i.  What  is  30  /.  Yearly  Rent ,  *0  continue  Seven  Years* 
worth  in  ready  Money ,  allowing  6  per  Cent.  Compound  Interejl  to 
the  Pur  chafer  ? 

Here  is  given  u  z =  30  .  /  =  7  .  and  P  =  1,06,  to  find  P„ 

per  Theorem  1.  T/z.  —  =  — — —  IT  iq,cki7 
*  Rt  I>5°3^3  *  ^  ' 

And  30—  19,9517  =  10,483  =  «  * 


u 

R~ 


1  hen 
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Then  R —  i=o,o6)  10,0483  (167,4716  rrP— 167/.  gs.  5  d . 
being  the  Anfwer  required. 


Queftion  2.  What  Annuity  or  Yearly  Rent ,  continue  Seven 
Years ,  maybe  pur  chafed  for  167  /.  95.  5  d.  allowing  6  per  Cent. 
Compound  Inter  eft  to  the  Purchafer  ? 

In  this  Yfuejlion  there  is  given  P  =  167,4716  .  /  —  7. 

And  P  =  1,06  to  find  w  .  By  the  Second  Theorem. 

Firft  PPC  x  P  =  251,8153  x  1,06  —  266,9242 
And  —  PPt=  167,4716x1,50363  =  251,8153 

Then  Pfc  —  1  =  0,50363)  15,1089  (30  =  * 

That  is  u  z=  30  /.  the  Anfwer  required. 

Queftion  3.  How  long  may  one  have  a  Leafe  of  30  /.  Yearly 
Rent,  for  167/.  95.  5  d.  allowing  6  per  Cent.  Compound  Inter ef l 
to  the  Purchafer  ? 


Here  is  given  P  =  167,4716  .  «■=  30  .  And  P  =  1,06  to 
find  t.  By  the  Third  Theorem. 

Firft  P-f  «  =  1 67,47 1 6  -f  30  =  197,4716 

And  —  PP  rz  177,5199 


Then  19, 9517)30=^(1, 50363=^^ 

If  this  1,50363  ~  P*  be  either  continually  divided  by  1,06  ~  P 
until  nothing  remain  (As  before  in  Pag*?  255.)  Or  if  it  be  fought 
in  the  Table  of  Amounts  for  Years,  &c.  it  will  difeover  /zz  7  which 
is  the  true  Anfwer  required. 


Queftion  4.  Suppofe  one  fbould  give  167/.  9  s.  $d.  for  the 
P'urchafe  of  a  Penjion ,  or  Annuity  of  30  /.  per  Annum,  continue 
Seven  Years ;  At  what  Rate  of  Inter efl ,  per  Cent,  zvould  that  Pur- 
chafe  he  made ,  allowing  Compound  Inter  eft  to  the  Purchafer  ? 

In  this  Queftion  there  is  given,  P  zz  167,4716  .  zz  —  30  and 

/  =  7  to  find  P.  Per  Theorem  4  in  this  /Equation  ^  iL  =z  -i* 


P£-}-Pt-}-Pt  +  I  which  being  brought  into  Numbers ,  and  its  P00/ 
extra/led,  as  in  the  fourth  Queftion  of  the  12ft  Sedlion ;  the  Value 
of  R  will  be  found  1,06,  and  then  it  will  be  1  :  0,06  : :  100  :  6 
the  Rate  per  Cent,  as  was  required. 


Thcfe 
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Thefe  Four  Quejiions  include  all  the  Varieties  that  can  be  pro- 
pofed  about  purchafing  Annuities  or  Leafesy  he.  which  are  to  be 
either  immediately  enter’d  upon,  or  in  Pofieffion  at  the  Time 
when  the  Purchafe  is  made. 

But  fuch  ffucjlions  as  relate  to  Annuities ,  or  taking  of  Leafeey 
Sic.  in  Reverfon ,  muff  be  parted  or  divided  into  two  dijHntt  Yhiejli- 
ons ,  each  to  be  feparately  confider’d  by  itfelf  (See  Page  252.)  As 
in  the  following  Example. 

Example  1.  Suppofe  it  were  required  to  compute  the  prefent  Worth 
of  75  /.  Yearly  Rent ,  which  is  not  to  commence  or  be  enter'd  upon ,  until 
Yen  Years  hence ;  and  then  to  continue  Seven  Years  after  that  ‘Time  • 
at  6  per  Cent..  &c.  Compound  Inter ejl  ? 

The  Firft  Work  in  this  ghiejlion  is,  to  find  what  75/.  per  An - 
num ,  to  continue  Seven  Years ,  is  worth  in  ready  Money  ;  as  if  it 
were  to  be  immediately  entered  upon :  And  to  perform  that,  there  is 
given  u  zz  75.  R  zz  1,06.  and  t  zz  7.  to  find  P.  as  in  the  Firft 
ifhtejlion  of  this  Section. 

Thus,  f  =  -ZJL-  =  49=3793  And  75  —  49>8793  -  25, 1207 


U 


Then,  R — i  ~  0,06)  25,120 7  (418,67831=418/.  14. s.  6  if 
the  Anfwer  to  the  Firft  Part  of  the  Yhtejlion. 

Then  the  next  Work  will  be,  to  find  what  Principal  or  Sum 
beins;  put  out  Ten  Years ,  at  6  per  Cent.  Sic.  will  amount  to  418  /. 

14  s.  6 id.  Here  is  given  A  zz  418,6783.  R  zz  i,c6,  t  zz  10. 
to  find  P.  Per  Theorem  2.  Page  254. 

Thus  R10  =  1,790847)  418,6783  =  A  (233,7884  =z  233  l. 

15  s.  9  d.  the  prefent  Worth  of  75  /.  per  Annum  in  Reverjion ,  Sic. 
As  was  required. 

Example  2.  What  Annuity  or  yearly  Rent  to  be  enter'd  upon  Ten 
Years  hence ,  and  then  to  continue  Seven  Years ,  may  be  purchafed  for 
233/.  1 55.  9  d.  Ready  Money,  at  6  per  Cent.  6V.  Compound  In¬ 
ter ejl  ? 

In  the  1  ft  Work  of  this  fjhteftion  there  is  given,  P  =  233.7884. 
R  —  1,06.  and  /  =z  10  ( the  Time  which  the  Annuity  is  not  to  be  en¬ 
ter'd  upon)  to  find  A.  Per  Theorem  1.  Page  254. 

Thus,  PR’  zz  233,7884  x  1,790847  ==  418,6783  ~  A  the 

Amount 
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Amount  of  233  /.  155.  9  d.  put  to  Inter  ejl  Ten  Tears ,  at  6 per  Cent, 
izc.  Then  for  the  Second  Work  of  the  Queftion  there  is  given 
P  =  418,6783  .  R  ~  1,06  .  And  t  n=  7  ( the  Time  that  the  Annuity 
is  to  be  enjoy'd)  to  find  u.  Per  Theorem  2.  of  this  Scllion. 

Thus  PR'xR— 418,6783  x  1,50363  x  1,06=667,3095 
—  PR1  =  418,6783  x  1,50363  =  629,5372 

£'  —  1=10,50363)  37-77^3(75  —  ^ 

^That  is,  u  =  75/.  the  yearly  Rent  required  by  the  Pjuejlion. 

Thefe  Two  Examples  of  finding  P  and  u  do  fully  (hew  the  Method 
that  muft  be  ufed  in  Refolving  the  two  General ,  and  indeed,  the 
moft  ufeful  Pfuejlions  about  Annuities  or  Leafes  in  Reverjion  :  And 
if  there  be  Occafion,  either  the  Rate,  or  the  Time,  viz.  R  or  t,  may 
be  found  by  a  due  Application  of  their  refpe&ivc  Theorems. 

Note,  That  which  hath  been  done  in  the  two  lajl  Sections  about  Ar.  »• 
nuities  or  yearly  Rents,  &c.  at  6  per  Cent,  may  alfo  be  done  for  any 
Rate  of  Inter ejl ,  by  applying  the  Difference  of  the  Rates  (viz.  x)  As 
directed  in  the  Firjl  Section  of  this  Chapter. 

Now  becaufe  that  Rents  and  Annuities,  &c.  are  ufually  paid  either 
by  Ffuarterly  or  Half-yearly  Payments,  and  the  Method  of  compu¬ 
ting  them  by  the  Pen  may  be  thought  a  little  troublefome  ;  I  have 
inferted  the  following  Tables  of  the  Amounts  of  1  /.  for  each,  at  6 
per  Cent. 


Half  Years 

The  Amounts 
of  1  /.  at  6  per 
Cent.  Com- 

poundlntereft. 

Half  Years 

The  Amounts 
of  1  /.  Kt  6  per 
Cent.  Com¬ 
pound  Intereft. 

Half  Years 

The  Amounts 
of  1  /.  at  6  per 
Cent.  Com¬ 
pound  Interefi, 

1 

1,0295630141 

1 1 

i=3777875592 

2 1 

1>84379°5523 

2 

1,06 

12 

1,4185 I9I 122 

22 

1,8982985583 

3 

1,0613367949 

J3 

1,4604548127 

23 

>.9544i79853 

4 

1,1236 

H 

1,5036302590 

24 

2,OI2I9647l8 

5 

1. ,1568 1 70026 

*5 

1,5480821017 

25 

2,0716830644 

6 

1,191016 

16 

1,5938480745 

26 

2,1329282601 

7 

1,2262260228 

17 

1,6409670276 

27 

2,1959840483 

8 

1,26247696 

18 

1,6894789589 

28 

2,2609039557 

9 

>>2997995842 

l9 

r, 7394250493 

29 

2,32774309I2 

10 

1,3382255776 

20 

,  1,7908476965 

3° 

2,3965  581001 

Quar- 
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Quarterly  Amounts. 


The  Amounts 

6/9 

The  Amounts. 

1  he  Amounts 

a>  p 

of  1  /.  at  6  per 

of  1  /.  at  6 per 

fD  Jo 

W 

ot  1  /.  at  6  per 

11  2 

Cent.  Sec. 

w-  '-f 

Cent.  &c. 

Cent.  Sc  c. 

11  « 

Compound 

11 2 

Compound 

II  ^ 

Compound 

•  .0 

Intereii. 

0 

• 

fntereft. 

^  O 
* 

Intereft. 

1 

1,0146738461 

2 1 

1,3578024938 

41 

1,8171263199 

2 

1,0295630141 

22 

T3777875592 

42 

1 ,8437905523 

3 

1,04  467066.34 

23 

1,3980050019 

43 

1,8708460509 

4 

1,06 

24 

1,4185191122 

44 

1,8982985583 

5 

r, 0755542769 

25 

I>4393342435 

45 

1,9261538989 

6 

1,0913367949 

26 

1,4604548127 

46 

1,9534179853 

7 

l,  1073509032 

,  27 

1,48 18853020 

47 

1,9830968140 

8 

1, 1 236 

28 

1, 5036302590 

48 

2,0121964718 

9 

j  140087533; 

29 

1,5256942978 

49 

2,041723133° 

.10 

1,1568170026 

30 

1,5480821017 

5° 

2,0716830644 

1 1 

1 » 1 7379 1 9574 

31 

t, 5707984203 

51 

2, 1020826228 

12 

1,191016 

32 

1,5938480745 

52 

2,1329282601 

13 

1,2084927856 

33 

1,6172359557 

53 

2,164226521 1 

1,2262260228 

34 

1,6409670276 

54 

2,1959840483 

*5 

1,2442194748 

35 

1 ,6650463253 

55 

2,2282075801 

<z6 

1,26247696 

36 

1,6894789589 

5'6. 

2,2609039557 

*7 

,1,2810023  527 

.37 

1,714270.1133 

57, 

2,2940801 123 

jS 

1,2997995842 

3  8 

!, 7394250493 

58 

2,327743°9i2 

19 

1,3188726433 

39 

1,7649491048 

59 

2,3619000349 

20 

1,3382255776 

40 

1.7908476965 

60 

2^396558i93i 

Either  of  thefe  Talks  may  alfo  be  made  ufeful  for  any  propofed 
Rate  of  Inter eft ;  by  making  the  ~  or  of  the  Difference  of  the 
P^ate  —  x ,  &.c. 

As  for  Inftance,  Suppofe  any  of  the  aforefaid  uejlions  about 
Annuities  or  Rents ,  &c.  were  to  be  computed  at  8  per  Cent,  per  Annum, 
Then  1,08  —  1,06  —  o>02  zz  x  for  yearly  Payments ;  as  before. 
Confequently  2)  o,C2  (0,01  ~  a-  for  Half-Year  s  Payments, 

Or  4)  0,02  (0,005  —  ^  for  Quarterly  Payments. 

Now  thefe  Values  of  x ,  although  they  are  not  really  true,  yet 
they  may  ferve  indifFeiently  well  for  fmall  Rents ;  as  I  have  alrea¬ 
dy  faid,  Page  265.  But  if  you  would  work,  exactly  ; 

Then  1,08  =  1,0392304845  &c. 

- —  V  1,06=1,0295680141  Vide  Table ,  Page  272. 

Difference  =  0,0096624704  ==  x  for  half-yearly  Payments . 

N  n  And 
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And  1,08  =  1,0194263092  &c. 

—  V  :  ✓  i,o6  =  1,0146738461  See  th daft  Table. 

Their'Difference  0,0047524631=:.*'.  for  Quarterly  Payments. 

Thefe  are  the  true  Values  of  x,  which  being  involved  with  their 
refpe&ive  Amounts  (as  before  for  Years,  &c.)  according  as  the 
Apueftion  requires,  the  Refult  will  be  the  Anfwer  at  8  per  Cent.  &c. 
The  like  may  be  done  for  any  other  Rate ,  either  Greater  or  Lefs 
than  6. 

Now,  altho’  the  Method  rufed  here  (and  in  Page  257  and 
258,  See.)  be  really  true  (by  which  the  Tables  calculated  only 
for  6  per  Cent,  are  made  effe&ual  for  all  Rates  of  Compound  Inter  eft ) 
yet  it  was  rather  propos’d  to  fhew  what  may  poflibly  be  perform’d 
by  the  Pen,  without  a  great  many  Tables  of  feveral  Rates ,  than  in¬ 
tended  for  common  Pra&ice. 

For  it  muft  needs  be  confefs’d,  that  Tables ,  calculated  on  Purpofe 
for  any  deligned  Rate  of  Inter  eft ,  are  much  more  ready  and  ufefid 
in  common  Practice.  And  therefore  ftnce  the  Legiflative  Power 
hath  thought  fit  to  reduce  the  Rate  of  Inter  eft ,  and  hath  fettled  it 
by  an  Act  of  Parliament,  at  5  per  Cent.  I  have  therefore  been  at 
the  Trouble  (which  was  not  a  little)  to  calculate  the  following 
Tables  for  that  Rate  ;  but  don’t  think  it  convenient  to  take  the  Ta¬ 
bles  at  6  per  Cent,  out  of  the  Book,  becaufe  the  Examples  are  all 
fuited  to  them  *,  and  not  only  fo,  but  they  may  be  found  ufeful  in 
the  taking  of  Leafes  for  Houfes,  &c.  For  in  thofe  Cafes,  the  Pur- 
chafer  is  allowed  more  Intereft  for  his  Purchafe  Money,  than  the 
common  Rate  paid  upon  the  Loan  of  Money. 


I 


Here 
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Here  follow  New  ‘Tables  of  the  Amounts  of  one  Pound  at  the 
Rate  of  5  per  Cent,  per  Annum  Compound  Intereft.  For  Tears , 
Half-Years ,  Quarters,  Months ,  and  Days. 


I.  The  Table  of  the  Yearly  Amounts  of  1  /.  Sic. 


Years 

The  Amounts 
of  1  /.  &c. 

1 

1,05  ==  R 

2 

1,1025  zzzR  R 

3 

1, 1 57625=7?* 

4 

1,21 550625 

5 

1,27628156 

6 

i>34°°9564 

7 

1,40710042 

8 

1.47745544 

9 

1,55132822 

10 

1,62889463 

1 1 

1>7i°33936 

12 

1.79585633 

1  3 

1,88564914 

The  Amounts 

11  g 
• 

of  1  /.  &c. 

14 

97993 160 

J5 

2,07892818 

16 

2,18287459 

17 

2,29201 832 

18 

2,40661923 

J9 

2,52695019 

20 

2,6532977° 

21 

2,78596259 

22 

2,92526072 

23 

3,07152375 

24 

3,22509994 

25 

3.38635494 

26 

3,55567269 

Years 

The  Amounts 

of  1 1.  See. 

27 

3>73345632 

28 

3,92012914 

29 

4,11613599 

3° 

4,32194239 

3i 

4,53803949 

32 

4,76494147 

33 

5,00318854 

34 

5,25334797 

35 

5,51601536 

36 

5,79181613 

37 

6,08140694 

38 

6»38547729 

39 

6,704751  i5 

II.  The  Table  of  the  Half-yearly  Amounts  of  1 /■  &c. 


Half  Years 

The 

Amounts  of 

1  /.  &c. 

Half  Years 

The 

Amounts  of 

1  /,  &c. 

Half  Years 

The 

Amounts  of 
1  /.  See. 

1 

1,02469507 

1 1 

1,30779943 

21 

1,66912030 

2 

1  >05- 

1 2 

1,34009564 

22 

i»7io33936 

3 

1,07592983 

*3 

i>373l894° 

23 

!, 752.57632 

4 

1,1025 

14 

1,40710042 

24 

i>79585°33 

5 

1,12972632 

*5 

1,44184887 

25 

1,84020513 

6 

1,157625 

16 

•>47745544 

26 

1,88564914 

7 

1,18621264 

1 7 

i,5 1 3  94 1 32 

27 

1,93221539 

8 

1,21550625 

18 

1,55 132822 

28 

1,97993160 

9 

*,24552327 

19 

1,58963838 

1  29 

2,02882616 

10 

1,27628156 

20 

1,62889463 

3° 

2,07892818 

N  n  2 
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HI.  The  'Table  of  the  Quarterly  Amounts  of  1  /.  &c. 


Ilf 

The 

ll^f 

The 

Ilf 

r-f  r*4 

The 

Amounts  of 

r  2 

Amounts  of 

Amounts  of 

•  ft 

k— J 

CO 

1  /.  &c. 

O 

co 

I  /.  &c. 

•  ft 

to 

1  /.  &c. 

I 

1,01 227223 

21 

1,29194439 

41 

1 ,64888480 

2 

1,02469507 

22 

I’3°779943 

42 

1,66912031 

3 

1,03727037 

23 

i, 32384905 

43 

1,68960414 

4 

1,05 

24 

1,34009564 

44 

I'7io33936 

5 

1,06288585 

2S 

t, 35654161 

45 

1,73  ^3  2904 

6 

1,07592983 

< 

26 

1  >373**94° 

46 

1,75257632 

7 

1,0891 3389 

27- 

1,39004151 

47 

I>774°8435 

8 

1,1025 

28 

1,407 1 0042 

48 

'-7958;633 

9 

1, 1 1603014 

29 

1,42436869 

49 

1,81789549 

10 

1, 1 2972632 

30 

1,44 184887 

5° 

1,840205  I3 

1 1 

I>14359°59 

3i 

M5934358 

5 1 

1,86278856 

1 2 

1, 1 57625 

32 

1 '47745544 

c  2 

I  ,88564914 

*3 

1,17183 164 

33 

1  >  49  0  5  1X5  /  ^ 2 

53 

1,90879027 

H 

1,18621264. 

34 

1  -5 1 394 1  32 

54 

1,93221  539 

*5 

1,2007701 2 

35 

1,53252076 

55 

1,95592799 

16 

1,21 550625 

36 

1,55132822 

56 

I,97993r60 

17 

18 

1,23042323 

3  / 

1 ,5703664  8 

57 

2,0042297  8 

1,24552327 

1,26080862 

3s 

1 , 15  89(03  838 

S» 

2,02882616 

l9 

39 

1  ,6oq i 4680 

59 

2«°5372439 

20 

1 ,27628 156 

4° 

1 ,62889463 

60 

2,07892818 

IV.  The  Table  of  the  Monthly  Amounts  of  1  /.  &c. 


Months 

The 

Amounts  of 

I  /;  &C. 

Months 
—  t. 

■  The 
Amounts  of 

1  /.  &c. 

Months 

1 

The 

Amounts  of 
1 ./.  &c. 

1 

1,0040741  2 

5 

1,02053728 

9 

1,03727037 

2 

I,008l04,8c 

6 

1,02469507 

10 

-1,04149634 

3 

1 ,01227223 

/ 

S-,  02886981 

1 1 

I>°457'3953 

4 

1,01639636 

8 

1,03306155 

12 

1,05^ 

NOTE:  The  Amount  of  one  Pound,  for  one  Day,  is 
1,0001336807225,  & c.  (found  as  that  in  Page  260)  but  in  the 
following  Table,  I  take  only  Nine  of  thole  Figures ,  as  being  fufiicient 
in  Pra&ice,  for  computing  the  Intereji  of  any  Sum  not  exceeding 
One  Hundred  Millions  of  Pounds. 


V.  The 


Chap.  12. 


of  Compound  3intere{fc 


277 


V.  The  Table  of  the  Daily  Amounts  of  1  /.  <kc. 


The 

Amounts  of 
1  /.  &c. 

D  I  1,00953587 

72  1,00967082 

73  1,00980579 

74  1,00994079 

75  i  1,01007579 

1,01021083 
1,01034587 
1,01048093 
79  I  1, 01061602 
So  |  1,010751 12 

81  1,01088623 

82  1,01102137 

83  1,01115652 

84  1,01 129169 

85  1,01142688 

86  1,01 1 56209 

87  1,01 169732 

88  1,01 183256 

89  1,01196783 

90  1,0121031 1 


91  I  1,01223841 

92  1,01237372 

93  1,01250906 

94  1,01264441 

95  I  1,01277978 

96  I  1,01291517 

97  1,01305058 

98  1,01318600 

99  i,oi332I45 
100  I  1,01345691 

1  o  1  I  1.,  oi359239 

102  1,01372788 

103  1,01386340 

104  1,01399893 

105  1  1,91413448. 


Days 
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0 

.N  v:‘ 

GO 

11 

The 

Amounts  of 

1  /.  &c* 

p 

*  v< 

w 

II 

The 

Amounts  of 

1  /.  &c. 

Days  = 

The 

Amounts  of 

1  L  &c. 

106 

1,01427005 

I46 

1,01970775 

186 

1,02517459 

107 

1,01440564 

*47 

1,01984406 

187 

1,02531 164 

108 

1,01454125 

1 48 

1,01998039 

188 

1,02544870 

I09 

1,01467687 

149 

1,0201  [675 

1 89 

1,02558578 

1 10 

1,01481 252 

150 

1,0202531  2 

190 

8,02572288 

I  l  I 

1,01494818 

151 

1,02038950 

*9X 

1,02586000 

I  I  2 

1,01 508386 

1 5  2 

1,02052591 

192 

1,02599714 

113 

1,01521955 

*53 

1,02066234 

*93 

1,0261 3430 

I  IA 

i,oi535527 

154 

1,02079878 

*94 

1,02627147 

1 1 5 

1,01549100 

*55 

1,02093524 

*95 

1,02640866 

I  l6 

1,01 562675 

156 

1 ,02107172 

196 

1,02654588 

117 

1,01 57625  2 

*57 

1,02 120822 

*97 

1,026683 10 

I  IS 

1,01 589831 

.58 

1,02134473 

198 

1,6268201 5 

1  *9 

1,0160341 2 

*59 

1,02148127 

199 

1,02695762 

1 20 

1,01616094 

160 

1,02  161782 

200 

1,02709490 

(  121 

1 ,01630578 

161 

1,02175439 

201 

1,02723221 

122 

1,01644164 

162 

1,02189098 

202 

1,02736953 

1 23 

1, 0*657752 

163 

1,02202758 

203. 

1,02750686 

1 24 

1,01671349 

1 64 

1,02216421 

204 

1,02764422 

i*S 

1,01684933 

*65 

1,02230085 

205 

1,02778160 

126 

1,01698527 

1 66 

1,02243751 

206 

1,02791 899 

I  27 

1,01 7121 22 

167 

1,0225741  9 

207 

1,02805640 

128 

1,01725719 

168 

1,0227  ‘  °&9 

208 

1,02819384 

I  29 

*>°l 7393 1 7 

169 

1,02284761 

209 

1,02833129 

136 

1,01752918 

170 

1,02298434 

210 

1,02846875 

13  1 

1,01766521 

171 

1,02312109 

21 1 

1,02860624 

132 

1,01 7S01 25 

1 72 

1,02325787 

212 

1,02874375 

1 33 

i,oi  79373 1 

'  *73 

1,  02339466 

2 13 

1,028881 27 

*34 

1.01807338 

*74 

1,02353147 

214 

1,02901881 

!  1 35 

1,0182094s 

*75 

1,02306829 

215 

1,02915637 

136 

1,01834559 

1 76 

1,02380514 

216 

1,02929395 

!  137 

1,01848173 

177 

1,02394200 

217 

1,02943154 

138 

1,01861788 

1 78 

1,02407888 

218 

1,02956916 

1 39 

1,01875405 

1 79 

1,0242 i 578 

219 

1,02970679 

140 

1,0! 880024 

180 

1 ,02435270 

220 

1,02984445 

141 

1,01902644 

181 

1,02448964 

X  221 

1,02998212 

» 42 

1,01916267 

182 

1,02462659 

222 

1,0301 1980 

M3 

1,01 929891 

183 

*,02476356 

2  2  2 

1,03025751 

144 

1,019435  17 

1 84 

1 ,02490055 

224 

1,03039524 

1  .45 

1,01957145 

185 

1,02503756 

1 

225 

*, 03053298 
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Amounts  of 

Amounts  of 

ii 

1  /.  &c. 

II 

1  /.  &c. 

11 

1  /.  &c. 

226 

1,03067074 

266 

1,03619636 

306 

1,04175160; 

227 

1,03080852 

267 

03633488 

3  °7 

1,04189086 

228 

1,03094632 

268 

1,03647342 

308 

1,04203015 

229 

1,03108414 

269 

1,03661 197 

3°9 

1,04216944 

230 

1,03122197 

270 

1,03675055 

310 

1,04230876; 

231 

i>°3‘35983 

271 

1,03688914 

3n 

1,04244810, 

232 

I’°3I4977° 

272 

1,03702775 

312 

1 ,04258245  > 

233 

1>°3l63559 

273 

1,03716638 

3 1 3 

1,04272683 

234 

i,°3i7735° 

274 

I>°373°5°3 

3H 

1,04286622 

235 

1,03191143 

275 

1’°374437° 

3i5 

1,04300563 

236 

1,03204938 

276 

i, 03758239 

316 

1,04314506 

237 

1,03218734 

2  77 

1,03772109 

3*7 

1,0432845 1 

238 

1,03232533 

278 

t, 03785982 

3 1 S 

1,04342397 

239 

1,03246333 

279 

03799856 

3!9 

t, 04356346 

240 

;  ^ 

1,03260135 

280 

i, 03813732 

320 

1,04370297 

241 

I>°3273939 

281 

1,03827609 

321 

1,04384249 

242 

1,03287744 

282 

1,03841489 

322 

1,04398203 

243 

1,03301552 

283 

1,03855371 

323 

1,044121 59 

244 

I’°33I53^1 

284 

1,03869254 

324 

1,044261 17 

245 

1, 03329173 

285 

1,038831 39 

325 

1,04440077 

246 

1,03342986 

286 

1,03897027 

326 

■■  °4454°  3 8 

247 

i,°33568oi 

287 

1,03910916 

327 

I  ,04468002 

248 

i, 03370617 

288 

1,03924817 

328 

1,04481967 

249 

1,03384436 

289 

1,03938699 

329 

I>°4495934 

250 

1>°3398l57 

290 

l» 03952594 

33° 

1,04509903 

25I 

1,03412079 

291 

1,03966491 

331 

J’°4523874 

252 

1,03425903 

292 

1,03980389 

332 

‘,04537847 

253 

i>°3439729 

293 

1,03994289 

333 

1,04551822 

254 

I>°34535  57 

294 

1,04008191 

334 

1,04565798 

255 

1,03467387 

> 

295 

1,04022095 

335 

1,645797/7 

256 

1,03481218 

296 

1,04036001 

336 

I>°4593757 

257 

i,°3495°52 

297 

1,04049908 

337 

1,04607739 

258 

1,03508887 

298 

1,04063818 

338 

1,04621723 

259 

1,03522724 

299 

1,04077729 

339 

1,04635709 

260 

*>°3536563 

300 

1,04091642 

34° 

1,04649697 

261 

I,°355°4°4 

30 1 

1,04105557 

341 

1,04663686 

262 

1,03564247 

302 

1,04119474 

342 

1,04677678 

263 

1,03578091 

3°3 

i,°4i33393 

v 

343 

1,04691671 

264 

I>°3591938 

3°4 

I>°4I473I4 

344 

1,04705667 

I  265 

1,03605786 

3°5 

1,04161236 

345 

1,04719664 

*  Dajs 
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The 

I  The 

1 

0 

The 

Amounts  of 

CO 

Amounts  of 

r*  ^ 

Amounts  of 

11 

1  /.  See. 

II 

1  /.  &c. 

II 

1  /.  See. 

346 

1, 04733663 

353 

1,0483 1708 

360 

1,04929845 

347 

1,04747664 

354 

1,04845722 

361 

i>°4943872 

34s 

1,04761 666 

3  55 

1, 04^5973  8 

362 

1,04937901 

349 

1 >0477567 1 

356 

i,o4873756 

363 

L04971932 

35° 

1,04789677 

357 

1,04887775 

364 

1,04985965 

35 1 

1,04803686 

358 

1,04901797 

365 

1,04999999 

352 

1 .048 1 7696 

359 

1,0491  cS2Q  J 

366 

L05 

I  think  it  needlefs  to  fay  any  Thing  of  the  Ufe  of  thefe  Tables ,  be¬ 
cause  I  apprehend,  that  whoever  underflands  the  Work  of  the  fore¬ 
going  Examples ,  at  6  per  Cent .  cannot  but  know  how  to  make  ufe  of 
thefe  Tables  at  5  per  Cent,  as  Occafion  requires. 

Thus  far  concerning  Annuities ,  cr  Leafes ,  &c.  that  are  limited  by  any 
aligned  Time  ;  and  ’tis  only  fufch  that  can  be  computed  by  Theorems  or 
certain  Rules.  For  with  regard  to  the  Value  of  an  Annuity  for  Life, 
it  depends  upon  the  Intereft  which  Money  bears,  and  the  Probability 
of  the  Life  continuing  a  longer  cr  fnorter  Time  ;  the  former  of  which 
is  generally  fettled  by  Law,  but  the  latter  mult  be  determined  from 
Obfervations. 

We  (hall  here  add  the  following  curious  and  ufeful  Table,  fhewing 
the  Probabilities  of  Life,  deduced  from  Obfervations  made  at  Brejlau 
in  Silejla,  by  Doctor  Halley ,  and  at  London,  by  Mr.  Smart. 


<T>  ^ 

£  > 

TJ 

«  2 

9?  > 

a*  2: 

s  > 

CD  ^ 

9  > 

0 

C*  • 

y.  0 

O'  • 
n 

£  O'Q 
^  O 

2L  0 

O1  * 

^  oro 
a> 

-s  ■ 0 

cP  ^ 

— 1  CfQ 

_r,  O 

*  *—> 
to 

•  * 

CO  »-r-) 

co 

1 280 

born 

455 

21 

284 

41 

123 

6l 

870 

1 

448 

22 

♦  274 

42 

”7 

62 

700 

2 

44 1 

2  3 

264 

43 

1 1 1 

635 

a 

434 

24 

255 

44 

105 

64 

600 

4 

426 

25 

246 

45 

99 

65 

580 

5 

418 

1 

26 

237 

46 

93 

66 

564 

6 

410 

27 

228 

47 

«7 

67 

55 1 

*7 

/ 

402 

28 

220 

48 

81 

68 

54 1 

8 

394 

29 

212 

49 

75 

69 

S32 

9 

385 

3° 

204 

5° 

69 

70 

5  2  4 

10 

3/6 

3i 

196 

51 

64 

7 1 

517 

1 1 

367 

32 

188 

52 

59 

72 

510 

1 2 

358 

33 

1 80 

53 

54 

73 

5  04 

J3 

349 

34 

172 

54 

49 

74 

498 

*4 

34° 

35 

165' 

55 

45 

75 

49  2 

*5 

33 1 

36 

158 

5s 

41 

76 

486 

16 

322 

37 

I51 

57 

38 

77 

*tSo 

1 

*7 

3 1 3 

38 

144 

58 

35 

78 

474 

1 8 

3°4 

39 

J37 

59 

3  2 

79 

468 

w 

294 

40 

130 

60 

*  29 

80 

1  462 

20  * 

Now 
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Now,  in  order  to  fhew  the  Ufe  of  the  foregoing  Table  by  an 
Example,  let  it  be  required  to  find  the  Probability  that  a  Perfon  of 
36  lives  30  Years  longer,  or  attains  to  the  Age  of  66  Years  :  Look 
111  the  Table  againft  36  Years  and  66  Years,  and  coriefponding 
thereto,  you  will  find  the  Numbers  331  and  93  refpedfively ; 
/hewing,  that  out  of  331  Performs  living  of  36  Years  of  Age,  only 
93  of  them  arrive  to  the  Age  of  66  :  Therefore,  feeing  the  whole 
Number  of  Perfons  living  at  the  Beginning  of  this  Term,  is  to 
the  Number  remaining  alive  at  the  End  of  it,  in  the  Ratio  of 
331  to  93 ;  the  Number  of  Chances  that  a  Perfon  of  36  Years 
of  Age  has  to  live  30  Years  longer,  will  be  to  the  Number  of 
all  the  Chances  that  he  has  both  to  live  beyond,  and  die  within 
30  Years,  in  the  fame  Ratio'  of  331  to  93  ;  and  therefore  TVr 
is  the  Meafure  of  the  Probability  required;  the  Probability  of 
the  Happening  of  any  Event  being  always  to  be  con  fide  red  as 
the  Ratio  of  the  Chances  which  that  Event  has  to  happen, 
to  all  the  Chances  which  it  has  both  to  happen  and  fail. 

This  being  underftood,  fuppofe  it  were  now  required  to  find 
the  Value  of  an  Annuity  of  100/.  for  a  Life  of  20  Years  of 
Age,  Inter-eR  at  4  per  Cent.  Bee  a.  ufe  the  prefent  Value  of 
ICO-/,  due  at  the  End  of  one  Year  (Difcount  being  allowed)  is 
96.15,  it  is  plain,  that  fo  much  would  be  the  Value  of  the  firf I 
Year’s  Rent,  was  the  Purchafer  lure  to  leceive  it;  but  the  Pro¬ 
bability  of  his  living  one  Year  appearing  from  the  Table  to  be 
only  the  aforefaid  Sum  96.15,  in  order  to  make  a  j u if 
Deduction  out  of  it  for  the  Contingency  of  his  dying  before  the 
End  of  one  Year,  ought  to  be  di  mini  fined  in  the  Ratio  of  462 
to  455,  or  multiplied  by  which  will  reduce  it  to  94.7, 

equal  to  the  true  Value  of  the  firft  Year’s  Rent,  After  the  fame 
Manner  may  the  Value  of  the  (econd  Year’s  Rent  be  calculated  ; 
for,  fince  the  Probability  of  receiving  this  Rent,  or  of  living 
two  Years,  is  let  this  be  multiplied  into  92.45,  the  prefent 

Value  of  ico /.  to  be  received  at  the  End  of  two  Years,  and 
the  Produds  89.65  will  be  the  true  Value  of  the  fecond  Year’s 
Rent. 

And,  by  a  like  way  of  proceeding,  the  Values  of  the  third, 
fourth,  fifth,  CY  Year’s  Rent,  to  the  utmofi  Extent  of  Life, 
may  be  determined  ;  and  the  Sum  of  all  thefe  will  be  the  required 
Value  of  the  Annuity  ;  which  will  be  found  to  come  out  1480/. 
very  near. 

Thofe  who  are  defirous  of  feeing  thefe  Invefiigations  extended 
to  finding  the  Value  of  two  Lives,  and  then  of  three  Lives, 
&Y  may  confult  the  late  Mr.  Tho?nas  Simp/on's  Treatife  upon 

O  q  this 
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this  Subject;  from  whence  the  foregoing  Table,  and  Explication 
thereof,  was  tranfcribed. 

Sell.  4.  Of  Pur  chafing  jfl‘EC-I)Cl{tI,  or  Real  (£t!afC0, 

at  Compound  Inter  eft . 

All  Free-hold  or  Real  Eft  cites  are  fuppofed  to  be  purchafed  or 
bought  to  continue  for  ever  (viz.  without  any  limited  Time )  ;  there¬ 
fore  the  Bufinefs  of  computing  the  true  Value  of  fuch  Eftates  is 
grounded  upon  a  Rank  or  Series  of  Geometrical  Proportionals  con¬ 
tinually  decreafing,  ad  Infinitum. 

Thus,  let  P,  u ,  R ,  denote  the  fame  Data  as  in  the  lad  Section. 
Then  the  Series  will  be,  — ,  __ 0— ,  iL ,  — ,  JL,  and  fo  on 

in  4f-  until  the  laft  Term  zz  o .  Then  will  P  —  o  (viz.  P)  be  the 

u 

Sum  of  all  the  Antecedents.  And  P - will  be  the  Sum  of  all 

R 

the  Consequents ;  therefore  it  will  be  u  :  ~  :  P  :  P  —  ~  which 

R  R 

produces  PR  —  u  =  P.  -v 

This  /Equation  affords  the  following  Theorems. 

Theorem  1.  PR  —  P  =  u.  Theorem  2.  f 


Theorem  3.  ^ 


P  -}-  u 


{ 


R 


~P. 


R. 


Example.  Suppofie  a  Free-hold  EJlate  oft  75  1.  Yearly  Rent  were 
to  be  fold  j  what  is  it  worth ,  allowing  ihe  Buyer  6  per  Cent,  iff  c. 
Compound  Interefl  for  his  Money  ? 

In  this  Fhteftion  there  is  given  u  ~  75  .  R  m  1,06  to  find  P. 
per  Theorem  2.  T  hus  R  —  1  —  0,06)  75  ~  u  (1250/.  —  P. 
the  Anjwer  required.  And  fo  on  for  any  of  the  reff,  as  Occafion 
requires.  But  if  the  Rent  is  to  be  paid,  either  by  Quarterly,  or 
Half-yearly  Payments , 

.Then  R  —  v'  i,o6  for  Half-yearly  }  p 6  ier  reni 
And  £  -  VZ  :v/l,o6  for  Quarterly  K  ^  ^ 

^  P  =  1,08  for  Yearly  1 

Or  v  P  —  i, 08  for  Half-yearly  {*  Payments  at  8  per  Cent. 

(■  R  ~  ft  :  y/  1,08  for  Quarterly  3 
The  like  is  to  be  underflood  for  any  other  propofed  Rate  of  In¬ 
ter  eft,  either  greater  or  lefts  than  6  per  Cent. 

The  Application  of  thefe  Theorems  to  Practice  is  fo  very  eafy, 
that  it’s  netdlefs  to  infert  more  Examples. 

an 
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CHAP.  I. 

©f  Geometrical  Definition's,  £*. 

St' Cl.  1 .  Of  Lines  and  Angles. 

Point  hath  no  Parts  :  That  is,  a  Mathematical  Point  is 
not  any  Quantity ,  but  only  an  ajfignahle  Place  in  any 
Quantity ,  denoted  by  a  Point  *  -n 

As  at  T.  and  5.  '  \  A' 

Such  a  Place  ?nay  be  conceived  fo  infinitely  fimall ,  as  to  be  void  of 
Length ,  Breadth ,  Thicknefs  $  therefore  a  Point  may  be  faid 

to  have  no  Parts* 

2.  A  Line  is  called  a  Quantity  of  one  Dimenfion ,  becaufe  it 

may  have  any  fuppofed  Length ,  but  no  Breadth  nor  Thicknefs , 
being  made  or  reprefented  to  the  by  the  Motion  of  a 

Point. 

That  is,  if  the  Point  at  A,  be  moved  ( upon  the  fame  Plane )  to  the 
Point  at  B,  it  will  deferibe  a  Line  either  freight  or  crooked 
according  to  its  Motion . 

Therefore  the  Ends  or  Limits  of  a  Line  are  Points . 

3.  A  Right  Line,  is,  that  Line  which  Jieth  even  or  freight 
betwixt  thofe  Points  that  limit  its  Lengthy  being  the  Jhortef  Line 

that  can  be  drawn  between  any  Lwq  ?  * _ 

Points .  As  the  Line  A B.  J 

Therefore,  between  any  two  Points ,  there  can  lie  or  he  drawn  hut 
one  right  Line , 

O  o  2  4.  A 


A 
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4.  A  Circular,  crooked ,  or  Oblique  Line,  is  that  which 
lies  bending  between  thofe  Points 
which  limit  its  Length ,  as  the  Lines 
CD  or  FG,  &c, 

Of'  thefe  Kinds  of  Lines  there  are 
various  Sorts ;  but  thofe  of  the  Circle , 

Parabola ,  Ellipfls ,  HyperbJa 
are  of  mojl  general  Ufe  in  Geometry  \  of  %phkh  a  particular  Account 
Jball  be  given  further  on. 


5.  Parallel  Lines,  or  thofe 
that  lie  equally  diflant  from  one  ano¬ 
ther  in  all  their  Parts ,  viz.  fuch  Lines 
as  being  infinitely  extended  ( upon  the 
fame  Plane)  will  never  meet:  As  the 
Lines  A B  and  a  b  :  or  CD  and  c  d. 


A 
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6.  Lines  not  Parallel,  but  inclining  (viz.  leaning)  one 
towards  another,  whether  they  are 

K.ght  Lines ,  or  Circular  Lines ,  will 
(if  they  are  extended)  meet,  and  make 
an  Angle  ;  the  Point  where  they  meet 
is  calkd  the  Angular  Point ,  as  at  A. 

And  according  as  fuch  Lines  (land 
nearer  or  further  off  each  other,  the 
Angle  is  laid  to  be  left  or  greater , 

•whether  the  Lines  that  include  the 
Angle  be  long  or  Jhort.  That  is,  the 
Lines  A d,  and  A f  include  the  fame  Angle  as  A  B,  and  AC  doth  $ 
notwithstanding  that  AB  is  longer  than  A  B,  &c. 

7.  All  Ancles  included  between  Right  Lines  are  called  Right- 
lin'd  Angles  \  and  thofe  included  between  Circular  Lines  are  called 
Spherical  Angles.  But  all  Angles •,  whether  Right-lind  or  Spherical , 
fail  under  one  of  thefe  Three  Denominations . 


r  a  Rig!#  3ng!c. 
viz.  j  An  ©bttife  angle* 

<-  An  acute  angle. 

8.  A  3^  1  g  n  T  A  ncle  is  that  which  is  included  betwixt  Two 

1  Lines ,  that  m.et  one  ai  other  Pap,  n  licularly. 

That 


6 


THE  USE  OF  FLOWERS. 


God  might  have  bade  the  earth  bring  forth 
Enough  for  great  and  small, 

The  oak-tree  and  the  cedar-tree, 

Without  a  flower  at  all. 

He  might  have  made  enough,  enough 
For  every  want  of  ours  ; 

For  luxury,  medicine,  and  toil, 

And  yet  have  made  no  flowers. 

The  ore  within  the  mountain-mine 
Requireth  none  to  grovr, 

Nor  doth  it  need  the  lotus  flower. 

To  make  the  river  flow. 

The  clouds  might  give  abundant  rain, 

The  nightly  dews  might  fall, 

And  the  herb  that  keepeth  life  in  man 
Might  yet  have  drunk  them  all. 

Then,  wherefore,  wherefore  were  they  made, 

All  dyed  with  rainbow  light ; 

All  fashioned  with  supremest  grace, 

Upspringing  day  and  night  ? 

Springing  in  valleys  green  and  low, 

And  on  the  mountains  high. 

And  in  the  silent  wilderness. 

Where  no  man  passes  by  ? 

Our  outward  life  requires  them  not — 

Then,  wherefore,  had  they  birth  ? 

To  minister  delight  to  man, 

To  beautify  the  earth  ! 

To  comfort  man— to  whisper  hope, 

Whene’er  his  faith  is  dim  ; 

For  whoso  careth  for  its  flowers, 

Will  much  more  care  for  him ! 

Mary  Howitt. 


WILLUM. 

Tummus,  I  never  passes  by  their  sty, 

But  wishes  one'o’  them  there  pigs  was  I. 

TUMMUS. 

He  med  feed  us  with  what  ’a  flings  away 

In  stuffn  up  and  over  fatt’n  they. 

WILLUM. 

But,  Tummus,  look  where  yander  measter  ride 

He’ll  gie  it  to’s  if  here  we  longer  ’bides. 

Work  for  Warner. — As  the  great  stumblin 
stock  to  the  trial  of  Captain  Warner’s  Long  Ran 
is  the  expense  connected  with  the  destruction  oJ 
man-of-war,  we  beg  leave  to  propose  certain  ?u 
jects,  the  demolition  of  which  would  be  hailed 
an  immense  boon  to  the  community.  There 
that  fine  old  specimen  of  craziness,  Westminsfi 
bridge;  wa  are  sure  old  Father  Thames  would 
unspeakably  grateful  for  having  sueh  a  load  tak 
off  his  bosom,  and  no  one  would  be  dissatisfi 
excepting  a  few  watermen  who  officiate,  as  coc 
ney  Charons,  in  ferrying  over  the  timid  souls  w 
prefer,  in  crossing  the  river,  the  safety  of  a  wage 
boat  to  the  danger  of  a  bridge.  There  is  al 
Battersea-bridge  and  its  worthy  brother  Putn« 
both  of  whom,  if  tried  by  their  piers,  would  ha 
j  been  condemned  long  ago.  It  is  time  that  th< 
knells  were  tolled.  Let  Captain  Warner  have 
“  shv”  at  these  nuisances,  and  if  he  succeed 
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That  is,  when  a  Right  Line ,  as 
DC,  meets  with  another  Right 
Line ,  as  A B,  fo  dire&ly  as  that 
it  neither  inclines  nor  declines  to 
one  Side  more  than  the  other,  but 
makes  the  Angles  on  both  Sides  of 
it  equal,  as  at*,  * ;  then  are  thofe 
Angles  called  Right  Angles  ;  and 
the  Lines  fo  meeting  are  faid  to  be 
Perpendicular  to  each  other. 

That  is,  A  6,  and  C  B,  are  Perpendicular  to  D  C ,  as  well  as 
DC  is  to  either  or  both  of  them. 

9.  An  Obtuse  Angle  is  that  which  is  greater  than  a  Right 

Angle.  Such  is  the  Angle  inclu¬ 
ded  between  the  Lines  AC  and  p 

CB.  \  A' 

10.  An  Acute  Angle  is  that  4 _ i> 

which  is  lefs  than  a  Right  Angle:'  C 

As  the  Angle  included  between  the  Lines  C  B  and  C  D, 

Thefe  Two  Angles  are  generally  called  Oblique  Angles . 


D 


A 


AL  ** 

C 
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Befit.  2.  Of  a  CitrtC,  &c. 

Before  a  Circle  and  its  Parts  are  defined ,  it  will  he  convenient  itt 
give  a  brief  Account  of  Superficies  in  general . 

1.  A  Superficies  or  Surface  is  the  Upper,  or  very  Out  fide 
cf  any  vifible  Thing.  But  by  Superficies  in  Geometry,  is  meant 
only  fo  much  of  the  Out-fide  of  any  Thing  as  is  inclofed  within 
a  Line . or  Lines ,  according  to  the.Form  or  Figure  of  the  T  hing 
dejigned ;  an  !  it  is  produced  or  formed  by  the  Motion  of  a  Line7 
as  a  Line  is  deferibed  by  the  Motion  of  a  Point  ;  thus  :  . 

Suppofethe  Line  A  B  were  equally 
moved  ( upon  the  fame  Plane )  to  C 
D  ;  then  will  the  Points  at  //and 
B  drferihe  the  Two  Lines  A  C  and 
BD\  and  by  fo  doing  they  will 
form  (and  inclofe)  the  Superfi¬ 
cies  or  Figure  A  B  CD ,  being  a  Quantity  of  Two  Dimenfions ,  viz. 
it  hath  Length  and  Breadth ,  but  not  Thicknefs ,  Consequently  the 
Bounds  or  Limits  of  a  Superficies  sirs  Lines , 

2 


Note, 
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Note,  The  Superficies  of  any  Figure ,  is  ufually  called  its  Ar£A. 

2.  A  Circle  is  a  plane  Regular  Figure ,  whofe  Area  is  hounded 
or  limited  by  one  continued  Line ,  called  the  Circumference 
or  Periphery  of  the  Circle ,  which  may  be  thus  deferibed  or 
drawn . 

Suppofe  a  Right  Line ,  as  C  5,  to  have  one  of  its  Extreani 
Points ,  as  C,  fo  fix’d  upon  any  Plane,  as 
that  the  other  Point  at  B  may  move  about 
it;  then  if  the  Point  at  B  be  moved  round  a- 
bout  (upon  thee  fame  Plane)  it  will  deferibe  a 
Line  equally  dijlant  in  all  its  Parts  from  the 
Point  C,  which  will  be  the  Circumference  or 
Periphery  of  that  Circle  ;  the  Point  C,  will 
be  its  Center,  and  the  contained  Space 
will  be  its  Area ,  and  the  Right  Line  C  B,  by  which  the  Circle  is 
thus  deferibed ,  is  called  Radius. 

Con  left  ary. 

From  hence  ’ tis  evident ,  that  an  infinite  Number  of  Right  Lines 
may  be  drawn  from  the  Center  of  any  Circle  to  meet  its  Periphery , 
■which  will  be  all  equal  to  one  another,  becauje  they  are  all  Radius's. 

And  with  a  little  Confideration  it  will  be  eajy  to  conceive,  that  no 
more  than  two  equal  Right  Lines  can  be  drawn  from  any  Point  within 
a  Circle  to  its  Periphery ,  but  from  the  Center  only.  (9.  e.  3.  J 

3.  Equal  Circles  are  thofe  which  have  equal  Radius's ;  for 
it  is  plain  by  the  lalf  Definition,  that  one  and  the  fame  Radius  (as 
C  B)  mull  needs  deferibe  equal  Circles ,  how  many  foever  they 
are. 

4.  The  Diameter  of  a  Circle,  is  twice 
its  Radius  joined  into  one  Right  Line  ; 
as  A  B  drawn  through  the  Center  C, 
and  ending  at  the  Periphery  on  each  Side. 

That  is,  the  Diameter  divides  the 
Circle  into  Two  equal  Parts. 


D 


5.  A  Semicircle  (viz.  Half  a  Circle)  is  a  Figure  included  between 
the  Diameter ,  and  Half  the  Periphery  cut  off  by  the  Diameter  ;  as 
ABB, 

6.  A 
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6.  A  Quadrant  is  Half  a  Semicircle ,  viz.  one  Quarter  of  a 
Circle  ;  and  ’tis  made  by  the  Radius 


(as  /)  C J  Jlanding  Perpendicular  iipoq 
the  Diameter  at  the  Center  C,  cutting  the 
Periphery  of  the  Semicircle  in  the  Mid¬ 
dle,  as  at  Z),  Therefore  a  Quadrant, 
or  half  the  Semicircle ,  /j  the  Meafure 
of  a  Right  Angle . 


7.  A  Chord  Line,  or  the  Subtenfe 
of  an  Arch ,  is  any  Right  Line  that  cuts 
the  Circle  into  Two  unequal  Parts ,  the  Line  SG  ;  and  is  al¬ 


ways  Ay}  than  the  Diameter. 

8.  A  Segment  of  a  Circle,  is  a  Figure  included  betwixt  the 
Chord  and  that  Arch  cf  the  Periphery  which  is  cut  off  by  the 
Chord :  And  it  may  either  be  greater  or  lejs  than  a  Semicircle  5  as 
the  Figure  S  D  G,  or  S  MG. 

9.  A  Sector  is  a  Figure  included  between  Two  Radius9 s  cf 
the  Circle,  and  that  Arch  of  its  Periphery 
which  they  cut  off,  as  the  Figure  ABC : 

And  the  Arch  A B  is  the  Meafure  of 
the  Angle  at  C,  included  betwixt  the 
Radius's  AC,  and  B  C. 

Note,  All  Angles  of  Seniors  are  called 
Angles  at  the  Center  oj  a  Circle . 


10.  An  Angle  in  the  Segment  of  a  Circle  is  that  which  is  in¬ 
cluded  between  Two  Chords  that  flow  from  one  and  the  fame  Point 
in  the  Periphery ,  as 'at  D,  and  meet  with  the  Ends  of  another 
Chord  Line ,  as  at  F  and  G. 

That  js,  the  Angles  at  D,  at  F ,  and  at  G,  are  called  An¬ 
gles  at  the  Periphery,  or  Angles  Jlanding  on  the  Segment  of  a 
Circle . 

Stft,  3.  Of  Triangles. 

There  are  two  Kinds  of  Triangles ,  viz.  Plane  and  Spherical ;  hut 
1  Jhall  not  give  any  Definition  of  the  Spherical,  becaufe  they  more  im¬ 
mediately  relate  to  Aftronomy . 

"  f 

1  A  Plane  Triangle  is  a  Figure  whofe  Area  is  contained 
within  the  Limits  of  Three  Right  Lines  called  Sides ,  including 
Three  Angles:  And  it  may  be  divided,  and  takes  its  Name  either 
according  to  its  Sides  or  Angles. 

1.  By 


| 


Part  III. 


z88  dements  of  (geometry. 


i.  By  its  Sides. 

2.  An  Equilateral  Triangle, 
is  that  which  hath  all  its  Three  Sides  equal  j 
as  the  Figure  ABC. 

That  is,  JB  =.BC=.JC. 


JJ 


3.  An  Isosceles  Triangle,  is  that  which 
hath  only  Two  of  its  Sides  equals  as  the  Figure 
B  D  G  :  That  is,  B  D  ■==  D  G  ;  but  the  Third 
Side  B  G  may  be  either  greater  or  lefs ,  as  Oc- 
cafion  requires. 


4.  A  Scalene  Triangle, 
is  that  which  hath  all  its  Three 
Sides  unequal ; 
fuch  as  the  Figure  H  K  M. 


K 


By  its  Angles. 

5.  A  Right-Angled  Triangle ,  is 
that  which  hath  one  Right  Angle  ; 
that  is,  when  Tivo  of  its  Sides  are 
Perpendicular  to  each  other,  as  CA 
is  fuppofed  to  be  to  BA.  Therefore 
the  Angle  at  A ,  is  a  Right  Angle ,  per 
Dejin*  8.  SeA.  1. 

Note,  The  lotigejl  Side  o  f  every  Right-angled  Triangle  (as  B  C) 
is  called  the  Hypothenufe ,  and  the  longejl  of  the  other  Tivo  Sides  which 
include  the  Right  Angle  (as  B  A)  is  called  the  Bafe  :  The  Third 
Side  (as  C  A)  is  called  the  Cathetus  or  Perpendicular. 


6.  An  Obtuse-Angled  Triangle ,  is  that  which  hath  one  of 
its  Angles  Obtufe ,  and  it  is  called  an  Amblygonium  Triangle.  Such 
is  the  Third  Triangle  H  K  M. 

7.  An  Acute-Angled  Triangle,  is  that  which  hath  all 
its  Angles  Acute ,  and  it  is  called  an  Qxygonium  Triangle  ;  fuch  are 
the  Firjl  and  Second  Triangles  ABC ,  and  B  DG. 

Note,  All  Triangles  that  have  not  a  Right  Angle ,  whether  they 
are  Acute ,  or  Obtufe ,  are,  in  general  Terms,  called  Oblique  Trian - 
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ties,  without  any  other  Dijlinfiion ,  as  before.  And  the  longeft  Side  of 
every  oblique  Triangle  is  ufually  called  the  Bafe  5  the  other  two  are 
§nly  called  Sides  or  Legs. 

8.  The  Altitude  or  Height  of 
any  Plain  Triangle ,  is  the  Length  of  a 
Right  Line  let  fall  perpendicular  from  any 
of  its  Angles ,  upon  the  Side  oppofite  to 
that  Angle  from  whence  it  falls  ;  and  may 
be  either  within,  or  without  the  Triangle  > 
as  Occafon  requires ,  being  denoted  by  the 
Two  prick'd  Lines ,  in  the  annexed  Tri¬ 
angles, 

Sen.  4.  Of  jfcar^Sctti 

1.  A  Square  is  a  plain  regular  Figure , 

whofe  Area  is  limited  by  Four  equal  Sides ^  _r"f  * 

all  perpendicular  one  to  another. 

That  is,  when  AB~BCzzCDzz  DA i 
and  the  Angles  A \  B ,  C,  D  are  all  equal, 
then  it’s  ufually  called  a  Geometrical 
Square . 

2.  Rhombus,  or  Diamond -like 
Figure ,  is  that  which  hath  Four  equal 
Sides ,  but  no  Right-angle.  That  is, 
a  Rhombus  is  a  Square  mov’d  out  of  its 
right  Pofition ,  as  the  annexed  Figure. 


J> 
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3.  A  Rectangle,  or  a  Right-angled  Parallelogram  (often 

called  an  Oblongs  or  long  Square)  is  a  v,  C 

Figure  that  hath  four  Right- angles 
and  its  two  oppofite  Sides  equal,  viz. 

BC  zz  HD  =  and  B  HzuCD. 

4.  A  Rhomboides,  is  an  Oblique-angled  Parallelogram  ;  that 
is,  it  is  a  Parallelogram  moved  out  of 
its  right  Pofition ,  like  the  annexed 
Figure. 

5.  The  Altitude  or  Height  of  any  Oblique  angled  Parallelo¬ 
gram ,  viz  either  of  the  Rhombus  or  Rhom¬ 
boides  ^  is  a  Right  line  let  fail  perpendicular 
from  any  Angle  upon  the  Side  oppofite  to 
that  Angle ;  and  may  either  be  within  or 
without  the  Figure  :  As  the  prick’d  Lines 
in  the  annexed  Figure . 

p  p 
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6.  Every  Four-Jided Figure,  diffe¬ 
rent  from  thofe  before- mentioned, 
is  called  a  Trapezium. 

That  is,  when  it  has  neither  op - 

pojlte  Sides ,  nor  oppofite  Angles  equal y 
as  the  Figure  AB  CD. 

7.  A  Right-line ,  drawn  from  any  Angle  in  a  Four-fided  Figure 
to  its  oppofite  Angle ,  is  called  a  Diagonal  Line,  and  will  divide 
the  Area  of  the  Figure  into  tivo  Fri  angles ,  being  denoted  by  the 
prick’d  Line  A C  in  the  lad  Figure. 

8.  All  Right-lin’d  Figures ,  that  have  more  than  four  Sides ,  are 
call’d  Polygons ,  whether  they  be  regular  or  irregular. 

9.  A  Regular  Polygon  is  that  which  hath  all  its  Sides 
equal ,  (landing  at  equal  Angles ,  and  is  named  according  to  the  Num¬ 
ber  of  its  Sides  (or  Angles).  That  is,  if  it  have  five  equal  Sides ,  it 
is  called  a  Pentagon  ;  if  fix  equal  Sides,  it  is  call’d  a  Hexagon  ; 
if feven ,  ’tis  a  Heptagon  $  if  eight ,  ’tis  an  Octagon,  &c. 


Note,  All  Regular  Polygons  may  be  infcrib’d  in  a  Circle  ;  that  is , 
their  Angular  Points,  how  many  foever  they  have,  will  all  jufi  touch 
the  Circle’s  Periphery. 


10.  An  Irregular  Polygon  is  that  Figure  which  hath  many 
unequal  Sides  (landing  at  unequal  Angles 
(like  unto  the  annexed  Figure,  or  other- 
wife)  ;  and  of  fuch  Kind  of  Polygons  there 
are  infinite  Varieties,  but  they  may  all  be 
reduced  to  regular  Figures  by  drawing  Di¬ 
agonal  Lines  in  them  ;  as  (hall  be  (hew’d 
farther  on. 

Thefe  are  the  mod  general  and  ufeful  Definitions  that  concern 
plain  or  fuperficial  Geometry. 

As  for  thofe  which  relate  to  Solids,  I  thought  it  convenient  to 
omit  giving  any  Account  of  them  in  this  Place,  becaufe  they  would 
rather  puzzle  and  arnufe  the  Learner,  than  improve  him,  until  he 
has  gain’d  a  competent  Knowledge  in  the  mod  ufeful  Theorems  con¬ 
cerning  Superficies  ;  for  then  thofe  Definitions  may  he  more  eafily 
underdood,  and  will  help  him  to  form  a  clearer  Idea  of  their  re- 
jpettive  Solids ,  than  ’tis  pofji'ole  to  conceive  of  them  before  ;  and 
therefore  I  have  referv’d  thofe  Definitions  until  we  come  to  the 
Fifth  Part. 


Sett. 
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Se5l.  5.  Of  fuch  f&zttn#  as  are  generally  ufed  in  Geometry . 

Wbatfoever  is  propofed  in  Geometry  will  either  be  a  Problem 
or  a  Theorem. 

Both  whic*h  Euclid  includes  in  the  general  Term  of  Propoftion . 

A  Problem  is  that  wnich  propofes  fomething  to  be  done ,  and 
relates  more  immediately  to  practical  than  fpeculative  Geometry  ; 
That  is,  it’s  generally  of  fuch  a  Nature ,  as  to  be  performed  by 
fome  known  or  Commonly-received  Rules,  without  any  Regard  had 
to  their  Inventions  or  Demor ft  rations. 

ATheorem  is  when  any  Commonly-receiv' d  Rule,  or  any  New 
Propoftion  is  required  to  be  demon/lrated ,  that  fo  it  may  from 
thence  forward  become  a  certain  Rule,  to  be  rely'd  upon  in  Practice 
when  Occafion  requires  it.  And  therefore  feveral  Rules  are  often 
call’d  Theorems ,  by  which  Operations  in  Ariihmetick ,  and  Conclufons 
in  Geometry ,  are  perform'd . 

Note,  By  Demonstration  is  under  flood  the  highefl  Degree 
of  Proof  that  human  Reafon  is  capable  of  attaining  to%  by  a  Train  of 
Arguments  deduced  or  drawn  from  fuch  plain  Axioms ,  and  other 
Self-evident  Truths ,  as  cannot  be  denied  by  any  one  that  conf/ers 
them. 

A  Corollary,  Consectary,  is  fom e  Confequent  Truth 
drawn  or  gain’d  from  any  D emorfl ration . 

A  Lemma  is  the  Demonflration  of  fome  Premifes  laid  down  or 
propofed  as  preparative  to  obviate  and  fnorten  the  Proof  of  the 
Theorem  under  Coniideration. 

A  “Scholium  is  a  brief  Commentary  or  Obfervation  made  upon 
fome  precedent  Difcourfe, 

N.  B.  1  a dvife  the  young  Geometer  to  be  very  perfedl  in  the  Defini¬ 
tions,  viz.  Not  to  ref  fatisfied  with  a  bare  Remembrance  of  them  ; 
but ,  that  he  endeavour  to  gain  a  clear  Idea  or  Underflanding  of  the 
Things  defined ;  and  for  that  Reafon  /  have  been  fader  in  every  Defi¬ 
nition  than  is  ufual. 

Andy  that  he  may  know  from  whence  mofi  of  the  following  Problems 
and  Theorems  contain'd  in  the  Two  next  Chapters  are  collected ,  I  have 
all  along  cited  the  Proportion  and  Book  of  Euclid’*  Elements  where 
they  may  be  found. 

As  for  Infance  ;  at  Problem  1.  there  is  (3  e.  I.)  which  /hews  that 
it  is  the  Third  Propofuion  in  Euclid’*  FirftBook,  The  like  muf 
be  under  food  in  the  I  heorems. 

P  p  2  C  PI  A  P. 
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CHAP.  II. 

The  Firft  l&afcimtttt#,  or  Leading  and  Preparatory 
^cblemg.,  in  Plain  (Bcomcttp*  * 

A 

T Lf  order  to  perform  the  following  Problems,  the  young  Geometer 

ought  to  be  provided  with  a  thin  freight  Ruler,  made  either  of 
Brafs  or  Box- wood,  and  two  Pair  of  very  good  CompafTes,  vi%» 
one  Pair  call'd  Three-pointed  Compares,  being  very  ufeful  for 
drawing  of  Figures  or  Schemes,  either  with  Black  Lead  or  Ink  ; 
and  one  Pair  of  plain  CompalTes  with  very  fine  Point r,  to  meajure 
and  fet  off  Difiances ;  alfo  he  fiould  have  a  very  good  Steel  Draw¬ 
ing-Pen  :  And  then  he  may  proceed  to  the  Work  with  this  Caution  ; 
that  he  ought  to  make  himfelf  Mafier  of  one  Problem  before  he  under - 
takes  the  next :  That  is>  he  ought  to  underfiand  the  Defign,  and ,  as  far 
as  he  can ,  the  Reafon  o  f  every  Problem,  as  well  as  how  to  do  it ; 
and  then  a  little  Practice  will  render  them  very  eafy^  they  being  all 
grounded  upon  thefe  following  Populates. 

poSttktes*  or  ^ctltton^ 

1.  That  a  Right-line  may  be  drawn  from  any  one  given  Point 
to  another. 

2.  That  a  Right-line  may  be  produced ,  increafed ,  or  made  longer 
from  either  of  its  Ends. 

3.  That  upon  any  given  Point  (or  Center )  and  with  any  given 
Di/lauce  (viz.  with  any  Radius)  a  Circle  may  be  defcribed. 


PROBLEM  I. 


Two  Right -lines  being  given ,  to  find  their  Sum  and  Diffe¬ 
rence  (3,  e.  1.) 


Let  the  given  Lines  be 
Make  the  Jhortefi  Line ,  as  C  B , 
Radius ,  and  with  it  defcribe  a 
Circle;  From  its  Center  C  fet  off 
the  other  Line  A  6\  and  join 
AC  B  with  a  Right  line .  Then 
will  AB  zz  AC  C  B ;  and 
AD  —  AC  —  CB;  as  was  re¬ 
quired. 


PRO 
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PROBLEM  II. 

To  life 51,  or  divide  a  Right-line  given  (as  AB )  into  two  equal 

Parts  (10.  e .  i.) 

V-  ' 

*  I ' 

From  both  Ends  of  the  given  Line  (viz.  A  and  B  with  any 


Radius  greater  than  half  its  Lengthy 
defcribe  Two  Arches  that  may  crofs 
each  other  in  two  Points ,  as  at  D  and 
F ;  then  join  thofe  Points  D  F  with 
a  Right-line ,  and  it  will  bife5l  the 
Line  AB  in  the  Middle  at  C ;  viz . 
it  will  make  A  C  ~C  B  as  was  re¬ 
quired. 


PROBLEM  til. 


:.Dy 


d" 


F 


To  bife5l  a  Right-lid d  Angle  given ,  into  two  equal  Angles , 

(9.  e.  1.) 

Upon  the  Angular  Point,  as  at  C,  with  any  convenient  Radius , 
defcribe  an  Arch  as  A  B  ;  and  from 
thofe  Points  A  and  B,  defcribe  tivo 
equal  Arches  croffing  each  other,  as 
at  D ;  then  join  the  Points  C  and 
D  with  a  Right- line,  and  it  will  hi - 
fe5t  the  Arch  AB,  and  confequently 
the  Angle  j  as  was  required. 

PROBLEM  IV. 


At  a  Point  A ,  in  a  Right-line  given  A  B ,  to  make  a  Right-lid d 
Angle  equal  to  a  Right- lidd  Angle  given  C.  (23.  e.  1.) 


Upon  the  given  Angular  Point  C  de¬ 
fcribe  an  Arch ,  as  Fu,  ( making  C  D  any 
Radius  at  Pleafure )  and  with  the  fame 
Radius  defcribe  the  like  Arch  upon  the 
given  Point  A ,  as  f  d  \  that  is,  make 
the  Arch  f  d  equal  to  the  Arch  F  D  ; 
Then  join  the  Points  A  and  f  with  a 
Right- line,  and  it  will  form  the  Angle 
requir’d, 


PRO- 
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PROBLEM  V. 

To  draw  a  Right -line,  as  FD ,  parallel  to  a  given  Right-line  A  B, 
that  Jhali  paj's  thro ’  any  tjjigned  Point ,  tfr  viz.  any  Dif- 
tance  required.  (31.  e.  1.) 


D 


Take  any  convenient  Point  in  the  given  Line ,  as  at  C ,  (the 

farther  off  a*  the  better  ^  make  ,/l/7‘ . x 

C  x  Radius ,  and  with  it  upon  7  "7 

the  Point  C,  deferibe  a  Semi-  /  , 

circle,  as  H  Mx  N\  then  make  ,<4 - ~ - g 

the  Arch  H  Ad  equal  to  the  Arch 


N 


f/ 


B 


rr* 

V.4 


x  N ;  thro’  the  Points  M  and  x  draw  the  Right ■  line  F D,  and  it 
will  be  parallel  to  the  Line  AC ,  as  was  requir’d. 

PROBLEM  VI. 

To  let  fall  a  Perpendicular,  as  C  x ,  upon  a  given  Right- line  ABy 
from  any  affigri'd  Point  that  is  not  in  it ,  as  from  C .  (12.  e .  1.) 

Upon  the  given  Point  C  deferibe  fuch  an  Arch  of  a  Circled 
will  crofs  the  given  Line  A  B  in  two  q 

Points ,  as  at  d  and  f\  Then  hifedi  ? 

the  Di/lance  between  thofe  two  Points 
df  (per  Probl.  2.)  as  at  x.  Draio 
the  Right-line  C  x,  and  it  will  be  the  n  \A 
Perpendicular  requir’d.  **  '  . . - 

PROBLEM  VII. 

* 

To  eredl  or  raife  a  Perpendicular  upon  the  End  of  any  given 
Right- line ,  as  at  B  ;  or  upon  any  other  Point  ajfignd  in  it . 

(11.  e.  1.) 

Upon  any  Point  (taken  at  an  Adventure)  out  of  the  given 
Line  as  at  C,  deferibe  fuch  a  Circle 
as  will  pafs  through  the  Point  from  7 

whence  the  Perpendicular  muft  be  -? 

raifed ,  as  at  B ,  (viz.  make  C B  Ra -  ^  •  Qf 

dius)  :  And  from  the  Point  where  the  \ 

Circle  cuts  the  given  Lme,  at.  A^  »- _ V*  \. 

^Jr<7tu  the  Circle's  Diameter  A  C  D  \  ^ 

then  from  the  D  draw  the  s 

Right  dine  D  B3  and  it  will  be  the  Perpendicular  as  was  requir’d. 

PRO- 
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PROBLEM  VIII. 

,  .  *.»«■-  ^  « 

To  divide  any  given  Right- line ,  as  A  By  into  any  propofed  Number  of 

equal  Parts*  (iO.  e .  6.) 

At  the  extream  Points  (or  EndsJ  of  the  given  Line,  as  at  A  and 
By  make  two  equal  Angles  (by 
Prob .  4.)  continuing  their  Sides 
AD  and  B  C  to  any  fufficient 
Length  ;  then  upon  thofe  Sides, 
beginning  at  the  Points  A  and 
B,  fet  off  the  prcpofed  Number 
of  equal  Parts  (fuppofe  'em  5.J  If 
Right- lines  be  drawn  (crofs  the 
given  Line)  from  one  Point  to 
the  other,  as  in  the  annexed 
Figure,  thofe  Lines  will  divide  the  given  Line  A B  into  the  Num¬ 
ber  of  equal  Parts  required. 


PROBLEM  IX. 

To  defcribe  a  Circle  that  Jhall  pafs  (or  cut)  thro 9  any  Three  Points 
giveny  not  lying  in  a  Right-line ,  as  at  the  Points 

ABD. 

Join  the  Points  A  B  and  B  D  with  Right-lines ;  then  bifeet 


•»**, 


both  thofe  Lines  (per  Problem  2.)  the 
Point  where  the  bifecting  Lines  meet, 
as  at  Cy  will  be  the  Center  of  the  Circle 
required. 

The  Work  of  this  Problem  being  well 
underftood,  ’twill  be  eafy  to  perform  the 
two  following,  without  any  Scheme ,  viz. 

I.  To  find  the  Center  of  any  Circle  given,  (j.  e.  3.)  , 

By  the  laft  Problem  ’tis  plain,  that  if  three  Points  be  any  where 
taken  in  the  given  Circle’s  Periphery ,  as  at  Ay  By  Dy  the  Center  of 
that  Circle  may  be  found  as  before. 

2*  If  a  Segment  of  any  Circle  be  given ,  to  compkat  or  defcribe 

the  whole  Circle. 

This  may  be  done  by  taking  any  three  Points  in  the  given  Seg¬ 
ment's  Arch,  and  then  proceed  as  before. 

'  PRO- 
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PROBLEM  X. 

Upon  a  Right-line  given,  as  A  B,  to  defer ibe  an  Equilateral  Triangle. 

(1.  e.  1.) 

Make  the  given  Line  Radius ,  and 
with  it,  upon  each  of  its  ex tr earn  Paints 
or  Ends ,  as  at  A  and  B,  deferibe  an 
Arch ,  viz.  AC  and  B  C  ;  then  join  the 
Points  AC  and  BC  with  Right  lines, 
and  they  will  make  the  Triangle  re¬ 
quir’d. 

P  R  O  B  L  E  M  XI. 

Three  Right-lines  being  given ,  to  form  them  into  a  Triangle ,  (provi¬ 
ded  any  two  of  them ,  taken  together ,  be  longer  than  the  Third ) 

(22.  e.  1.  ) 

Let  the  given  Lines  be 


Make  either  of  the  Jhorter 
Lines  (as  AC)  Radius ,  and  up¬ 
on  either  End  of  the  longeft 
Line  (as  at  A)  deferibe  an  Arch ; 
then  make  the  other  Line  C  B  Radius ,  and  upon  the  other  End  of 
the  longeft  Side  (as  at  B)  deferibe  another  Arch,  to  crofs  the  Firft 
Arch  (as  at  C) :  Join  the  Paints  CA  and  CB  with  Right-lines , 
and  they  will  form  the  Triangle  required. 

PROBLEM  XII. 

Upon  a  given  Right-line ,  as  AB ,  to  form  a  Square.  (46.1?.  1.) 

Upon  one  End  cf  the  given  Line ,  as  at  B,  ere£f  the  Perpendi¬ 
cular  B  D ,  equal  in  Length  with  the 
given  Line,  viz.  make  B  D  —  A  B  ; 
that  being  done,  make  the  given  Line 
Radius ,  and  upon  the  Points  A  and  D 
deferibe  equal  Arches  to  crofs  each  other, 
as  at>  C ;  then  join  the  Points  C  A  and 
CD  with  Right-  lines,  and  they  will 
form  the  Square  required. 


PRO 


/ 
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PROBLEM  XIII. 

Two  unequal  Right  lines  being  given,  to  form  or  make  of  them,  a 

Right-angled  Parallelogram* 


{ 


A- 

B 


- B 


Let  the  given  Lines  be 

Upon  the  End  of  the  longejl 
Line ,  as  at  B ,  eredt  a  Perpendi¬ 
cular  of  the  lame  Length  with 
the  jhortejl  Line  B  C ;  then  from 
the  Point  C  draw  a  Line  paral¬ 
lel,  and  *of  the  fame  Length,  to  AB\  viz.  make  D  C  ~  A R,* 
Join  DA  with  a  Right-line ,  and  it  will  form  the  Oblong  or  Pa* 
rallehgram  required. 


As  for  Rhombus's  and  Rhomboides’s ,  to  wit,  Oblique-angled  Paral¬ 
lelograms,  they  are  made,  or  defcribed,  after  the  fame  Manner 
with  the  two  lad  Figures ;  only  indead  of  eredling  the  Perpendi¬ 
culars,  you  mud  fet  off  their  given  Angles,  and  then  proceed  to 
draw  their  Sides  parallel,  &c.  as  before. 

PROBLEM  XIV. 


In  any  given  Circle ,  to  inf  crib  e  or  make  a  Triangle ,  whofe  Angles  j. hall 
be  equal  to  the  Angles  of  a  given  Triangle  \  as  the  Triangle  FD  G» 

(2.  e.  4.) 


Note,  Any  Right-lined  Figure  ts  faid  to  be  infcrib'd  in  a  Circle , 
when  all  the  Angular  Points  of  that  Figure  do  juft  touch  the  Circle's 
Periphery. 

Draw  any  Right-line  (as  H K)  fo  as  jud  to  touch  the  Circle., 


as  at  A',  then  make  the  Angle 
K  A  C  equal  to  any  one  Angle 
of  the  given  Triangle,  as  DFG\ 
and  the  Angle  H  A B  equal  to 
another  Angle  of  the  Triangle, 
as  DGFy  then  will  the  Angle 
B  A±C  be  equal  to  the  Angle 
FLjG.  •  Join  the  Points  B  and 
C  with  a  Right-line,  and  ’twill 
compleat  the  Triangle  required. 

Q.q 
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PROBLEM  XV. 

In  any  given  ‘Triangle ,  as  A  B  D,  to  defcribe  a  Circle  that  Jhall 

touch  all  its  Sides.  (4.  e.  4.) 

Bifeft  any  two  Angles  of  the  Tri- 
angJe,  as  A  and  B>,  and  where  the 
bifedting  Lines  meet  ^as  at  C)  will 
be  the  Center  of  the  Circle  requi¬ 
red  ;  and  its  Radius  will  be  the 
Perpendicular  let  fall  from  C,  upon 
either  Side  of  the  TTriangle, 


B 


D 


PROBLEM  XVI. 

0  defcribe  a  Circle  about  any  given  Triangle.  (5.  e.  4.) 

This \  Problem  is  perform’d  in  all  refpe&s  like  the  Ninth,  viz. 

y  bilecting  any  Two  Sides  of  the  given  Tiiangle  ;  the  Point, 

w  ere  thole  biiedling  Lines  meet,  will  be  the  Center  of  the  Circle 
required. 

PROBLEM  XVII. 

do  defcribe  a  Square  about  any  given  Circle.  (7.  e.  4.) 

t 

Draw  two  Diameters  in  the  oiven 
Orcle  (as  DA  and  E B)  eroding  at- 
Light-angles  in  the  Center  C ;  and, 
with  the  Circle  s  Radius  C  A ,  defcribe 
troin  the  extream  Points  of  thofe  Dia¬ 
meters,  viz.  A ,  B,  Z),  E,  crofs  Arches, 
as  at  E,  Gy  Hy  K-y  then  join  thofe 
Points  where  the  Arches  crofs  with 
Right  Lines,  and  they  will  form  the 
Square  required. 


PROBLEM  XVIII. 

Jn  any  given  Circle ,  is  defcribe  a  Square.  (6.  e.  4.) 

Having  drawn  the  Diameters,  asD^and  E  B,  bifedling  each 
other  at  Right-angles  in  the  Center  C,  (as  in  the  laft  Scheme)  ; 
then  join  the  Points  A,  B ,  D,  and  E ,  with  Right-lines ,  viz. 

B,  B  D,  D  E,  E  A,  and  they  will  be  Sides  of  the  Square ,  as 
required. 
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PROBLEM  XIX. 

Upon  any  given  Right-line,  as  A  B,  to  defcribe  a  regular  Pentagon, 

or  Five-fided  Polygon. 


Make  the  given  Line  Radius ,  and  upon  each  End  of  it  de- 


,K 


fcribe  a  Circle  ;  and  through  thofe 
Points  where  the  Circles  crols  each 
other  (as  at  G  x)  draw  the  Right- 
line  G  e  x :  Upon  the  Point  G  with 
the  fame  Radius  defcribe  the  Arch 
H  A  e  B  D,  and  laying  a  Ruler  up¬ 
on  the  Points  D,  e ,  mark  where 
it  croffes  the  other  Circle,  as  at  F. 

Again,  lay  the  Ruler  upon  the  Points 
H ,  e ,  and  mark  where  it  croffes  the 
other  Circle,  as  at  C :  Then  from 
the  Points  F  and  C  (with  the  fame  Radius  as  before)  defcribe 
crofs  Arches,  asatX:  Join  the  Points  A  F,  F K,  KC,  and  CB, 
with  Right-lines,  and  they  will  form  the  Pentagon  required,  viz . 
AF  —  F  K  —  K  C  —  C  B  ~  AB\  and  .the  Angles  at  A7  B ,  C , 
K ,  F  will  be  equal. 

PROBLEM  XX. 

In  any  given  Circle ,  to  defcribe  a  regular  Pentagon# 

(11.  e.  4.  &  IO.  e.  3.) 

Or,  in  general  Terms ,  to  defcribe  any  regular  Polygon  in  a 

Circle. 


Draw  the  Circle’s  Diameter  D  A ,  and 
equal  Parts  as  the  propofed  Polygon  hath 
Sides ;  then  make  the  whole  Diameter 
a  Radius ,  and  defcribe  the  two  Arches 
C A  and  CD.  If  a  Right-line  be  drawn 
from  the  Point  C,  through  the  Second 
of  thofe  equal  Parts  in  the  Diameter,  as 
at  2,  it  will  aflign  a  Point  in  the  oppo- 
fite  Semicircle’s  Periphery ,  as  at  B.  Join 
D  B  with  a  Right-line,  and  it  will  be 
the  Side  of  the  Pentagon  required. 

Q.q  * 


divide  it  into  as  many 

•*'*.C..**  ’ 


Thefe 


.lltMl  i, 


goo  Clement#  of  Ceontetrp*  fart  hi. 

Thefe  Twenty  Probleins  are  fufficient  to  exercife  the  young 
Pra&itiorier  and  bring  his  Hand  to  the  right  Management  of  a 
Ruler  and  Compuffes,  wherein  I  would  advife  him  to  be  very  ready 
and  exa<£f. 

As  to  the  Reafon  why  fuch  Lines  muff  be  fo  drawn  as  dire&ed 
at  each  Problem,  that,  I  prefume,  will  fully  and  clearly  appear 
from  the  following  Theorems  ;  and  therefore  I  have  (for  Brevity  s 
Sake)  omi  ted  giving  any  Demonfiraticns  of  them  in  this  Chapter, 
defiring  the  Learner  to  be  fatished  with  the  bare  Knowledge  of  do¬ 
ing  them  only,  until  he  hath  fully  confidered  the  Contents  of  the 
nex’  Chapter  }  and  then  I  doubt  not  but  all  will  appear  very  plain 
and  eafy. 


C  H  A  P.  IIL 

A  Calk  Hi  on  cf  mofi  ufeful  '2T!j£0(2C!!!l5  in  plane  Geometry 

iDcntcniitateo* 

Note,  In  order  to  for  ten  feveral  of  the  following  D  em  onjlrat  lonsy 
it  will  be  necejfary  to  premife,  that 

2.  H  E  Periphery  (or  Circumference)  of  every  Circle  (whe- 
A  t her  great  or  fmall )  is  fuppos’d  to  be  divided  into  360  equal 
Parts,  called  Degrees ;  and  every  one  of  thofe  Degrees  are  divided 
into  60  equal  Parts ,  call’d  Minutes ,  &c. 

2.  All  Angles  aie  meafured  by  the  Arch  of  a  Circle  deferib’d 
upon  the  Angular  Point  (See  Defin.  9.  Page  287.)  and  are  efteem’d 
greater  or  lefs ,  according  to  the  Number  of  Degrees  contain’d  in 
that  Arch . 

3.  A  Quadrant,  or  Quarter-part  of  any  Circle,  is  always  90 
Degrees,  being  the  Meafure  of  a  Right -angle  (Defin.  6.  P.  287.) 
and  a  Semicircle  is  180  Degrees,  being  the  Meafure  of  two 
Right  angles. 

4.  Equal  Arches  of  a  Circle ,  or  of  equal  Circles,  meafure  equal 

Angles. 

To  thofe  five  general  Axioms  already  laid  down  in  Page  146, 
(which  I  here  fuppofe  the  Reader  to  be  very  well  acquainted  with )  it 
will  be  convenient  to  underfland  thefe  following,  which  begin 
their  Number  where  the  other  ended. 
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6.  i?wry.  whole  Thing  is  (BccateF  than  its  Part,. 
That  is,  the  whole  Line  A  B  is  } 
greater  than  its  Part  Ac,  h c.  S  A- 


-B 


The  fame  is  to  be  underftood  of  Superficies' s  and  Solids. 

7.  Every  Whole  is  (Equal  to  all  its  ^arf0  taken  together. 

That  is,  the  whole  Line  A  B  is  equal  }  c  d  e 

to  its  Parts  AC+  c  d  +  de  +  eB.  J  A—  |  —  | - |  —B 

8.  Thofe  Things  which,  being  laid  one  upon  another,  do  agree 
or  meet  in  all  their  Parts,  are  equal  one  to  the  other. 

But  the  Converfe  of  this  Axiom ,  to  wit,  that  equal  Things  be¬ 
ing  laid  one  upon  the  other  will  meet,  is  only  true  in  Lines  and 
Angles ,  but  not  in  Superficies's ,  unfefs  they  be  alike,  -viz.  of  the 
fame  Figure  or  Form  :  As  for  Inftance,  a  Circle  may  be  equal  in 
Area  to  a  Square ;  but  if  they  are  laid  one  upon  the  other,  ’tis  plain 
they  cannot  meet  in  all  their  Parts ,  becaufe  they  are  unlike  Figures. 
Alfo,  a  Parallelogram  and  a  Triangle  may  be  equal  in  their  Graf’s 
one  to  another,  and  both  of  them  may  be  equal  to  a  Square ;  but 
if  they  are  laid  one  upon  the  other,  they  will  not  meet  in  all  their 
Parts ,  &c. 

Note,  Befides  the  Characters  already  explain'd  in  Parti,  and  in 
other  Places  of  this  Draft ,  thefe  following  are  added. 

Viz.  JL  denotes  an  Angle  in  general,  and  LL.  fsgnifies  An¬ 
gles;  A  fignifies  a  Triangle  ;  □  fignifies  a  Square,  and  cn  de¬ 

notes  a  Parallelogram.  And  when  an  Angle  is  denoted  by  any 
three  Letters  (as,  ABC)  the  middle  Letter  (as  B )  always  denotes 
the  Angular  Point ;  and  the  other  two  Letters  (as  A  B ,  and  B  C) 
denote  the  Lines  or  Sides  of  the, Triangle  which  includes  that 
Angle. 

Thefe  Things  being  premified,  the  young  Geometer  may  proceed 
to  the  Demonjl rations  of  the  following  Theorems ;  wherein  he  may 
perceive  an  abfolute  Neceffity  of  being  well  verfed  in  feverai 
Things  that  have  been  already  deliver’d  :  And  alfo  it  will  be  very 
advantageous  to  tore  up  feverai  ufeful  Corollaries  and  Lemma's ,  as 
they  become  difeover'd  Truths :  For  it  often  happens,  that  a  Pro •* 
pofition  cannot  be  clearly  demonftrated  a  priori ,  or  of  itfelf,  with-* 
out  a  great  deal  of  Trouble  ;  therefore  it  will  be  ufeful  to  have 
Recourfe  to  thofe  Truths  that  may  be  affifling  in  the  Demonfir ation 
then  in  Hand, 
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THEOREM  I. 

If  a  Right-line Jland  upon  (or  meet  with)  another  Right-line,  and 
?nake  Angles  with  it,  they  will  either  be  two  Right-angles ,  or  two 
Angles  equal  to  two  Right-angles.  (13.  e.  1.) 

SDcmontfrattctn 

Suppofe  the  Lines  to  be  A  B  and  D  C,  meeting  in  the  Point 
at  C  :  Upon  C  defcribe  any  Circle  at 
pleafure ;  then  will  the  Arch  AD 
be  the  Meafure  of  the  L  h ,  and  the 
Arch  D  B  the  Meafure  of  L.  e  ;  J 
'  but  the  Arches  AD  D  B  -zz  1800,  •-*& 

viz.  they  compleat  the  Semicircle. 

Confequently  the  L  b  -f-  Z_  e  =  180°.  Which  was  to  be  proved. 

Corollaries. 

1.  Hence  it  follows,  that  if  the  L  b  zz  90°,  then  L  e  —  go0.; 
but  if  A.  b  be  obiufe ,  then  the  L  e  will  be  acute ,  he. 

From  hence  it  will  be  eafy  to  conceive,  that  if  feveral  Right¬ 
lines  Hand  upon,  or  meet  with  any  Right-line  at  one  and  the 
fame  Point,  and  on  the  fame  Side,  then  all  the  Angles  taken  toge¬ 
ther  will  be  ~  1800,  viz.  Two  Right-angles. 

THEOREM  II. 


If  two  Angles  interfeft  (i.  e.  cut  or  crofs)  each  other ,  the  two  op - 
pofete  Angles  will  be  equal.  (15.  e.  j.) 

SDtmondvation, 

Let  the  two  Lines  be  A  B  and 
D  E ,  interfering  each  other  in  the 
Center  C. 

Then  Z_  b  +  A  e  zz  180°  }  .  .  „ 

And  Z_  b  Lazz  1800  i^er  a^* 

Confequently  /L  b  L  e  zz  Lb  -f- 
L  a ,  per  Axiom  5. 

Subtract  L  b  on  both  Sides  of 
the  /Equation,  and  it  will  leave 
L  e  zz  La. 

Again,  L  h  -{-  L  e  zz  1800,  as  before;  and  Z_  e  -f-  L  C  zz 
180°,  confequently  Z.  4-  C  zz  L  b  4-  L  e.  Subtraft  L  e,  and 
then  LC  —  Lb.  E-  D. 
x 
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Corollary, 

From  hence  it-  is  evident,  that  if  two  Lines  i n ter fe£  each  other, 
they  will  make  four  Angles  ;  which,  being  taken  together,  will 
always  be  equal  to  Four  Right-angles. 


THEOREM  III. 

If  a  Right  Aine  cut  ( or  crofs )  two  parallel  Linesy  it  will  make  the 
oppofite  Angles  equal  one  to  another .  (29.  e.  i.J 

Suppofe  the  two  Lines  AB  and  HK  to  be  parallel,  and  the 
Right-line  G  D  to  cut  them  both 
at  C  and  n:  Upon  the  Point  C 
(with  any  Radius)  defcribe  a  Semi¬ 
circle  ;  and  with  the  fame  Radius , 
upon  the  Point  at  ny  defcribe  ano¬ 
ther  Semicircle  oppofite  to  the  firft, 
as  in  the  Figure.  Then  his  plain, 
and  I  fuppofe  very  eafy  to  conceive, 
that  if  the  Center  C  were  mov’d 
along  upon  the  Line  D  Gy  until  it 
came  to  the  Center  at  «,  the  two  Lines  A  B  and  HK  would 
meet  and  concur,  viz.  become  o/ie  Line  (for  parallel  Lines  are  as 
it  luere  but  one  broad  Line.)  Confequently  the  two  Semicircles 
would  alfo  meet,  and  become  one  entire  Circle,  like  to  that  in  the 
la  ft  Demonf  ration. 

And  therefore  the  L.y  —  Lx-mL-aizl-e  f  7  as  before,  per 
And  JL  m  —  L.n~l-b~/-c\  i  lajl  Theorem. 

Q.  E.  D. 


Corollary . 


Hence  it  follows,  that  if  three ,  four ,  or  ever  fo  many  Paral  • 
lel-lines,  are  cut  or  crofs ’d  by  one  Right-line,  all  their  oppofite 
Angles  will  be  equal. 


THEOREM  IV. 


The  three  Angles  of  every  plane  Triangle  are  equal  to  two  Right-angles, 

(32.  e.  1.) 

Confequcntly,  any  two  Angles  of  any  plane  Triangle  muf  evidently  be 
lefs  than  two  Right-angles.  (17.  e.  1.) 
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SDnnonttcatton. 

Let  the  A  ABC  be  propos’d  ;  draw  the  Right-line  H K  pa¬ 
rallel  to  the  Side  AB,  juft  touching 
the  Vertical  Angle  C;  and  upon  the 
fame  Angular  Point  C  defcribe  any  Se¬ 
micircle,  and  produce  the  Sides  A  C, 
and  BC  to  its  Periphery .  Then  will 
JL  h  “  Z.  B,  L.  a  —  L.  A,  and 
L.  x  —  L.  C,  per  laft  Theorem .  But 
L.  b  -f-  4  a  +  A  x  ~  l8o°,  or 
two  Right-angles  :  Confequently  /LB-\-L.A-\-£-Cz=z  l8o°e 
per  Axiom  5.  Q.  £.  D. 

Corollary. 

Hence  it  follows,  that  the  Sum  of  the  two  acute  Angles  of  a 
Right-angled  Triangle  is  equal  to  a  Right-angle,  or  90^. 

Confequently,  if  one  of  the  acute  Angles  be  given,  the  other 
is  alfo  given,  viz.  90°  —  the  given  Z.  leaves  the  other  Z.. 

THEOREM  V. 

If  one  Side  of  any  plane  Triangle  he  continued  or  produced  beyond ,  or 
out  of  the  Triangle ,  the  outward  Angle  will  always  be  equal  to  the 
two  inward  oppofite  Angles.  (32.  e.  1.) 

•  *  SDentonUcatton. 

Let  .the  Side  A  B  of  the  A  A B  C  be  produced  out  of  the 
fuppofe  to  i),  See.  as  in  the  Fi¬ 


gure. 

: 


B  <7L 


D 


Then  JL  z  zz  JL  A  ~\- 
Z_  C,  for  the  JL  B  -f-  Z.  2;  = 

1800  per  Theorem  1.  and  the 
'jL  £  \  JL  A  A-  tLC  —  1800, 
per  laif  Theorem.  Therefore 
Z.  B  -{-  /„z  —  JL  B  A  -f-  vl  C,  per  Axiom  5.  Subtract 
JL  B  on  both  Sides  the  A Equation ,  and  it  will  leave  Z.  z  ~  L.  A 
Z,  C  ( per  Adorn  2.)  E.  D. 

Confequently ,  the  outward  Angle  (at  z)  of  any  plane  Triangle , 
tnuft  needs  be  greater  than  either  of  the  inward  oppofite  Angles ,  viz, 
greater  than  JL  A>  or  L.  C.  (16.  e.  1.) 

C  or  diary. 

Hence  it  follows,  that  if  one  Angle  of  any  plane  Triangle  be 
given,  the  Sum  of  the  other  two  Angles  is  al/o  given  ;  for  180  — - 
the  given  Z_  =  the  other  two  JL  Lf. 
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THEOREM  VI. 


/«  every  plane  Tri angle ,  ^#0/  Sides  fubtend  (viz.  oppofite  to) 
equal  Angles.  ( 5 .  e .  I . ) 

Consequently,  equal  Angles  are  fubtended  by  equal  Sides.  (6.  e.  I.) 


SDcmonffcattom 

Suppofe  the  A  B  C  D  to  be  an  Ifofceles  A  ; 
that  is,  let  B  C  —  C  D.  Bife£f  the  A  C,  or 
( which  is  all  one )  make  C  A  perpendicular  to 
B  D  5  then  will  the  CL.  on  each  Side  of  it 
( viz.  JL  BAG  and  JL  D  AC)  be  Right- 
angles. 


Therefore  j  1  g^C^-LD  Per  ^oro!‘  t0  Theorem  4. 

Confequently,  {Z.C-|-  Z.  3  =  1  Z.  C+ A  i),  per  Axiom  5. 
Subtract  ~  L.C  from  both  Sides  of  the  /Equation,  and  it  will  leave 
A  B  =  JL  D,  per  Axiom  2.  E.  D. 


Corollary . 

From  hence  it  follows,  that  the  three  Angles  of  an  Equilateral 
Triangle  sue  equal  one  to  another. 


THEOREM  VII. 

In  every  plane  Triangle,  the  longejl  Side  fubtenas  the  great ejl  Angle . 

(r8.  e.  1.) 

Confequently ,  the  great  eft  Angle  of  any  plane  Triangle  is  fubtended 
by  the  longejl  Side. 


This  Theorem  is  evident  by  Tnfpe&ion : 
the  Sides  of  any  plane  Triangle  C  B  D,  be 
produced,  fuppofe  to  E  join  D  E  with 
a  Right- line ;  then  ’tis  evident,  that  be- 
caufe  C  E  is  now  made  longer  than  the 
Side  B  C,  therefore  the  A  at  D  is  become 
larger  than  it  was  before  by  the  A  B  D  E : 
And  it  is  plain,  the  longer  the  Side  C  E 
had  been  made,  the  A  at  D  would  have 
been  the  more  enlarged. 

R  r 


For,  let  CB ,  one  of 
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THEOREM  VIII. 

If  the  Sides  of  two  Triangles  are  equals  the  Angles  oppofite  to  tbop 
equal  Sides  will  he  equal .  (8.  e.  i.) 

The  Truth  of  this  Theorem  is  evident  by  the  two  included  Tri¬ 
angles  in  the  6th  Theorem ,  for  they  have  their  refpe&ive  Sides  equal, 
viz.  B  C  —  C  Dy  B  A  —  D  A,  and  C  A  common  to  both  Tri¬ 
angles.  And  it  is  there  prov’d,  that  the  Z_  Z  oppofite  to  thofe  equal 
Sides  are  equal,  &c,  which  needs  no  further  Proof 

Note,  The  Converfe  of  this  Theorem  holds  not  true  ;  for  the  An¬ 
gles  of  two  Triangles  ?nay  he  equal ,  and  their  oppofite  or  fubtcnding 
Sides  unequal  y^&s  will  appear  at  Theorem  XII. 

r  A  «  t  ^  x  } 

.  Corollary . 

Hence  it  follows,  that  Triangles  mutually  equilateral  are  alfo  mu¬ 
tually  equiangular ;  and  likewife  equal  to  one  another. 

>  ....  .  -  -  - 

THEOREM  IX. 

An  Angle  at  the  Center  of  a  Circle  is  always  double  to  the  Angle 
\  .  at  the  Periphery ,  when  both  the  Angles  Jland  upon  the  fame 

Arch.  (20.  e.  3.)  This  Theorem  hath  three  Varieties  or 

Cafes. 

SDrinonfirSkfiwn 

Cafe  1.  Let  the  Diameter  D  A ,  and 
the  Line  D  B,  be  the  two  Lines  which 
.form,  the  L.  D  at  the  Periphery  ;  draw 
the  Radius  B  C,  then  Z.  B  C  A  is  the 
L  at  the  Center.  But  /_  B  C A  —  Z. 

D  -j-  jL  j3,  per  Iheor .  5.  and  becaufe 
D  C  rz  B  C ,  therefore  Z.  D  =  Z_  By 
per  Theorem  6.  confequently  Z.  B  CA 
2  jL  D.v  , 

Cafe  2.  Suppofe  the  Z.  B  C  F  at 
the  Center  to  be  within  the  L.  B  D  F 
at  the  Periphery ,  (as  in  the  annexed 
Figure y)  draw  the  Diameter  D  A\ 
then  the  Z.  BCA  =  2  L.  BDA  ?  r 
ami  the  A  FCA~i  L.  FDA  )  pe‘  u 
add  thefe  two  /Equations  together. 


Then 
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Then  will  F  B  C  A  F  FCA  —  2  F  EDA  2  F 
FDA,  per  Ax.  1.  But  F  BCA-\-F/CAz=.  F  B  C  Fy 
and  2FBDA-\-2FFDAz=z2FBDF.  Confequently 
CBCF—2LBDF. 


•• 


Cafe  3.  Again,  fuppofe  the  F  B  C  F 
at  the  Center  to  be  out  of  the  F  B  D  F 
at  the  Periphery.  From  the  Angular 
Point  D  at  the  Periphery  draw  the 
D  iameter  D  A. 

Then/.  FCA  —  2  L  FDA1  q  f 
and  Z.5CV=2^5^JperLaleI- 
Subtract  this  I  aft  /Equation  from  the 
other,  and  it  will  leave  F  F  C  A  — 

_ 2  F  B  D  A,  per  Axiom  2.  But  F  FCA  F  tf  C  A  m 

F  F  C  By  and  2  F  FDA  —  2  F  B  D  A  =  2  F  F  D  B : 
Confequently  F  F  C  B  =  2  4.  P  D  'M,  Qi  E*  D. 

Corollary. 

Hence  ,tis  evident,  that  all  Angles  at  the  Periphery,  which 
{land  in  the  fame  Segment  and  upon  the  fame  Arch  ol  a  Circle, 
or  upon  equal  Arches,  are  equal  one  to  another.  (24.  e.  3*J 

theorem  x. 

An  Angle  in  a  Semicircle  is  a  Right- angle.  *  (31*  3*)  ’ 

if  the  Diameter  of  any  Circle  be  the  Side  of  aTrt, angle  and  be 
Angle  oppofite  to  that  Side  be  any  where  in  the  Circle  s  PeufLry, 

it  will  be  a  Right-angle . 

3Dnnop(trariont 

Let  D  A  bp  the  Diameter,  and  DBA 
the  Triangle,  then  F  B  —  909.  Draw 
the  Radius  B  C\  then  is  the  &  B  A 
~FD  +  FA.  For  F  CB  D  = 

F  Dy  and1  F  C  B  A  —  F  Ay  per  Theo¬ 
rem  6.  Therefore  F  D  B  A  zz  F  C  B 
D  F  C  B  Ay  per  Axiom  5.  Again 
F  D  BA  4 -  F  D  +  F  A  ~  1 80S 
per  Theorem  4.  Confequently,  F  DBA  —  90°  or  a  ig 

angle.  Q,  E.  D.  , 
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£ 

T.  Hence  it  will  be  eafy  to  conceive,  that  an  Angle  made  in 
any  Segment  lefs  than  a  Semicircle  will  be  cbtufe>  or  greater  than 
a  Right-angle. 

2.  And  an  Angle,  made  in  any  Segment  greater  than  a  Semi¬ 
circle,  muft  confequently  be  acute. 

THEOREM  XI, 

In  any  Right-angled  Triangle ,  the  Square  which  is  made  of  the 

Hypothenufe ,  or  Side  fubtending  the  Right-angle ,  is  equal  to 

both  the  Squares  which  are  made  of  the  Sides  including  the 

Right-angle.  (47.  e .  1.) 

There  are  feveral  Ways  of  demonftrating  this  noble  and  ufeful 
Theorem ,  but,  I  prefume,  none  more  eafy  to  be  underilood  by  a 
Learner  than  that  which  I  final  1  here  propofe  :  And,  in  order 
thereto,  'twill  be  necefiary  to  premife  the  following  Lemma's. 

JLzxt  tma* 

A  Right-line  is  faid  to  be  multiply' d  with  a  Right-line ,  when 
either  a  Square ,  or  other  Right-angled  Parallelogram ,  is  made 
of  the  two  Lines. 

That  is,  the  Area  of  any  Right-angled  Parallelogram  is  equal 
to  the  Produft  of  thofe  Numbers  which  exprefs  the  Meafure 
of  its  Sides. 

Thus,  if  A  B  —  6  Inches,  and 
AC~  3  Inches  :  Then  A  B  x 
AC  ~  6x3  —  18  fquare  Inches  ; 
which  is  the  Area  of  the  Parallelo¬ 
gram  A  B  C  D. 


Unnma  2. 

If  a  Right-line  be  any  way  cut  into  two  Partsy  the  Square  of 
the  whole  Line  will  be  equal  to  the  Squares  of  each  Part,  and  a  dou¬ 
ble  Rectangle  ox  Parallelogram  made  of  both  the  Parts,  (4.  e.  2.) 
that  is,  if  the  Line  S  be  cut  into  the  S 

two  Parts  B  and  C ;  then  is  S  ~  B  C:  pjf  j  (f 

But  if  both  the  Sides  of  the  Mquation  be 
involv’d,  it  will  be  SS  =  BB-{-2BC+CC. 
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Hcmma  3. 

The  Area  of  every  Right-angled  Triangle  is  half  the  Paralleled 
gram  made  of  ks  Bale  and  Perpendicular. 

For  B*  C  —  the  Area  of  the  whole  Pa¬ 
rallelogram^  by  the  firft  Lemma.  And  A 
B  C  H  -J-  A  b  c  H  the  Parallelogram  ;  but 
B  =  b,  and  C~c.  Therefore,  ^  B  x  C  zz 
the  Area  of  each  A?  viz.  -1  B  x  C+Lbxc  =  B  x  C. 

Thefe  Things  being  premifed,  let  us  fuppofe  theT riangle  B  C 
H  to  be  a  Right-angled  Triangle ,  viz.  the  Side  C perpendicular  to 
the  Side  B  5  then  will  BB-\-CC=zHH. 

SDnnonliratton. 


Make  a  Square  whofe  Side  is 
rz  B  -j-  C,  and  draw  the  inclu¬ 
ded  Square  whofe  Side  is  zz  Hy 
as  in  the  Scheme  :  Then  will 
the  Area  of  \.hz  great  Square  be  e- 
qual  to  the  Areaot the  four  Trian¬ 
gles  -f-  HH ,  but  the  Area  of 
each  A  ~  ±  BC,  or  B  x  C, 
per  Lemma  3.  Therefore  the 
4  A’s  z=.\.BGx\~2BCy 
confequently,  the  Area  of  the 
great  Square  is  H  H  -f-  2  B  C. 

Involve  B  -j-  Cy  and  it  will  be 
BB  +  2  BC+  CG  -  the  A- 
rea  of  the  great  Square ;  per 
Lemma  3.  Confequently,  HH  2  B  C  —  BB-\-2BC-\-CC* 
per  Axiom  5.  Subtract  2  B  C  from  both  Sides  of  the  AEquation* 
and  there  will  remain  HHzrzBB-\~CC. 

To  illuflrate  this  Theorem  by  Numbers ,  let  tis 

Suppofe  C  ~  3.  i?  zz  4.  and  H  zz.  5. 

Then  will  C  C  zz  9.  B B  •==  16.  and  H  H  zz  25. 

Confequently,  RB-\-QC  —  HH  —  1 6  9  =  25. 

Con  fell  ary. 

1  . 

Froni  this  admirable  TJoeorem  (J, aid  to  be  firjl,  invented  by  Pytha¬ 
goras)  is  deduced  the  Method  of  adding  and  fubtra&ing  Squares, 
Parallelograms,  Circles,  c. 

’  ?  '  '  '  THE  O- 
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THEOREM  XII. 

In  any  Right- angled  Triangle ,  a  Perpendicular  being  let  fall  from 
the  Right-angle  upon  the  Hypothenufe  will  divide  the  ’Triangle 
into  two  Right-angled  Triangles,  which  will  be  both  fimilar  ( or 
alike )  to  the  firjl  Triangle ,  and  to  each  ether.  (8.  e.  6.) 

Note,  All  plane  Triangles  are  [aid  to  be  fimilar  (viz.  alike)  when 
each  Jingle  Angle  In  one  of  the  Triangles  is  equal  to  each 
Jingle  Angle  of  the  other  ;  but  if  any  two  fingle  Angles  of 
one  Triangle  are  equal  to  two  fingle  Angles  of  the  other , 
the  third  Angle  zvill  be  equal.  Per  Theo.  4. 

1.  In  the  Right-angled  A  B/fC , 
let  A  P  be  fuppofed  perpendicular  to 
the  Hypothenufe  B  C ;  then  Z_  BA 

PzhjLC.  Post-  BAP +jLB 
—  90°,  and  jL  B  -f*  L.  C  =  90°, 
per  Corollary  to  Theorem  4.  Therefore 
the  L.  B  A  P  =  A.  C\  per  Axiom  5. 

Again,  A  P AC  -j-  A  C  zz  90°,  and  Z.  B  ~J-  L  C  =  90°. 
Therefore  l_  PAC  ~  L.  B,  Sic.  Confequently  the  A  BAP 
is  alike  to  the  A  AC  P ;  and  each  is  alike  to  the  whole  A  BAC. 

2.  If  a  Right-line  be  drawn  parallel  to  one  of  the  Sides  of 
any  plane  Triangle,  (viz.  within  it) 
it  will  cut  off  a  Triangle  fimilar 
or  alike  to  the  whole  Triangle. 

Thus  : 

In  the  A  A  B  D  draw  the  Right  - 
line  ab  parallel  to  the  Side  AB; 
then  will  the  included  A  a  D  b  be 
like  the  A  AD  B :  For  jL  a~  L.  A,  and  L.  b  zz  A  B,  per 
Theorem  3  j  and  JL  D  is  common  to  both  the  Triangles  -y  Ergo ,  &c. 

THEOREM  XIII. 

If  two  Triangles  are  alike ,  their  Sides  will  be  proportional. 

That  is,  thofe  Sides  which  fubtend  the  equal  Angles,  as  alfo 
thole  Sides  which  are  about  the  equal  Angles,  will  lae  proportional 
to  each  other ;  and  confequently,  if  any  two  Angles  have  their 
Sides  proportional,  their  Angles  are  equal.  (4,  5,  6,  7,  e.  6.) 
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SDcmonttratfon. 

Let  the  Jimilar,  Triangles  in  the  Scheme  of  the  la  ft  Theorem  be 
‘here  propos’d  again. 

Then  it  will  be  B  P  :  A  P  ::  A  P  :  CP,  according  to  this 
Theorem .  Ergo  B  P  x  CP  —  A  P  x  A  P, 


Firjl, 

Let  us  fuppofe  the  aforefaid  Right-angled  A  BAG  cut  through 
the  Perpendicular  A  P,  and 
there  open’d  until  the  Sides  BA 
and  C  A  become  one  Right- line. 

Let  the  Sides  B  P  and  CP  be 
continued  until  they  meet  in  E  ; 
then  compleat  the  Parallelograms 
by  drawing  the  parallel  Lines 
GLC ,  HAP,  GHB ,  and  LAP , 
as  in  the  Figure. 

Then  it  is  evident,  that  the  A  BHA  —  &  B  P  A,  and  the 
A  CPA—  A  CL  A\  alfo  that  the  A  B  E  C  —  A  B  G  C, 
becaufe  all  their  refpe&ives  Sides  are  equal. 

But  the  A  B  HA+  A  CL  A  +  a  HG  L  A  =  A  BP  A, 
-f-  A  C  P  A  -j-  □  A  P  E  P.  Now,  if  from  both  Sides  of  this 
/Equation  there  be  fubtra&ed  the  equal  Triangles,  there  will  remain 
a  HG  LA^uAPEP.  But  a  HG  L  A —BP  x  CP, 
and  □  A P  E P  —  A P  x  A  P.  Confequently  BP  :  A P  : ; 
A P  :  CP.  Which  was  to  be  prov’d. 


Or  otherwife,  thus : 

Suppofe  the  A  B  A  C  to  be 
Right-angled  at  A :  Upon  the 
Z_  Point  C,  with  the  Radius 
C  A  deferibe  a  Circle,  and  con¬ 
tinue  the  Hypothenufe  B  C  to 
Z  ;  join  Z  A  and  A  D  with 
Right-lines ;  then  will  the  A 
BAD  be  like  to  the  A  BZ 
A.  Y  ox  L-DAB-\-LDAC  —  90 a,  by  ConJhruZlion .  And 
Z.  ZAC  ft-  Z.  D  A  C  —  90°,  by  Theorem  X.  Therefore 
Z.  D  AB  -f  L.DAC  ZZ  L.Z  AC  +  Z.  D  A  C9  by  Axiom  5. 
Subtract  L.  D  A  C  from  both  Sides  of  the  Equation,  .and  there 

will  remain  L,  D  A  B  —  L.  Z  AC.  But  Z.  Z  A  C  —  L.  C  Z  A 

by 


■■■■I  . .  .  I—!  ...  . .  ■■  ■  . . .  hwm  ...  —  I . .  ■■«■■■!  m 
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by  Theorem  6.  And  Z_  B  is  common  to  both  Triangles.  There¬ 
fore  L.  B  D  A  —  JL  B  AZ,  by  Theorem  644confequently  A  BA 
D  is  like  to  A  B  Z  A. 

f  BA~b  1  f  Then  bb  -f  cc  =  hh,  by  Theorem  II. 
Let  the  Sides S  BC~h  £  ^  Confequently  bb  —  hh  —  cc . 

L  CA~c  J  L  Which  gives  the  following  Analogy, 
Viz.  b  :  h  c  \  :  h  —  c  \  b  that  is,  B  A  :  B  Z  :  :  B  D  :  B  A. 

'  Q.  E.  D. 

Corollaries . 

1.  Hence  it  is  evident,  that  in  any  Right-angled  Triangle,  z 
Perpendicular ,  being  let  fall  from  the  Right-angle  upon  the  Hypo - 
thenufe ,  will  be  a  Mean  proportional  between  the  Segments  of  the 
Blypothenufe  :  That  is,  B  P  :  P  A  :  :  BA :  P  C. 

2.  The  Eafe  (BA)  is  a  Mean 
proportional  between  the  Hypothe- 
nufe  (  BC)  and  that  Segment  of  the 
Hypothenufe  next  to  the  Bafe,  ( viz . 

BP)  that  is,  BC:B  A:\BA\BP. 


3.  The  Cathetus  (AC)  is  a  Mean 
proportional  between  the  Hypothenufe  (B  C)  and  that  Segment  of  the 
Hypothenufe  next  to  the  Cathetus ,  (viz.  PC):  That  is,  B  C :  A  C  : : 
AC;  PC. 

Scholium . 

I  have  been  more  large  upon  this  moft  excellent  Theorem ,  in 
giving  a  double  Demonjlration  of  it,  becaufe  it  is  fo  univerfally  ufe - 
ful  in  all  Parts  of  the  Mathcmaticks :  For  the  Bufinefs  oiTrigonome- 
try  (both  Plane  and  Spherical)  wholly  depends  upon  it;  and  there¬ 
fore  one  may  truly  fay,  that  AJlronomy ,  Dialling ,  Navigation , 
Surveying ,  Opticks ,  &c.  depend  upon  a  due  Application  of  it. 

And  of  its  Ufe  in  Geometry ,  Des-Cartes  takes  particular  Notice  ; 
as  you  may  find  in  Dr.  Pell's  Algebra,  Page  65,  whofe  Words 
are  thefe : 

Des-Cartes ,  in  a  Letter  not  yet  printed,  writes  thus :  “  In 
“  fearching  the  Solution  of  Geometrical  ®h<eJlions,  I  always  make 
“  ufe  of  Lines  parallel  and  perpendicular,  as  much  as  is  pofhble, 
“  [he  means  as  many  Lines  as  are  ufeful]  and  I  confider  no  o- 
“  ther  Theorems  but  thefe  two,  [ the  Sides  of  like  Triangles  have 
“  like  Proportion J.  And  [in  Re 51  angle  Triangles  the  Square  of  the 

“  greatefl 
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“  greatefi  Side  is  equal  to  the  Squares  of  the  two  other  Sides.]  And 
tc  I  am  not  afraid  to  fuppofe  many  unknown  Quantities,  that  I 
ct  may  reduce  the  propos’d  Queftion  to  fuch  Terms,  as  to  depend 
“  on  no  other  Theorems  but  thefe  Two.” 

This  I  thought  convenient  to  infert,  that  the  young  Learner 
may  fee  how  the  great  Des-Cartes  efteem’d  thefe  two  Theorems, 
viz.  the  lad,  and  Theorem  1 1  ;  for,  in  truth,  all  the  precedent 
Theorems  are  only  (as  it  were)  Preparatives  to  thefe  Two. 

This  laft  Theorem  demonftrates  the  Reafon  of  the  Method  ufed 
in  finding  out  Proportional  Lines  ",  as  in  the  Three  following  Pro- 
bleins . 

PROBLEM  I. 

Two  Right- Lines  being  given ,  to  find  a  Third  Proportionals 

( 1 1  •  tt%  6.) 


Let  thefe  two  Lines  be 


£ 


D 


B 


Set  the  two  given  Lines  at 
any  Angle  in  the  Point  A ,  and 
produce  the  Line  /}  B  to  C, 
making  B  C  ~  AD',  join  the 
Points  B ,  D  with  a  Right- line, 
and  draw  CF  parallel  to  B  D  ; 
then  will  the  A  A  B  D  be  like  the  A  AC  F.  Therefore  AB: 
BC  (=  A  D)  :  :  A  D  :  D  F,  which  is  the  third  Proportional 

required. 

PROBLEM  II. 

Two  Right-lines  being  given ,  to  find  a  Mean  proportional  Line  between 

them .  (13.  e.  6.) 


Let  the  given  Lines  be 


R 


-p 

f. . 1  -  e.A 


B- 


Join  the  two  given  Lines  into  one, 
viz.  make  B  C  ~  B  P  P  C,  and 

upon  BC,  as  Diameter ,  defcribe  a 
Semicircle  ;  then  upon  the  Point  P,  ■ 
where  the  two  Lines  meet,  ere£t  a  Perpendicular  to  meet  the 
Circle’s  Periphery ,  as  PA,  and  it  will  be  the  Mean  proportional 

requir’d,  viz.  APxAPzzBPxPC. 

4  Sf  By 
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By  this  Problem  ’tis  eafy  to  conceive  how  to  make  a  S quart 
equal  to  any  given  Parallelogram.  (14.  e.  6.) 

For  if  BP  be  the  Length,  and  P  C  be  the  Breadth  of  the  given 
'Parallelogram,  then  will  A  P  be  the  Side  of  the  Square ,  equal  in 
Area  to  that  Parallelogram . 

PROBLEM  III. 

'Three  Right- lines  being  given,  to  find  a  fourth  Proportional  Line . 

(12.  e.  6.) 


Suppofe  the  three  Lines 


Upon  the  longeft  Line  A  B  fet  off 
the  next  longelT  Line  A  D  ;  viz. 
make  D  B  ~  A  B  —  AD  ;  then 
upon  thePointZ)  fettheother  Line 
DC  at  an  Angle,  either  right  or  obliquet  and  draw  the  Right-line  A  C , 
continuing  it  a  fufficient  Length  ;  make  B  F  parallel  to  D  C,  and  it 
will  be  the  fourth  Proportionah^qnu’d,  that  is  ,AD:DC  ::AB:  BF. 

THEOREM  XIV. 

If  any  Angle  of  a  plane  Triangle  be  life  died  (viz.  divided  into  tivo 
equal  Angles)  with  a  Right- line,  (viz.  as  C  A  is  fupposyd  to  do  the 
Angle  BCD)  it  will  cut  the  oppofite  Side  (viz.  BO)  in  Propor¬ 
tion  to  the  other  izvo  Sides  of  the  Triangle.  (3.  e.  6.)  i.  e. 
B  A  :  B  C  :  :  AD  :  C D. 

SDnnonftranotu 

Produce  the  Side  DC,  until  C  Z 
—  C  B  :  join  the  Points  Z,  B.  with 
a  Right-line,  and  draw  the  Line 
F  C  parallel  to  B  D  ;  whence  the 
Z_  Z  —  L.  CB  Z  per  Theorem  (h.  and 
Z_  Z  — j~  Z. C  B/j  ,  or  2 1—  C BZ  ~  Z_ 

BCD  per  Theorem  5  ;  or,  dividing 
both  Sides  of  the  /Equation  by  2, 

LCBZ-LL.  BCD .  But l  Z_ 

BCD  ^  L.  A  C  B  ~  A  C  D  by  the  Hypothefis ,  therefore  Z. 
A  CB  —  L.  CBZ  per  Axiom  5  :  Whence  A  C  is  parallel  to  BZ 
per  Theorem  3,  and  the  Triangles  B  D  Z,  AD  C\  and  FC  Z  are 
lirr.ilar,  by  the  lecond  I'igure  to  Theorem  12.  confequently  B  A 
(—■  FC)  :BCC-Z  C)  :  :  AD  :  CD.  Q.  E.  D. 
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THEOREM  XV. 

If  two  Right-lines  ( howfoever  drawn)  within  a  Circle  do  cat  each 
other ,  the  Re  El angle  made  of  the  Segments  ( or  Parts )  of  the  one 
Line ,  will  be  equal  to  the  Redt angle  made  of  the  Segments  ( or 
Parts)  of  the  other  Line.  (35.  e.  3.) 

That  is,  if  two  Lines  (as  AB  and  C  D)  do  cut  each  other  in 
any  Point,  as  at  #,  then  will  A x  x  B  x  =  D  x  x  C  x. 

Stemonffcatioru 

Join  the  Points  A ,  C  and  5,  D  with 
Right-lines ,  then  will  the  A  Cx  A  be 
like  to  A  B  x  D  :  For  A  B  -Az  A  C 
and  A  A  =  A  D.  by  Corollary  to 
Theorem  9.  and  A  A  xC  —  A  Z>  jtZL 
by  Theorem  2.  Therefore  it  will  be  yZtf  : 

L)  x  :  :  C  x  :  B  x.  by  Theorem  13.  Confequently  A  x  x  B  x  ~ 
D  x  x  C  x.  Ch  E.  D. 

THEOREM  XVI. 

If  two  Right-lines  are  fo  drawn  within  a  Circle,  as ,  being  conti¬ 
nued  ^  they  will  meet  in  a  Point  out  of  the  Circle’*  Periphery ,  the 
Rediangle  made  of  the  one  whole  Line ,  and  its  Part  out  of  the 
Circle,  will  be  equal  to  the  Rediangle  of  the  other  whole  Line , 
and  its  Part  out  of  the  Circle.  (36,  37.  e.  3.) 

That  is,  if  the  Lines  AC  and 
D  B  be  continued  unto  the 
Point  Z  ;  then  will  A  Z  X  C  Z 
-DZx5Z, 

SDttnonffcatioit* 

Draw  the  Lines  A B  and  C D , 
then  will  A  CZ  D  be  like  to  the 
A  BZ  A ;  for  A  Azz.  A  D,  and  A  Z  is  common  to  both  Tri¬ 
angles  ;  confequently,  A  A  B  Z  s=  A  D  C  Z,  by  Theorem  4. 
therefore  vZZ  :  Z  Z  :  Z)Z  :  CZ.  Lngo,  A  Z  x  C  Z  zz 
DZ  x  BZ. 

THEOREM  XVIf. 

77  from  any  Angle  of  a  plane  Triangle  infer  iP  d  in  a  Circle  //jwt 
£<?  let  fall  a  Perpendicular  upon  the  oppofite  Side ,  as  DP ; 

b  f  2  As 
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As  that  Perpendicular  is  in  Proportion  to  one  of'  the  Sides  inclu¬ 
ding  the  Angle ,  fo  is  the  other  Side  including  the  Angle  to  the  Di¬ 
ameter  of  the  Circle. 


SDnnonffrattoti. 

Let  P>  C  D  be  the  propofe.d  ' Triangle . 
From  the  Z.  at  D  draw  the  Diameter 
D  Ay  then  will  Z_  A  =  Z.  P,  becaufe 
they  both  hand  upon  the  fame  Arch  D  C, 
and  L.  D  C  A  —  90°,  by  Theorem  10. 
confequently  the  Z_  AD  C  —  Z_  B  D  P, 
by  Theorem  4.  Therefore  /v  D  C  A  is 
like  to  the  A  D  P  B  ;  and  therefore 
DP  :  DB  :  :  DC:  DA;  or,  DP: 
DC  ::  DB  :  DA.  Q_  E.  D. 


THEOREM  XVIII. 


If  any  Quadrangle  (that  is ,  <2  Trapezium)  be  inf  crib' d  within  a 
Circle,  2?D  oppofite  Angles ,  together ,  to  tivo 

Right-angles ,  viz.  180°.  (22.  <?.  3.) 

That  is,  in  the  Quadrangle  A  B  C  D  the  L,  A  +  Z_  C  =  1800. 
And  the  T  B  T  D  =  180°. 


✓ 


SDemonffiratfotu 


Draw  the  /wo  Diagonals  AC ,  and  p  D; 
then  will  the  Z_  B  D  A  —  L.  B  C  A , 
and  the  A  B  D  C  —  L.  B  A  C.  by  Co¬ 
rollary  to  Theorem  9.  But  Z.  yf  P  C -|- 
L.  BCA  +  L.  BAG  =  1 8o®.  by 
Theorem  4.  and  the  Z-  P  DA  +  /- B  D  C 
=  Z_  TD  C.  Therefore  the  <L  A  B  C  -f- 
and  by  ihe  fame  Way  of  arguing  it  may  be  prov’d,  that  the  Z, 

B  AD  4-  Z_  P  C  D  =  180A  "  Q.  E.  D. 


THEOREM  XIX. 

If  in  any  Quadrangle  infer i F d  within  a  Circle  there  be  drawn  two 
Diagonals ,  as  AC  and  B  D,  the  Rectangle  made  of  the  two  Di¬ 
agonals  will  he  equal  to  both  the  Re dl angles  made  of  the  oppofite 
Sides  of  the  Quadrangle. 

That  is,  ACxBDz=zABxCD-\-ADxBC. 

SDtmotT 
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Scemonffrattori. 

Make  the  Arch  D  G  - z  Arch  B  C, 
and  from  the  Points  vf,  G  draw  the  Line 
A f  and  it  will  form  the  A  AfD ,  like 
to  the  A  ABC  :  For  the  L  f  A  D  ~ 
L  BAG ,  becaufe  the  Arches  D  G  and 
B  C  are  equal. 

Again,  the  L  fDA~L.BC  A,  be¬ 
caufe  they  both  hand  upon  the  Arch  A B  : 
Confequently,  the  L  Af  D  ~  L  A BC, 


j D . 


by  Theorem  4.  Therefore  it  will  be  A C  :  B  C  :  :  A D  :  D  f.  by 

_  «  BCxAD 

' Theorem  13.  - — — - ~  D  f 

Again,  the  A  T Af  and  A  ACD  are  alike:  For  Z_  ABf 
■=  L  A  C  T,  and  L  B  A  j  =  L  C  A  D>  becaufe  the  L  f  A  D 
~  L  B  si  C,  and  the  A  CAf  is  common  to  both  Triangles. 
Confequently,  the  LAfB~LADC.  Therefore  yfC  :  C  D 


A  B  :  A/',  by  Theorem  13.  Argv?  =  Bf 


But 


Z>  /  4-  ~  B  D.  Confequently,  JSC  x  A  D  4-  C  D  x  AB 

-ztB  D  x  AC.  Q,  E.  D. 


THEOREM  XX. 

All  Parallelograms  ( whether  Right  or  Oblique-angled)  that  Jland  upon 
the  fame  Bafe,  or  upon  equal  Bafes,  and  betwixt  the  fame  Paral¬ 
lels ,  are  equal  to  one  another.  (35.  &  36.  e.  1.) 

That  is,  cjABCD  =  c2al>CD. 


SDnnonffratiotu 

Becaufe  AB  =  C  D  ~  a  b,  by  Suppofition,  therefore  A  a  ~  Bb\ 
for  Ba  is  common  to  both.  And  be¬ 
caufe  AC  =  B  A>,  and  the  L  A ~  L 
j B,  therefore  the  A  A  C  a  —  /\  Be  b  : 

And  if  from  boij^'riangles  there  be 
taken  the  A  B  x  a  common  to  both, 
there  will  remain  the  Trapezium  AB  xC 
5=  a  b  x  D,  per  Axiom  5. 


/ 
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But  the  Trapezium  A  B  x  C  +  Af C  x  D  ~:cu  A  B  C  D,  and 
the  Trapezium  a  b  x  D  -f-  A  CxD=cziabCD.  confequently, 
cd  A  BCD=nxabCD.  Q,  E.  D. 

Corollary . 

Hence  it  will  be  eafy  to  conceive,  that  all  Triangles  which  Hand 
upon  the  fame  Bafe,  or  upon  equal  Bafes,  and  between  the  fame 
Parallels,  (viz.  having  the  jame  Height)  are  equal  one  to  another. 

(37-  &  38*  e\  iO 

For  all  Triangles  are  the  Halfs  of  their  circumfcribing  Parallel 
lograms  \  and  therefore,  if  the  Wholes  be  equal,  their  Halfs  will 
alfo  be  equal. 

THEOREM  XXL 

Parallelograms  (and  confequently  Triangles)  which  have  the  fame 
Height ,  have  the fame  Proportion  one  to  another  as  their  Bafes  have. 
(1.  e.  t>.) 

SDemonffcatiotu 

Draw  A F  parallel  to  B  G ,  and  draw 
A  B,  CD,  FG  Perpendiculars  to  them. 

Then  will  BDxAB  =  cnABCD. 

And  becaufe  C  D  ~  A  A,  therefore 
D  G  x  AB  D  FG,  but  BD 

:  D  G  :  :  B  D  x  A  B  :  DG  x  A  B. 

And  confequently  A  A  B  D  :  AC D  G 
BD  :  DG,  &c.‘  Q.  E.  D. 

THEOREM  XXII, 

Similar  or  like  Triangles  are  in  a  duplicate  Ratio  to  that  of  their 

homologous- Sides.  (19.  e.  6.)  . 


hat  is,  the  Area  s  of  fimilar  Triangles  are  in  Proportion  one 
to  another  as  are  the  Squares  of  their  like  Sides. 


SDnnonftraHon. 

Suppofe  the  A  BCD  and 
A  b  c  d  to  be  alike,  and  their 
like  Sides  to  be  thoie  mark'd 
with  the  fame  Letters. 


Chap.  3. 


of  Cf)eo>em& 


3>9 


Let  A  and  a  be  Perpendiculars  to  the  two  Bafes  D  and  d . 
Then  D  a/  — the  Area  of  B  CD  7  r»  T  D 

And  ’da=  the  Area  of  A  bed  i  BS  Lcmma  3’  Pa£e  3°3- 


But 

And 

Confeq. 

3 

4XS-Dd 
5  Hence 


1 

2 

3 

4 

5 

6 


B  :  b 
B  :  b 
D :  d 
D  a  : 


:  D 
A 

A  :  a 
d  A 


«}&c> 


By  Theorem  13. 


\DD  da~  \D  d.d  A.  By  Axiom  3. 

D  D  :  d  d :  \~DA\~da.  And  io  for  other  Sides. 

- - - - - Q.  E.  D. 


THEOREM  XXIII. 

In  every  Obtufe-angled  Triangle  (as  BCD)  the  Square  of  the  Side 
fubt ending  the  obtufe  Angle  (as  D)  is  greater  than  the  Squares  of 
the  other  two  Sides  ( B  and  C)  by  a  double  Re  ft  angle  made  out  of 
one  of  the  Sides  (as  B)  and  the  Segment  or  Part  of  that  Side  pro¬ 
duced ,  (as  a)  until  it  meet  with  the  Perpendicular  (P)  let  fall  upon 
it.  '(l2.  e.  2. ) 

That  is,  D  D  =  B  B  -J-.C C  2  Ba. 


SDemottffcation* 


Firflr 

1 

D  D~P  P-\-aa-\-2  B  a-\-B B 

And 

2 

CC  —  PP  +  aa 

I  -  2 

3 

D D — C C  —  2  B a~\-B B 

r/  \ 

4 

DD  =  BBJpCC  -\-2Ba 

/a  \ 

Q:  E.  D. 

Corollary. 


Hence  ’tis  evident,  that,  if  the  Sides  of  any  Obtufe-angled  Tri¬ 
angle  are  given,  the  Segment  (a)  of  the  Side  produced  (or  the  Per¬ 
pendicular,  P)  may  be  eafdy  found. 


THEOREM  XXIV. 

If  a  Perpendicular  (as  P)  be  let  fall  in  any  Acute-angled  Triangle 
(as  BCD  J,  the  Square  of  either  of  the  Two  Sides  (as  D)  is  lefs 
than  the  Squares  of  the  other  Side ,  and  that  Side  upon  which  the 
Perpendicular  falls  (viz.  C  and  B)  by  a  double  Reftangle  made  of 
the  Side  B ,  and  that  Segment  or  Part  of  it  (viz  a)  which  lies 
next  to  the  Side  C.  (13  e.  2.) 

That  is,  Z)£>  +  2  Ba-BB  +  CC. 


1 


SDnnon* 
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3 

4  — 

i  — 

57± 


Firft 
And 
But 
©-  2 

—  a  a 

—  2 

6 


SDnnonftcatt'oiU 


jBy 


Theo. 


DDzzPP  +  ee 
CC~PP  +  aa 
B —  a~e,  by  Figure. 

B  B  —  2  B  a  -}-  a  a  ~  e  e. 

B  B  —  2  B  a  —  e  e  —  a  a. 
DD —  C  C  —  e  e  —  a  a. 
DD—CC  ~  BB  — 2  Ba 
DD+2Ba=.  BB-\-  C  C. 


B 


Q.  E.  D. 


Corollary. 

Hence  it  follows,  that,  if  the  Sides  of  any  Acute-angled  Triangle 
be  known,  the  Perpendicular  P,  and  the  Segments  of  the  Side 
whereon  it  falls  (viz.  a,  e)  may  be  eafily  found. 


CHAP.  IV. 

The  g)0lUttCM  of  fever al  Eafy  in  Plane  Geometry , 

whereby  the  Learner  may  ( in  Part )  perceive  the  Applica¬ 
tion  or  Ufe  of  the  foregoing  Theorems . 

"XT  O  T  E,  when  a  Line ,  or  the  Side  of  any  plane  Triangle ,  is  any 
Way  cut  into  two  or  more  Parts ,  either  by  a  Perpendicular 
Line  let  fall  upon  it ,  or  other  wife ,  thofe  Parts  are  ufually  call’d  Seg¬ 
ments  ;  and  fo  much  as  one  of  thofe  Parts  is  longer  than  the  other ,  is 
call'd  the  Difference  of  the  Segments. 

And  when  any  Side  of  a  Triangle ,  or  any  Segment  of  its  Side  i s 

given,  * tis  ufually  mark'd  with  a  fmall  Line  crofs  it,  thus  : - |  _ 

and  thofe  Sides,  or  Parts  of  Sides ,  that  are  fought ,  are  mark'd  with 
four  Points ,  thus :  - ~ 

P  R  O  B  L  E  M  I. 


To  cut  or  divide  a  given  Right-line  (as  S )  into  Extream  and 
Mean  Proportion,  (ii.  e.  2.) 

That  is,  to  divide  a  Line  fo,  that  the  Square  of  the  greater 
Segment  (or  Part)  a ,  may  be  equal  to  the  Rediangle  made  of  the 
whole  Line  S,  and  the  lei's  Segment  e.  $ 


Viz . 
And 


Se 

S 


a  a, 
a  rr 


by  the  Problem, 
e,  for  S  —  a  -f-  e. 


e 

I  ~s 


2 


a 


Chap.  4. 

Of  jscfolWttg  Problems.  3  2 1 

aa 

1  4.  S 

3 

T 

2  and  3 

4 

~  S  —  a.  By  Axiom  5 . 

4-  X  S 

5 

a  a~  S S —  S a 

5  +  Sa 

6 

aa-\~Saz=zSS 

6,  folved 

7 

a  =  v'  55+i55:|  55.  See  Pages  195,  196,, 

Note,  The  lafi  Problem  cannot  be  truly  anfwer'd  by  Numbers 5  but 
Geometrically  it  may  be  performed ,  thus : 


I.  Make  a  Square,  whofe  Side  is  =z 
one  of  its  Sides  in  the  Middle,  as 
at  C  ;  upon  the  Point  C  defcribe  fuch 
a  Semicircle  as  will  pafs  through  the 
remotefl  Points  of  the  Square,  and 
compleat  its  Diameter. 


5  the  given  Line,  and  bife& 


2.  Then  will  either  Part  of  the  Diameter,  on  each  End  of  the 
Side  5,  be  z=.a,  the  greater  Segment  fought. 

But  a  S  :  S  :  :  S  :  a.  By  Theorem  13. 

ErgOy  aa-^-Sa  —  SS,  Which  was  to  be  done. 


PROBLEM  II. 


The  Bafe  of  any  Right-angled  Triangle ,  and  the  Difference  between 
the  Hypothenufe  and  Cathetus  being  given ,  to  find  the  Cathe~ 
tus,  &c. 


Let  | 
And 
Then 

4  —  a  a 

5  —  d  & 

6  -7-  2d 

Or, 

8 


1 

2 

3 

4 

5 

6 

7 

8 

q 


b  =  72 
d  =  32 

a  =  Cathetus  fought 


b  b  -j-  a  a  zzi  d  d  +  2  del  +  act 
By  Theorem  11. 
bb  zrzdd  - 1-  2 da 

'Ida  ~  bb  —  dd  -  ^ a 

bb. — - dd  ,  ^ 

*  =  - r-=65  ^ 


.•••a 


2^7 


.a 


Si? 


b  :  d  2a  :  :  d  :  b.  By  Theorem  13. 
bb  ~  dd- (-  2^.  As  before  at  the  5th  Step. 
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Here  you  fee  that  either  Way  raifes  the  fame  /Equation  ;  neither 
is  their  anv  conftant  Method  or  Road  to  be  obferv’d  in  folvinj^G^- 
ometrical  Problems ,  but  every  one  makes  Ufe  of  fuch  Wavy* and 
Theorems  as  happen  to  come  firft  into  their  Mind,  the  Refult  be¬ 
ing  every  Way  the  fame. 

PROBLEM  III. 

The  Difference  between  the  Bafe  and  Hypothenufe  of  any  Right-angled 
Triangle ,  and  the  Difference  between  the  Cathetus  and  Hypothe¬ 
nufe  being  both  given ,  to  find  the  Triangle. 


Let  5 

And 
Then  | 


<&2 


4 

5 

'i 

6  +  7 


1 

2 

3 

4 

5 

6 

7 

8 

9 


d—V~ 

•*•=25 
d-\-x-\-a~the  Hypot. 
d-fi-a—y 
x-j-a—e 


jby 


the  Probl. 


ddfiidaffaa—yy 
xx-\-2xa-\-aa~ee 

dd,fi-'2.dx-^-'2.da-\-'Zxa-fi‘XX fi-aaozz.  O  Hypothenufe. 
ddfi-  ida + 2xa -\-xx-\-2aa  —yy-fiee. 


The  two  laft  Steps  are  equal,  by  Theorem  n.  Confequently,  il 
thofe  Things  that  are  equal  in  both  be  taken  away,  the  Remain¬ 
ders  will  be  equal.  By  Axiom  2. 


That  is 

10 

aa  —  2(1  x  ~  1600 

3 

o 

>-< 

II 

a  —  2 dx  ~  40 

I  +  II 

12 

dff  a  zzz  y  2  —  y  The  Bafe. 

2  11 

T3 

*■  +  *7  =  65  —  e  The  Cathetus* 

?  — j-2  + 1 1 

H 

d-\~  x  +  a  —  qy  The  Hypothenufe. 

PROBLEM  IV. 


The  Hypothenufe,  and  the  Sum  of  the  other  two  Sides ,  of  any  Right- 
angled  Triangle ,  being  given ,  thence  to  find  the  Sides. 


Let 

And 

By  Fig. 

2 

4  —  3 
3  —  5 

6  vn 


*  +  7 
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2  +  7 

8  V  2 

2  —  9 


8 

9 

10 


2tf=S-|-v/  2 HH — SS—  144 


S —  i/  2HH—SS 


—  72  The  Bafe  requir’d* 
~  65  Cathetus, 


PROBLEM  V. 

The  Hypothenufe,  and  the  Difference  of  the  other  two  Sides  of  any 
Right-angled  Triangle  being  given ,  find  the  Sides . 


Let 

And 


By  A/g- 

2 

3  — 

+ 


3 

6 


4 

5 


uu 

+ 


2 

8  ^ 
7  — 
10  -f- 


2 

2 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

1 1 


/;  —  97  As  before 
—  e  ~d~  y  Quere  a 

*  rm  iw.i  « «,  ib«m  .11  1  m  — 

aa  ee  —  hh 
aa  —  2 ae  ffee  —  dd 
2  ae  —  hh  —  dd 
aa  4-  2ae  ee—2hh — dd 

a  e  —  \/  2  hh — dd 
2a— d  j~  \/  2hh — dd  —  144 

a  —  j2 
2e  zzz  \/  2 hh' 

'  •  r 

e  —  65 


a 


-dd :  — d  —  130 


PROBLEM  VI, 

In  any  Right-angled  Triangle ,  either  the  Bafe,  or  Cathetus,  and 
the  alternate  Segment  of  the  Hypothenufe  made  by  a  Perpendi¬ 
cular  let  fall  from  the  Right- angle  being  given ,  to  find  the  other 

Segment. 


4> 

6 

7’ 

8 


Let 

And 

Then 

•  • 

Again, 

5 

*4-  aa 

C  □ 

1 


IW 


4  b 


1 

2 

3 

4 

5 

6 

7 

8 


£  =  45  The  Cathetus 
b—  48  alternate  <SVg7?z. 

b  :  eg:  e  :  a  Quere  a 
b  a  —  ee 
cc  —  aa  —  ee.  By  Theor .  1 1 , 
ba  —  cc  - — 

##  -|~  ba  —  cc 

aa  — j—  ba  — J~  4  bb  __  ££  —4*  4  bb 
a  +  {  b=z</  cc  -\2gb 


10  |  a  —  i/  cc  4~  4 bb :  —  \  b~ r  27  And  fo  on  for  &c. 


T  t  2 


I  Ill  all 
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I  fhall  now  (hew  the  Geometrical  Confiruflion  (or  Solution )  of  the 
three  Cafes  of  Zpuadratick  /Equations  promis’d  in  Page  202.^Let 
tfie  firft  Example  be  that  above,  viz.  aa-\-  ba  zz  cc .  Cafe'x 
Make  the  Co- efficient  b ,  and  the  Root  of  the  Refolvend  (which 

is  here)  c,  into  a  Right-angled  Pa -  . 

rallelogram .  And  upon  the  middle 
Point  of  the  Side  zz  b  deferibe  fuch 
a  Semicircle,  as  will  pafs  thro5  the 
rernoteft  Points  or  Angles  of  the 
Parallelogram,  compleating  its  Di¬ 
ameter,  as  in  the  annex’d  Scheme. 


*#  * 

•  *•_ 

; 

C 

% 

:  .a 

"  b 

- - - - 

a 

Then  will  either  Part  of  the  Diameter,  on  each  End,  be  equal  to 
a  \  the  other  Part  will  bzaf-b,  and  the  Side  c  will  be  a  Mean 
proportional  between  them  :  That  is,  a~\~b  :  c  t  :  c  :  a.  By  Theo¬ 
rem  13.  confequently  aa-\~ba  zz  cc.  Which  was  to  be  done. 

PROBLEM  VII. 

The  Difference  between  the  Bafe  and  Cathetus  of  any  Right-angled, 
Triangle ,  and  the  Perpendicular  let  fall  from  the  Right- angle 
upon  the  Hypothenufe,  being  given  3  thence  to  find  the  Hypothec 

nufe,  &c. 

■*-  . 


Let 

1 

d=  15  The  Difference  of  the  Sides 

A.nd 
Quere  a 

2 

3 

P  =  36  P 

a  —  The  Hypothenufe.  \ 

\ 

-  Ye 
\  * 

By  Fig. 

4 

d -4-  e  :  b  :  ;  a  :  e  • 

< ,  •  •  *  * 

4 

5 

de  ee  zz  pa  <2 

Again, 

6 

dd  2 de  -f-  we  zz  aa.  By  Theorem  1 1* 

5X2 

7 

T?de  -f-  'lee  zz  2pa 

6  —  7 

8 

dd  zz a  a  —  2  pa.  Cafe  2. 

8  C  0 

9 

aa  —  2/>tf  -j-  pp  zz  dd  -)- pp  zz  1521. 

9  uu4 

10 

—  p  zz  i/  dd-\-pp  zz  39 

10  4~ 

1 1 

<7  zzy>  4-  i/  dd-{-pp~j 5,  c.  for  per  5. 

The  Geometrical  ConjlruBion  of  this  Cafe  2,  viz .  aa  —  2 pa  zz  dd 


may  be  perform’d  in  the  very 
fame  Manner  as  the  laf  Cafe 
was ;  that  is,  by  making  a  Right- 
angled  Parallelogram  of  the  Co¬ 
efficient  2 p  and  the  -*/  dd,  viz. 
d ,  See.  As  in  the  annexed  Fi- 
■gW 


Then 
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Then  will  the  greater  Part  of  the  Diameter  to  one  End  of  the 
Parallelogram  be  =  a ,  and  the  lejfer  Part  will  be  a  —  2 p  For  a  : 
d  :  :  d:  a  —  2 p  by  Theorem  13.  Confequently,  aa  —  2 pa  =  dda 
Which  was  to  be  done. 

PROBLEM  VIII. 

The  Hypothenufe  of  any  Right-angled  Triangle ,  and  the  Perpendicu¬ 
lar  let  fall  from  the  Right- angle  upon  the  Hypothenufe,  being  given? 
to  find  the  greater  Segment  of  the  Hypothenufe,  &c . 


Let 

I 

h  —  75  The  Hypothenufe 

And 

2 

P  =  36 

Then 

3 

a e~h  fpuere  a 

per  Fig. 

4 

a  :  p  :  :  p  :  e 

4 

5 

ii 

3  —  a 

6 

h  —  a~  e 

5>  6 

7 

t:l« 

II 

<3 

1 

<s 

7  X  a 

8 

ha  —  aa  —  pp  Cafe  3. 

8  + 

9 

aa  —  ha  —  * —  pp 

9  c  0 

10 

aa  —  ha  i  hh  n=  \  hh  — 

IO  w/ 

11 

a  —  |  h  —  \f  \hh  — pp  z= 

11+ih 

12 

a  —  J  h  —~pp  = 

The  Geometrical  Conftru&ion  of  Cafe  3,  viz.  ha —  aa  zz  pp9 

may  be  thus  perform’d  :  Draw  a  Right -  . 

line  (of  any  convenient  Length  at  Plea- 
lure)  and  near  its  Middle  eredf  a  Per¬ 
pendicular  zn  p ,  viz.  of  the  fame 
Length  with  the  Root  of  the  Refolvend. 

From  the  top  Point  or  upper  End  of 
that  Perpendicular,  fet  off  Half  the 

h 


h —ct 


a  • 


Length  of  the  Co- efficient,  viz.  —  and  upon  the  Point  where  JL 

2  2. 

juft  touches  the  firft  Line  (with  the  fame  Diftance)  defcribe  a 
Semicircle  ;  then  will  its  Diameter  h  be  cut  by  the  Perpendicular 
p  into  two  Segments,  which  are  the  two  Values  of  the  Root  a ,  viz. 
the  greater  and  lejfer  Roots ,  both  taken  together,  being  always 
equal  to  the  Cq-efficient :  ( vide  Page  201 .}  For  h  —  a  :  p :  :  p  :  a 
by  Theorem  13.  Ergo,  ha  ~~  aa  ~pp.  Which  was  to  be  done. 

PRO* 
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PROBLEM  IX. 

The  Perimeter,  i.  e.  the  Sum  of  all  the  three  Sides  of  any  Right-angled 
Triangle ,  and  its  Area,  being  given,  thence  to  find  each  Side. 


Viz  Let 

I 

a  +€+.?  =  *  =  234  T 

And 

2 

' ae~A  The  //m7  =  2340 

Again, 

3 

aa-\~eez=iyy  By  Figure 

2X4 

4 

lae—^A 

3  +  4 

5 

#  4-  /iae-\-ee~yy  -\-\A 

I  —  y 

6 

a-{-e~s — y 

6 

7 

aa  1  2iy-f“J7 

5»  7 

8 

Xy~f-4^3z^ — 2sy  j-yy 

8  +  ' 

9 

2sy=ss — 4^=45396 

t  n 

^ — \A  x  2x/ 

7  2;  _i"  5  -97 

6,  io 

II 

— ^=137 

3  —  4 

12 

-Zae-^eezzzyy—^A—AfC) 

12  ujP 

T3 

a—e~\/  49=17 

ii  4- 13 

14 

2ff=I37+7=144 

M*+  2 

15 

£=72  The  Bafe. 

11  -  15 

16 

<7=137 — 72=65  The  Catl- 

PROBLEM  X. 

In  any  Right-angled  Triangle  a  Perpendicular  being  let  fall  from  the 
Right- angle  upon  the  Hypothenufe  ;  if  the  Sum  of  each  Segment , 
vjhen  added  to  its  adjacent  or  next  Side>  be  given ,  thence  to  find 
each  Side ,  and  the  Segments . 


T/z.  If 

I 

sv 

~b 

11 

11 

VH 

O 

00 

V 

And 
To  find 

2 

^+y=z=72 

«,  y,  and  £ 

n.^ 

1  - 

—  « 

3 

1 

I 

<0 

II 

3  * 

z 

4 

uu—ss — 2  sa-\-aa  ^ 

yS  O 

4-  - 

- 

5 

uu — aa—ss — 2  sazzpp 

•  « 

2  - 

-  <? 

6 

z — e—y 

6 

1 

7 

zz — 2  ze-j-eezryy 

7  ~ 

-  ee 

8 

zz — 2  ze~yy — ee—pp 

5> 

By 

8 

Fig. 

9 

10 

zz— 2  ze—ss — 2  sa 
a  :p::  p  :  e 

10 

•  • 

• 

1 1 

aezupp 

5> 

II 

12 

aezzss — 2  sa 

P:|:  \y 

e  \ 
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rr  —  2  sa 

12 

-i-  <5 
* 

13 

<3 

II 

• 

H 

2zss — Azsa 

>3 

X 

zze  — - — Z - 

9 

+  14 

x5 

,  zzss  4-  4%rtf 
zz—ss — 2^-j - — 

15 

X 

16 

zza—ssa — 2saaff  2zss< — 4  zsa 

16 

± 

1 7 

r  & 

2saa\zza\-\zsa — ssa—2zss 

J7 

-T-  2S 

I  O 

Ciii  ""I*"  1 

1  2r  1 

Subditute 

*9 

zz  . 

2X— - \~2Z—}SZ=L  1 14 

2S  1  z 

Then 

20 

aa-\-2xa—zs—jjy6 

20 

c  □ 

21 

aa  -f  2xa+xxz=zs-{-xx=  1 1025 

21 

z 

IUJ 

22 

a  -\-x~  \/  zs- \-xx—  105 

22 

—  * 

23 

a—  */  zs- \-xx  :  *—  x  —  48 

1  ' 

~  23 

24 

u— 60  —The  Bafe. 

per 

25 

jj  _ 

e  ^  2r  27 

2  - 

—  25 

26 

yzzi\^—the  Cathetus. 

23 

+  25 

27 

affe— 75=  the  Hypothenufe. 

PROBLEM  XI. 


The  Difference  of  the  Sides  of  any  Oblique-angled  plain  Triangle ,  the 
Difference  of  the  Segments  of  the  Bafe,  and  the  Difference  between 
the  greater  Side  and  the  Bafe,  being  given ,  to  find  the  Bafe,  & c* 


Let 


And 

Then 

And 


6 

7 


8  ~  2  d—b 

i  +  9 

3  +  JO 


x  \dz=z  the  Difference  of  the  Sides  =405 

2  |  b  —  the  Difference  of  the  Segments  1=  495 

2  \  x  =  165  the  Differ,  of  the  greater  Side  and  Bafe 

4  •  a  =  the  lead  Side 

5  \d-\-  a  4“  x  —  the  Bafe 


7 

8 

9 

10 

XI 


dJ^a-r-x  :d-\-2a:  :d\b  . 

By  Theorem  16. 

dbffba  fbx—ddff'ida  — l— 11 

'ida — ba—dbffbx 


a 


- ba—db-\-bx — 
dbffbx — dd  118125 

3*5 


2^ — £ 

^4-0— y  So— the  greateft  Side, 
dffaffx—C)\$'zzthe  Bale. 


P  R  O* 
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PROBLEM  XII. 

The  'Difference  cf  the  Sides  of  any  plain  Triangle ,  the  Difference  of  the 
Segments  of  the  Bate,  and  the  Perpendicular  let  fall  from  the  ver¬ 
tical  Angle,  being  given,  thence  to  find  all  the  Sides, 

Let  | 

And 
Vpuere 

Then 

5 

6  —  dd 
Subftitute 

7>  8 


9 

• 

# 

2^ 

But 

10 

11 

> 

12 

13 

X 

dd 

14 

8, 

15 

16 

• 

• 

2* 

c 

□ 

18 

u»“ 

*9 

— 

lb 

20 

X 

2 

2 

+ 

21 

io*  Num. 

i  +  23 


2 

3 

4 

\ 

5 

6 

7 

8 

9 

10 

11 

12 

*3 

14 


f  4°5  l  as  before 
*=495  J 
P—300 

lefTer  Segment. 


\.e 

*  \ 

?  V  * 

a \ 

b  x  2a  :  d-\-  ie  : 
bb- ”j—  2  dd— j~  2 

bb — dd-\-2b a—lde 
2  x=zbb — dd~  8 1000 
2  x-\-2ba—2de 
x-\-  ba 


'•till*"' 


pp-\-aa—ee  By  Theorem  i  I 
2xba-\-bbaa 


dd 


:  ee 


xx-\-2xba-i-bbaa  , 

— 1 —  =#>  +«<* 


.  |  xx-\-2xba-\-bbaa'=-ppdd-\-ddaa 

15  bbaa — ddaa  4-  2xbazzzppdd- — xx 

16 


*7 

18 

19 

20 

21 

22 

23 

24 


2xaa^-2xbac=:ppdd — xx 


2X 

aa+ba+lbb=ibb+p£fi-yx 

a  V  M  f 


ppdd 


a  —  — ix:—ib=  225 

2 a  ~  450 

^-{-2^1=945  the  Bafe. 

£=37 5—  ^  lefTer  Side. 

780=  the  greater  Side. 


PROBLEM  XIII. 

The  Sum  of  the  two  Sides  of  any  plain  Triangle ,  the  Difference  of 
the  Segments  of  the  Bafe,  and  the  Perpendicular  let  fall  from  the 

Vertical 
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Vertical  Angle  upon  the  Bafe, '  being  given,  thence  to  find  the  Bafe 
end  the  Sides.  j 


Let 

Put  | 

Then 

And 

Per  Fig.  j 

9  IM 

8 

11  + 

Suppofe 

Then 

14  -r  25 

10, 


2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

H 


5—1155  Sum  of  the  Sides* 

^  —  495  the  Difference  of  the  Segments, 
p  zz  300  the  Perpendicular, 
a  —  the  leaf};  Segment, 
e  zz  the  leaft 
i-f-  25  —  the  Bafe. 

•5 —  2*  —  the  Difference  of  the 


ti-h  :  J :  ♦  -f  —  1e\  d 
aa - Vppzz.ee 

da~\-pp  zz  e 
ddff'ida  zzss —  2 se 
2s  e  zzss  —  dd  —  2 da 
2x  zzss  —  dd 
2sezz2x —  2  da 
x — da 


15  16 
j6  <&*  17 

17  X  iiUS 

18  +  j 19 

1 3X^*9  20 

20  -4-  2*  21 

21,  hence  22 


x 


— da 


V  aa-\~pp 


xx— -ix da  -J-  ^f/55 


22  X  2 
2+23 
10,  -AT&tfz. 
1  —  25 


ss 


:aa-\~pp 


xx —  2xda  -4-  ddaa  zz  ssaa  +  sspp 
ssaa — ddaa  -j-2 xdazz  xx  —  sspp 
2 xaa  -f*  2 xda  =z  ** —  5i/>/> 

4-^  —  ^ - as  before. 


<75 
5—225 


2«3f 


23  25  =1450 

24  </-j-25  —  945  the  Bafe. 

25  U  zz:  375  the  lefier  Side. 

20  ji  — e  zz  780  the  greater  Side. 


PROBLEM  XIV. 

qy  Area  cf  any  Oblique-angled  plain  Triangle,  the  Difference  of  the 
Sides ,  and  the  Difference  cf  the  Segments  of  the  Bafe,  bring  given, 
thence  to  fnd  the  Bafe ,  &c. 

1  Azz  141750'==  the  Area. 

Let  i  2  dzz  AOS 

Z\b—  495 

U  a  Put 
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Put  |  I  4  \y  =  the  Perpendicular, 


7 

8 


Then 
Per  Fig. 

-  'dd 
9 

Per  Fig. 


ii  e-1 
6X2 

13  -*-  * 

14  <^a 

Per  7%. 

10  -r-  4^7 

16,  17 

18  x  aa 

19  X  \dd 

20  -j- 

21  -r- 

22  c  a 
2  ^  £&»* 
^4~}“4  dd 


7 

8 

9 

10 

11 


a  zz  the  Bafe . 
\ya=zA 


25 


to." 


12 

r3 

H 

r5 

16 

x7 

18 

T9 

20 

21 

22 

23 

24 

25 

26 


;  uts 


a  :  ^-j-  2 e  \\d  \  k 

bazzdd-\-  2de 
ba  ■ — <sfc/zz  2  de 
bbaa  —  2ddba  -f-  dddd  zz  4 ddetf 

— - — the  lefTer  Segment  of  the  Bafe, 

aa - 2ba~\*  bb 

4  * 

ya  zz  2  A 
_  *A 

^  a 

±  A  A 

yy—^Tr 

aa  \ 

4.A  A  aa~—  2ba~\~  hb 

yy-A-uu  zz  eez=. - [ — — - L_w 

aa  4 

bbaa — 2  ddba-\~dddd ^ 


4  dd 

bbaa  —  2  ddba  -f-  t/4  _  4  A  A  aa — 2ba-\-l$ 

4  dd.  aa  4 

bba 4 —  2 ddba}-\-d*aa ,  a4  —  2fo3  -f-  bbcF 


\dd  '  *  4 

(  Iba 4  —  2  ddba}  -j-  t/4t7tz  zzi  16  A  Add -j~  dda* 

\  —  2  ddba1  -f-  ddbba~ 

bba 4 — dda^-\-  d*a,z  - — ddbba 1  zzz  16  A  Add 

..  16  A  Add 

aaaa —  daaa  zz  — — — 

DO - aa 

,,  .  .  , , , ,  16 AADD  .  ,  „ 

-p  4  dddd  = — — - - — p  7p  fir 

bb  —  dd 

aa  —  4  dd  =  \Jl&AAdd  , 

=  ^+  Vl^T^l+A# 

azz\A  :  4  dd-\-\l]^jldlM  zzx  d*  — r 

bb  —  dd^*  ~ 


945 


PRO- 
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PROBLEM  XV. 

There  is  an  Oblique-angled  plain  Triangle,  wherein  a  Perpendicular  is 
let  fall  from  the  Vertical  Angle  upon  the  Bafe  ;  the  leaf  Side  and  the  ‘ 
Bafe  are  given ;  and  the  Refi  angle  of  the  Difference  of  the  Sides  into 
the  leafl  Side  is  equal  to  the  Square  of  the  Difference  of  the  Segments 
of  the  Bafe  :  9Tis  requir'd  to  find  the  Segments  of  the  Bafe,  be* 


T  5 

I 

Jr  zz  56  zr  the  lead  Side. 

AvCt  S 

2 

B* z  92  zz  the  Bafe. 

And 

3 

a  2*  zz  B  _ 

Put 

4 

y  ~  the  Difference  of  the  Sides . 

*  1  1 

Then 

5 

cy  a  a  by  the  Queftion. 

,  ,  _  t  * 

By  Figure 

6 

B  :  2c  -\-y  :  :  y  :a}  for  B  zz  a  2* 

■ -  —  _  ♦ 

6 

7 

Ba  zz  icy  jy 

* 

5  X  ~ 

8 

W=&*  ■  ■  \  . 

•  V  c 

7  -  8 

9 

—  2  <7*7  zz  yy  y,X 

.  .  \  c 

r  ,»  •  *  . 

•  ♦  v  *  * 

e  \ 

•  *  .* 

5  ©-*  * 

10 

aaaa  B 

10  -r-  cc 

11 

5S 

II 

9,  II 

12 

5^7 - 2<7<7  ZZ - 

cc 

w 

N> 

X 

13 

ccBa - 2CC<3<7  = 

13  -r-  * 

J4 

cc  B  2cca  ~ 

14  -f-  2  cca 

15 

-f-  2CC<2  =  CcB 

}$f\nNum. 

16 

aaa  -{- 6272*7  ZZ2885 12 

The  Value  of  a ,  in  this  /Equation,  may  be  found  as  in  the  ex¬ 
amples  Page  238,  viz.  by  putting  r  -\-  e  “<?,  &c.  as  in  thofe  Ex¬ 
amples  you  will  find  a  “  37>55502> 


PROBLEM  XVI. 

The  three  Chords  or  Subtenfes  of  three  Arches  compleating  a  Semicir¬ 
cle  being  each  given ,  thence  to  find  the  Diameter  of  that  Circle, 
That  is, 

(  i 

Any  Trapezium  being  inferib'd  in  a  Semicircle,  if  one  of  its  Sides  be 
the  Diameter ,  and  the  other  three  Sides  be  given,  thence  to  find  the 
Diameter  or  fourth  Side*. 

Let 


U  u  a 
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Let 
S^etere 

-Then 
And  | 

<&z 

X  7 
S,  =  9 

30  -4-  a 
~i-i - -£&l 


1 

2 

3 

4 


5 

6 


£—37 

c  =  4  ^  the  3  Sides. 
a  zz  the  Diam.  fought 


7 

8 

9 

10 

1 1 

*3 


Draw  thetwo/) iagonals 
e  and  y 

ca  -\-bdzzey.  By  theorem  19. 

aa  bb  —  yy  ?  g  Theorem.  1  o  and  1 1 . 
#<z  —  da  —  ee  3  7 

-}-  2bdca-\~bbdd  zz  eeyy 

aaaa  —  bbaa  —  ddaa  -f-  bbdd  zz  eeyy 

aaaa  — -  bbaa  - —  —ccaa  +  2 bdea 

aaa  —  bba  —  dda  —  cca  r±  2 bde 

drba - ~dd& - ecu  LS  afefc 


— 500  =  120 


II,  Numb. 

This  ^Equation  being  folv’d  as  in  Example  2,  Page  240,  you 
will  findtf  ==  8,05581,  &c. 

PROBLEM  XVII. 

In  any  Right-angled  Triangle,  the  Area  and  the  Sum  of  the  Hypothe- 
nufe  when  added  to  either  Side,  being  given ,  thence  to  find  the 
Sides,  See. 


Suppofe 


I  X 
4  ~r  a 
Per  Fig. 


2 

5> 

8 


5 


7 


10  4“ 


1 

2 

3 

4 

5 

6 

7 

8 


A 


1350  the  Area. 


y  +  e  zz  s  zz  1 20  the  Sum ,  &c. 
Qjaere  <2,  <?,  and  y 

#<?  —  2// 

2  /7 


a 

aa  ee  :zr  yy 

y~s  —  e 

2  A 


10 


II 


a 


yy 


ce 


_  4.sA  ^4-AA 


ss 


a 


aa 


__  4,7/7 


.  4/7/7  , 

I — _ -f- 


a 


aa 


6,  9,  ir 
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6,  9,  11 

1 2, That  is 


13  X  « 

14  #  4* 

15, in  Ato, 


12 


*3 


4//^  .  4?//  .  A.  A  A 

- - \-aa  zzyy  zz  ss. — - — -4-- — . 

aa  a  aa 

\s  A 

aa  —  ss  —  3 — . 

a 


14  aaa—ssa — ^sA 

15  ssa — ###zz4?/£ 

16  14400# — ###3:648000 

The  Value  of  a ,  in  this  / Equation,  may  be  found  as  in  the  third 
Example,  Page  241  j  that  is,  by  making  r  -p  ezz  #,  &c.  ix  will 
be  found  that  #  zz  6o* 


PROBLEM  XVIII. 

There  is  an  Oblique- angled  plain  Triangle,  wherein  a  Perpendicular 
is  let  fall  from  the  Vertical  Angle  upon  the  Bafe;  the  Sum  of  each 
Segment  of  the  Bafe,  when  added  to  its  adjacent  or  next  Side,  and 
the  Area  of  the  Triangle,  are  given ,  to  find  the  Perpendicular  and 
each  Side . 

Let  i  2  k  +  i  =  *  =  'loo  }  Qi,sere  >'>  *•  '»  and  “ 

A=z  the  Area  z=z  141750 
a  zz  the  Perpendicular  fought* 


y 

e 


And 

Then 

5  X2-7-# 

Per  Fig.  | 

1 

2 

9 

10 

7> 

8, 

J3 

14 

15 

16 


11 

12 

+ 


2Z 


2J 


17  +  18 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

J3 

H 

J5 

16 

J7 

18 

* 

J9 


y-f^Xi#=  ^ 


,  2vf 
y  +  e— — 

a 

yy  aa  tzz  bb 
ee  -  ##  =  uu 
b  —  z  — y 
u  zz  s  —  e 
bb  —  zz  —  2zy  -f-  yy 
uu  zz  ss  —  2 se-f-ee 
zz  —  2  zy  —  aa 
ss  —  ise  ZZ  aa 
zz — aa  zz  2zy 
ss  —  aa  2se 
zz  —  aa 

y 


zz 

ss  —  aa 
2  s 

zz  —  aa 
zz 


Having  found  the  Value  of  a 
from  the  24th  Step,  e  and  y  will 
be  eafily  found  by  thefe  two 
Steps,  and  b ,  uy  by  the  9th  and 
10th  Step. 


ss- 


aa 


zs 


=y  +  e 


6,  19 
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6,  19 

20  X  2Z 

21  X  s 

22  X  # 
23,  Numb. 


zz — aa  .  ss —  aa  2  4 
20  - — H - =  -*■ - 

2z.  ■  2s  a 


21  zz — aa  4 


zss 


22 

23 

24 


zzs- 


■  saa  4  zss  —  zaa  = 


_ 4  za 

a 


a 


zzsa  —  saaa  4  zssa  —  zaaa  =  42:  As 

900000^ —  aaa  =  243000000 

Here  #  =;  300  found  as  in  the  laft  Problem. 


PROBLEM  XIX. 

%here  is  a  Right-angled  Triangle ,  wherein  a  Right- line  is  drawn  pa¬ 
rallel  to  the  Cathetus  ;  there  is  given  the  Cathetus,  that  Segment  of 
the  Hypothenufe  next  to  the  Cathetus,  and  the  alternate  Segment  of 
the  Bafe  ;  thence  to  find  the  Bafe,  & c. 

£  =  20  .£  =  24  .and  £=15 
b  4  a  zz  the  Bafe.  Qusere  a 


ViZ.  Let 

1 

Then 

2 

Here 

3 

And 

4 

3 

5 

5 

6 

4  —  aa 

* r 

7 

6’  7i 

8 

8  X 

9 

9  + 

10 

That  is. 

11 

b  -\-a  :  c  :  :  a  :  e  per  Figure . 
aa-\-eez=z  hh  per  Figure, 
ca 


6  + 


a 


ccaa 


bb  4  zba  4  ua 

hh —  a  a  =  ee 


'■ee 


ccaa 


.=  hh  — 


aa 


bb  4  zba  -j-  aa 
ccaa  =  hhbb — bbaa  4  2 hhba  —  2bat  -j-  hhaa — a* 
a  *  -j-  2baaa  4  ccaa  4  bbaa  - —  hhaa  —  2  hhba  =  hhbb 
aaaa  4  ngzaaa  4  7  5 1  aa  —  9000#  =  90000 


For  a  Solution  of  this  Mquation^  let  it  be  made 

4 aaa  4  haaa  4  caa  —  da  zasG  jr  \bz=. 

Futr-{-e~a  lZ'  \dz=z 

C  r  4  4 rrre  4  6rree  zz  a* 

Then  <  bnr  +  3 hrre  +  3 hree  =  haaa  l  —  G 
J  err  4  2 ere  4  cee  —  caa  f 

dezz-r-da  J 

Let  r  =  10 


l—dr 


=  40  .  r==75 1 

9000  .  GzzyocoQ. 

9000a 


*  Then 


- - - ■■■ - -  -----  —  ----  -  -•  -  ~ 
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■  ■■—■" —  -  . . ..  II  ■  I  I  H 


90000 


!+  ioooo-j-  4000*  -f*  6oc**7 

-j- 40000  +  12000*  +  1200**  ( _ p _ 

4-751004-15020*4-  75lee\ 

—  90000 —  9000*  J 

That  is,  351004-22020*  +  2551**  =  9000O 
Hence  it  will  be  22020  e -f-  2551**  zz  54900 
Confequently,  8,63*  4-  ee  ~  21,52  =  D 

Operation ,  8,63)  21,52  (2,1  zz* 

4~  e  zz  2,1  20 


1.  Divifor  zz  10 

2.  Divifor  zz  10,7  1,07 


1,52 


Firftr 

+  * 


10 

2,1 


45  &c.  r  -j-*  =  12,1  r  for  a  fecond  Q~ 
peration,  which  being  involv’d,  and  multiply’d  into  the  Co~efficientSj 
as  before,  will  produce  thefe  Numbers: 

4-  21435,88814-  7086,24*4-  878,46** 

4-  70862,4400  4- 17569,20*-!”  1452,00** 

4-  109953,91004-  18174,20*4-  75i9oo** 

—  108900,0000 —  9000,00* _ 

Viz  93352,2381  —  33829,64*4-  3081,46** zz 90000 
Here,  becaufe  93352,2381  ^  90000  therefore  12,1  7^  ay  and 
therefore  it  mull  be  mader  —  *  zz  a ,  which  will  produce  the  fame 
Numbers ,  only  all  the  fecond  Signs  muft  be  changed. 

Thus,  93352,2381 — 33829,64*  -j-  3081,46**  =  90000  from 
whence  will  arife  this  /Equation : 

4-  33829,64*  —  3081,46**  zz  3352,2381 
Confequently,  10,9784* — ee  zz  1,08787332  rz:  D 
Operation  10,9784)  1,08787332  (0,0999  zz* 

— *zz,0999  9792 


■  i  1  .1 

1,  Divifor  10,88 


108673  Laftr  =  i2,i 


2.  Divifor  10.879 

3.  Divifor  10.8785 


9791 1  — *zz  0,0999 

1076232  r — •  *  zz  12,0001  zz  * 

.  979065 

&C-. 

PROBLEM  XX. 


In  the  Oblique -angled  Triangle  C  AD ,  there  is  given  the  Side  AD , 

//;*  Swm  tf/'  //;*  5/^*5  AC  4“  C/)  ;  a!fo  zvithin  the  Triangle  is  given 
the  L  ine  AB  perpendicular  to  the  Side  C  A  j  thence  to  find  the  Side 

CAy  Sec,  Let 
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( 

1 

Let's 

2 

3 

And 

4 

Then 

5 

Suppofe 

Then 

And 

6 

But 

7 

6,  7 

8 

8 

9 

5 

10 

Per  Fig. 

1 1 

II  —  aa 

12 

But 

J3 

12  —  13 

14 

Let 

J5 

H>  15 

16 

*6  -f*  a 

17  4-  a 

18 

9 

*9 

18  <5‘z 

20 

ip,  20 

21 

CA-\-C  D-s  —  51  p 

ADzzsd  —  32 
AB  —  b  —  'll 
C  A  zz:  a  fought. 
s — a  — CD 


the  Line  D  F 
parallel  to  A B  \  CA  being  produced  to  F 
A  CAB,  and  A  CFD  will  be  alike. 

BC  :  C  A : :  DC  :  CF 

BC  —  */  bb+aa.  Let  AF—e ,  and  FD  —  y 

\A  bb  -\-aa :  a  :  :  s  —  a:  a  e 
sa  —  aa 

\A  :  bb  -{-aa  a~^~  € 

ss — 2 sa-\-aa  ~  Q  CD 

ss — 2 sa-\-aa—aa-\~2ae  4~ ee-\-yy  —  □  C F~\~  D  FD 

ss — 2sa  —  2ae-\-ee-\-yy 

dd—ee+yy—  □  A  F+  □  FD 

ss — 2  sa — dd-=-iae 

2x—ss—dd 


x — sa—ae 
x  — sa 


a 

x  —  sa  -{-  aa 


a 


—  a  e 


ssaa—lsaaa  4-  a + 


D  a  4-  e 


bb  -f-  aa 

xx — IxsaA-lxan-^ssaa — Fsa^A-a* * 4 q  a  |  £ 

aa 

ssaa — isaaa-\-a^  


bb  -4-  aa 

xx  —  ix sa  -j~  2 xaa  4-  ssaa  —  2 sa*  4" 


aa 


This  /. Equation  being  brought  out  of  the  Fractions,  and  into 

Numbers,  will  become  —  20i8tf:' 125409^  —  2464230,25^ 

4-  3 5468307a “2741 8 39 22,2^  >  which  being  divided  by  2018, 
the  Co-efficient  of  the  highefi  Poiver  of  <7,  will  be  —  a*  4*  62 ,145 
6<P  — 1221.125^4-37575,9597^  —135869,138875  &c. 

And 


Chap.  4.  of  lEefolbiiTg  problems*. 1  337 

And  from  hence  the  Value  of  a  may  be  found,  as  in  the  lajl 
Problem ,  due  Regard  being  had  to  the  Signs  of  every  Term . 

This  Work  of  reducing ,  or  preparing  /Equations  for  a  Solution 
by  Divifion ,  hath  always  been  taught  both  by  ancient  and  modern 
Writers  of  Algebra ,  as  a  Work  fo  neceffary  to  be  done,  that  they 
do  not  fo  much  as  give  a  Hint  at  the  Solution  of  any  adfeCted  Equa¬ 
tion  without  it. 

Now  it  very  often  happens,  that,  in  dividing  all  the  Terms  of  an 
/. Equation ,  fome  of  their  Quotients  will  not  only  run  into  a  long 
Series ,  but  alfo  into  imperfect  Fra/lions  (as  in  this  Equation  above) 
which  renders  the  Solution  both  tedious  and  imperfect. 

To  remedy  that  Imperfection ,  I  fhall  here  fhew  how  this  Equa¬ 
tion  (and  confequently  any  other)  may  be  refolv'd  without  luch 
Divifion  or  Reduction. 


Let  b  =  2018.  c  ~  125409.  d  “  2464230,25 
/  =  35468307.  And  G  =  2741 83922,25 
Then  the  precedent  Equation  will  ftand  thus  : 
—  baaaa  -j-  caaa  —  daa  -f -  fa  zzi  G 
Put  r  -{-  e  ~  a  as  before. 

—  br +  —  4 brrre  —  6 brree  ~  —  ba +  ** 


Then  will 


5 


cr*  -j-  ^crre  -j-  yree 
1  —  drr  —  2^n?  —  dee 

*•+/>•  +/* . 


= +  «’ 

—  —  4/00  ( 

=  +/«  J 


G 


This  is  plain  and  eafily  conceived.  The  next  Thing  will  be* 
how  to  eftimate  the  fir  ft  Value  of  r  ;  and,  to  perform  that,  let  G 
be  divided  by  b ,  only  fo  far  as  to  determine  how  many  Places  of 
whole  Numbers  there  will  be  in  the  Quotient ;  confequently,  how 
many  Points  there  muft  be  ( according  to  the  Height^of  the  Equa¬ 
tion.)  -  4 

Thus  b  =  2018)  G  —  274183922,25  (130000 

2018 


7238,  5cc» 

Now  from  hence  one  may  as  eafily  guefs  at  the  Value  of  r0  as  if 
all  the  Terms  had  been  divided.  That  is,  1  fuppofe  r  ■=.  10, 
which  being  involved ,  &c.  as  the  Letters  above  direct ,  will  be 

X  x  —  20880000 


1 


!f-  ■  '  ^ '  -  -  -  -  -  -  - - - - '-I"  ■  ’ ■ 
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—  20880000  —  8072000* —  1210800**  “J 

+  125409000  +  37622700*  +  3762270**  ( Q 

—  246423025  —  49284605*  —  2464230,  25**  f 

+  354683070  +  35468307* _ 

Viz.  213489045  -f-  15734402*  +  87239,75**  =  2741839  &C. 

Hence  15734402*  -f-  87239,75**  zz  60694877,25 
Confequently ,  180,3*  -f-  **  zz  695,72  =:  D 

And 


D 


Operation.  180,3) 


180,3 
693,72 


(3>7 


3’7)  5+9 

1.  Divtjor  =183  146,72 

2.  Divifor  z=.  184,0  128,80 


Firft  r  zz;  10 
+  *  =  3’7 


&c.  r  — j—  e  zz  13,7  =  r  f or  a 

fecond  Operation ,  with  which  you  may  proceed,  as  in  the  laft: 
Problem ,  and  fo  on  to  a  third  Operation ,  if  Occafion  require  fuch 
Exacftnefs.  But  this  may  be  fufficient  to  (hew  the  Method  of  re- 
folving  any  adfeEled  /Equation^  without  reducing  it ;  which  is  not 
only  very  exacft,  but  alfo  very  ready  in  Pra£tice,  as  will  fully  ap¬ 
pear  in  the  laft  Chapter  of  this  Part ,  concerning  the  Periphery  and 
Area  of  the  Circle ,  &c.  wherein  you  will  find  a  farther  Improve¬ 
ment  in  the  Numerical  Solution  of  High  Equations  than  hath  hither¬ 
to  been  publifh’d. 


CHAP.  V. 

Tragical  problems,  and  Hills:  5  for  finding  the  Superficial 
Contents,  or  Area’s  of  Right -lin'd  Figures. 


BEfore  I  proceed  to  the  following  Problems ,  it  may  be  conve¬ 
nient  to  acquaint  the  Learner ,  that  the  Superficies  or  Area  of 
any  Figure ,  whether  it  be  Right- lin'd  or  Circular ,  is  compos'd  or 
made  up  of  Squares ,  either  greater  or  lefs ,  according  to  the  diffe¬ 
rent  Meafurcs  by  which  the  Dimenfions  of  the  Figures  are  taken 
or  meafur'd. 

That  is,  if  the  Dimenfions  are  taken  in  Inches ,  the  Area  will  be 
compos'd  of  fquare  Inches ;  if  the  Dimenfions  are  taken  in  Feei$  the 
Area  will  be  compos'd  of  fquare  Feet ;  if  in  Taras ,  the  Area  will  be 
fquare  Yards  ;  and  if  the  Dimenfions  are  taken  by  Poles  or  Perches 
(as  in  furv  eying  of  Land ,  Sic. )  then  the  Area  will  be  fquare  Perches , 
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&c.  Thefe  Things  being  underflood,  and  the  Definitions  in  the 
283d  and  284th  Pages  well  confider’d,  will  help  to  render  the 
following  Rules  very  eafy. 


PROBLEM  I, 

To  find  the  Superficial  Content ,  or  Area  of  a  Equate  i  or  of 
any  Right-angled  parallelogram. 


Rule.  | 


Multiply  the  Length  into  its  Breadth ,  and  the  ProduSl  will 
be  the  Area  requir'd.  (See  Lemma  I.  Page  302.) 


Example .  Suppofe  the  Line  AB  =  6 
Yards ,  and  the  Breadth  AC  or  BD 
=  3  Yards ,  then  A B  x  AC  =6x3 
=  18  will  be  the  Number  of  fquare 
Yards  contain’d  in  the  Area  of  the  Pa¬ 
rallelogram  A  BC  D.  This  is  fo  evi- 


A 

3 

c 


dent  by  the  Figure  only,  that  it  needs  no  Demonfiration . 


B 


D 


PROBLEM  II. 


To  find  the  Area  of  any  Oblique-Triangled  Parallelogram ,  viz. 
either  of  a  Ktjombas  or  KtjombdBcs. 

Rule  \  Multiply  the  Length  into  its  perpendicular  Height  (or 
L  Breadth )  and  the  Product  will  be  the  Area  requir'd. 

That  is,  the  Side  AByB  P  —  the  Area  of  the  Rhombus  A  B  CD, 
For  if  B  P  be  drawn  perpendicular  to  C  Z), 
and  AG  be  made  parallel  to  B  P ,  then 
will  GC  =  PD  and  GP  CD.  Con¬ 
sequently  A  AGC  ~  A  B  P  D,  and  CD 
ABGP  ~ ~  Rhombus  A  BCD.  But  A  B 
X  B  P  —  CD  A  B  G  P.  Therefore  A  Bx 
BP ,  or  C  D  x  P  P  ==  the  Area  of  the 
Rhombus  A  B  C  D, 


Example.  Suppofe  the  Side  AB  zr  23  Inches ,  and  the  Perpendi¬ 
cular  B  P  r=  1 7, 5  Inches  (being  the  fiwtejl  or  nearejl  Difiance  be¬ 
tween  the  two  Sides ,  A B  and  CD.)  then  AB  X  BP  =  23  X 
402,5  fquare  Inches ,  being  the  Area  of  the  Rhombus  required. 

The  like  may  be  done  for  any  Rhomboides  whofe  Length  and  per¬ 
pendicular  Breadth  is  given. 


Xx  2 


PRO- 
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PROBLEM  III. 

To  find  the  Superficial  Content ,  or  Area  of  any  plain  STtiatlgW. 

Every  plain  Triangle  is  equal  to  half  its  circumfcribing  Paralle¬ 
logram ,  (41.  e.  1.)  which  affords  the  following  Rule  : 

f  Multiply  the  Bafe  of  the  given  Triangle  into  half  its  perpen - 
Rule.  <  dicular  Height ,  or  half  the  Bafe  into  the  whole  Perpendi - 
(,  cular,  and  the  Product  will  be  the  Area. 

That  is,  BDxl  CP,  or  f  BDxCP  =  Area  of  A  BCD. 
For  AC  =s  BP,  A  B  —  CP, 
and  B  C  is  common  to  both  A  A ; 
therefore  A  ABC  ~  A  B  C  P, 
and  for  the  like  Reafons  A  C  F  D 

A  CP  D.  Therefore  A  BCP 
4-  A  C  P  D  —  i  a  AB&D, 

Confequently  i  B  D  x  C  P ,  or  B  D  Xz  C  P  will  be  the  Area  of 
A  BCD. 

Example.  Suppofe  the  Bafe  BD  zz  32  Inches ,  and  the  perpen- 
cular  Height  CP"  14  Inches. 

Then  i  B  D  x  CP  =  16  x  14  =  224.  O  rBDxlCP  — 
32  X  7  —  224.  Or  thus,  32  X  14  =  448.  Then  2)  448  (224 
“  the  Area  of  the  Triangle  BCD  in  fquare  Inches . 

PROBLEM  IV. 

To  find  the  Superficies,  or  Area  of  any  ErapCJtUttt. 

Firfl,  divide  the  given  Trapezium  into  two  Triangles ,  by  draw¬ 
ing  a  Diagonal  from  one  of  its  acute  Angles  to  the  oppofite  Angle ; 
and  let  fall  two  Perpendiculars  ( from  the  other  two  Angles )  upon  the 
Diagonal,  as  in  the  following  Figure.  Then 

f  Multiply  half  the  Diagonal  into  the  Sum  of  the  two  Per- 
Rule.  <  pendiculars ,  or  half  the  Sum  of  the  Perpendiculars  into  the 
C  Diagonal ,  and  the  Product  will  be  the  Area. 

That  is,  *  ACxBP  ED.  Or  AC  x  i  B  P  +  i  E  D  = 
Area  of  the  Trapezium  ABC  D, 

For  the  A  ABC  is  Half  its  circumfcribing  Parallelogram  ;  and 
the  A  A  C  D  is  aifo  Half  of  its  circumfcribing  Parallelogram,  as  hath 
been  prov’d  at  the  laft  Problem. 

Confequently , 


A  C  F 


1 
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Confequently,  BP  +  E  D  x  i  AC ,  or  i  B  P  +  i  E  D  x  AC 
will  be  the  Area  of  the  Trapezium , 
as  above.  B 


Example .  Suppofe  the  Diagonal 
AC  zz  33  Feet,  and  the  Perpendicu¬ 
lar  BP  ~  15  Feet9  and  the  Per¬ 
pendicular  E  D  =.  14  Feet,  Then 
B  P  E  D  zz:  2  9  jFW,  and 
+  EDxk  AC  =  29  X  16,5 


=  478»5-  Or  A  Cxi  FP  +  4  ££>  =  33  X  V  =  478>5*  Or 
thus,  29  X  33  =  957*  Then  2)  957  (478,5  any  of  thefe  Pro - 
duffs  are  the  Area  of  the  Trapezium  ABC  D, 

PROBLEM  V. 

To  find  the  Superficial  Content  or  Area  of  any  irregular  Polygon ,  or 
many-fided  Figure ,  which  by  fome  Au¬ 
thors  is  call'd  a  Triangulate ,  becaufe  ( as 
1  fuppofe )  it  mujl  be  divided  into  Trian¬ 
gles ,  as  in  the  annexed  Figure  A  BCD 
FG  ;  by  which  it  is  evident,  that  the 
Sum  of  the  Area's  of  all  thofe  Trian¬ 
gles ,  found  as  in  the  laft  Problem ,  &c. 
will  be  the  Area  of  their  circumfcribing 
Polygon . 

PROBLEM  VI. 

T 0  find  the  Superficies,  or  Area  of  any  regular  Polygon ,  viz.  of 
any  regular  pentagon,  ^epagou,  heptagon,  £Dctagott,  &c. 

Multiply  half  the  Sum  of  its  Sides  into  the  Radius 
of  the  infcrib'd  Circle ,  or  half  the  faid  Radius  into 
the  Sum  of  the  Sides ,  and  the  Produff  will  be  the 
Area  required. 

That  is  AB-\-BD ~\-D R  -\-EF -\-FG-\-GIi-\-HK-\-KA  .  ^  Qp 

nr:  the  Area  of  the  annexed  Off  agon  ;  wherein  it  is  evident,  that  its 
Area  is  compos’d  of  fo  many  equal  Jfofceles  Friangles  as  there  are 
Numbers  of  Sides  in  the  Polygon ,  viz.  of  eight  Ifofceles  Triangles , 
whofe  Bafes  are  the  Sides  of  the  Off  agon,  viz.  AB  zz  BD  zzl  DE , 
he.  And  the  Sides  of  thofe  Triangles ,  C A,  C B,  CD,  he.  are  the 
Radius's  of  the  circumfcribing'  Circle ;  and  their  perpendicular 
Heights ,  viz.  PP>  is  the  Radius  of  the  inferib'd  Circle. 

z  But 
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But  the  Area  of  any  one  of  thofe  Triangles  is  £  A  B  X  C  P 
by  Problem  3.  Confequently  the 
Sum  of  all  their  Area' s  will  be 
C  P  into  half  the  Sum  of  all  their 
Bafes,  as  above. 

This,  being  equally  evident  in 
all  regular  Polygons  whatfoever, 
makes  the  Rule  general  for  find¬ 
ing  their  Area's . 

Now,  becaufe  it  is  requir’d  to 
have  the  Radius  of  the  propos’d 
Polygon's  infer ib'd  Circle ,  I  (hall 
here  infert  (and  demonjlrate)  the 
Proportions  that  are  between  the 
Sides  of  feveral  regular  Polygons  and  the  Radius's  both  of  their 
ferib'd  and  circumfcribing  Circles ;  the  one  will  help  to  delineate  or 
projet 7  the  Polygon  (if  Occafton  require  it)  and  the  other  will  help  to 
find  its  Area . 


And  Firft ,  Of  an  dBquUatetal  SCtiattgle. 

The  Side  of  any  Equilateral  plain  Triangle  is  in  Proportion  to  the 
Radius  of 

f  Circumfcribing  Circle ,  J  C  °>57735027  &c* 

its  <  Infcrib'd  Circle  >  As  I  :  To<  0,28867513  &c„ 

L  Perpendicular  Height , )  £  0,8660254°  &c» 

f  A  B  :  C D  : :  1  :  0,57735027 
i.  e.  <  A  B  :  C  G  :  :  1  :  0,28867513 
£  A B  :  AG  :  :  1  :  0,86602540 

SDemonffration. 

Lzt  A B  tzz  B  D  —  1 ,  then  will  B  G 
~  GD  —  0,5  ;  but  □  —  □  5G 

zz  □  ^  G  by  Theorem  1 1.  That  is,  I 
—  0,25  =  0,75  zi  □  G,  confe¬ 
quently,  i/  0,75  =  0,8660254013  G: 

Then  AG  :  yfi?  :  :  :  AH,  by  Theorem  13,  that  is,  0,8660254: 

1 : :  1  :  1,15470054  &c.  1 -  A  H>  then  ^  AH- =  0,57735027  — 
AC .  Again,  AG  :  DG  : :  DG  :  GG,  that  is,  0,8660254  :  0,5  : : 
0,5  : 0,28867513  zz  GG.  E.  D. 

Now,  by  the  Help  of  the  Firjl  of  thefe  Proportions ,  it  will  be 
eafy  to  refofoe  thejollowing  Problem • 


A 


PRO- 
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PROBLEM  VII. 


The  Side  of  any  Equilateral  plain  Triangle  being  given ,  to  find  its  Area . 

Example ,  Suppofe  the  Side  of  the  propos’d  Triangle  ABC 
to  be  25  Inches ,  viz.  A  B  zz  B  C  zz  CA  —  25 
Firft  1  :  0,866254  ::  —  25  : 21,650635 

=s  BP  by  Theorem  13.  Then  A  P  (zz  ±  C 
A )  X  B  P  zzz  the  Area  of  A  ABC  by  Rule 
to  Problem  3,  that  is,  12,5  X  21,650635  — 

270,6329  the  Area  in  fquare  Inches , 

Or  this  Problem  may  be  otherwife  refoh'd  thus: 

Let  b  =  A  P  =  A  C.  'Ther\2bzzAB.  But 
□  AB  —  □  AP  zz  □  B  P.  By  Theorem  1 1.  That  is,  4 bb  — 
bb  zz  yfib  zz  □  B  P.  Confequently,  v'  3 bb  =  B  P.  Then  b 
t/  yjob  zz  B  P  X  i  A  C.  viz.  V'  3 bbbb  X  V  3  zz  the  Area  of  the 
Triangle . 


1 

B 


Secondly ,  For  a  pentagon. 

The  Side  of  any  Pentagon  is  in  Proportion  to  the  Radius  of 


its 


\ 


Circumfcribing  Circle , 
InfcriPd  Circle , 
Perpendicular  Height 


As  1 


0,85065080  &c. 
To^  0,68819096  &c. 
L  1,53884176  &c. 


:  0,85065080 
:  0,68819096 
:  1,53884176 


jBDemonltraftMT. 


yV 


Let  A B  zz  J.  And  draw  the  Z>/- 
sgonals  A  D,  yZ  F,  and  Z)  (j,  which 
will  be  ^#<2/  to  one  another.  Then  will 
AGxDF+ADxGFzzAFxDG 
by  Theorem  19.  Confequently,  AGx 
DFzz  AFxDG:  —  y^£>x£F,  that  is,  U  AB—U  AD:  — 
ADxGF=  1  (becaufe  AB  ~AG~D  F,  and  AD  =  yZFzz  £>  G) 
hence  it  will  be  AD  zz  1,61803398,  theh  □  y^Z)  —  n  D  H  == 
OAHbyTheor.  11.  Bet  DHzzz{AB,  therefore -t/  n^ZZ) —  Z  □  A B 
zz  Allzzi  1,53884176.  Again,  AH:  AD  ::  AD  :  A  Xzz  2  AC. 
For  A  A  HD  and  A  A  D  X are  alike* 

'  Frso 
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n  ad  1 

Ergo  -rL  —  2  AC  —  1,70130161.  Hence  ^C  =  0,85065080 

But  —  ACz=lCH—  0,68819096,  &c.  Q.E.  D. 

From  hence  it  will  be  eafy  to  refolve  the  following  Problem . 

PROBLEM  VIII. 

^  regular  Pentagon  being  given ,  find  its  Area . 

Example.  Suppofe  the  given  &*<&  to  be  15  Inches  long,  then  it 
will  be,  as  1  :  1,53884176  :  :  15  :  22,0826264  the  perpendicular 
Height ;  and  by  the  general  Rule  22,0826264  X  V  —  165,619698 
the  Area  requir’d. 

thirdly ,  For  an  flDcfagOlt. 

✓ 

The  Side  of  any  regular  Ofiagon  is  in  Proportion  u  thy  Radius  of 
its  \  Circumfcribing  Circle ,  As  I  :  to  1,30656296,  &c, 
l  Inf  crib’ d  Circle ,  As  1  :  to  1,20710678,  &c. 


y.  {  B  d  :CA  : :  1:1,30656296 
*  *  t  P/f  :  CP  : :  1  :  1,20710678 

SDcmonttraftott. 

\  _  ^ 

Draw  the  D  B ,  and 

from  the  Point  B  let  fall  the  P<?r- 
pendicular  B  x  upon  the  Diameter 
DA. 

Then  will  A  DPy/and  A  DxB 
.be  alike,  by  Theorem  10  and  12. 


j^et  j  £  z=  BA  zz  1  .  <2  =  Cyf 


Then 


2 

But 

That  is 
4  X  hb 

Again 


1 

2 


4 

5 


PZ),  and  y  —  P,v 

2 a  :  b  : :  e  :  y.  viz.  DA:BA:  : DB : Bx 

^  =  e  =  DB 
b 

=  «  =  □  D3 

bb 

4^  w 
T  bb 

u  DA  —  n  P5  =  □  Pi  By  Theorem  1 1. 
^bbaa  —  4<2tfyy  zz  bbbb 
c\aaz=zyy.  For  CxzzzBx 
j  and  □  C#  +  □  P*  zz  □  CP 


s> 6 
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5>  6 

7 

efbaa  —  2 a4  zz  £4.  Or  2«4  —  \bbaa  zz  —  £4 

7-4-2 

8 

-  2^7777  ZZ  -  4  £4 

8  C  D 

9 

a4  —  ibbaa  F  zzi  b*  —  i  P  ZZ  4 

9  a*1 

10 

7777  —  bb  —  V  kb^ 

10  +  ^ 

11 

aa  z=  bb  i  b 4 

II  tuP 

12 

a  zz  \/  :  bb  lb*  —  1,30656296,  &C.  ZZ  C// 

Then 

13 

aa  —  lbb  —  □  CP,  viz.  □  CH —  □  HPzz  □  CP 

13  Uli* 

14 

i/tf77 - 4^  ZZ  1,20710678,  &C.  ZZ  CP. 

From  hence  ’twill  be  eafy  to  find  the  Area  of  any  Oft  agon. 

PROBLEM  IX. 

The  Side  of  any  regular  O£fagon  being  given ,  to  find  its  Area; 

Example .  Suppofe  the  Side  given  to  be  12  Inches  long;  Firfl^ 
as  1  :  1,20710678  :  :  12  :  14,48528136  zz  the  Radius  of  its  in- 
fcrib’d  Circle  ;  then  12  X  4  =  48  is  half  the  Sum  of  its  Sides, 
and  48  X  14148528136  zz  695,2935  the  Area  required. 

Fourthly ,  For  a  SDccagOtt. 

The  Side  of  any  regular  Decagon  (viz.  a  Polygon  of  ten  equal  Sides) 

is  in  Proportion  to  the  Radius  of 

j  C  Circumfcribing  Circle ,  as  I  :  to  1,61803398,  &c. 

ItS  f  Infer ib'd  Circle  as  I  :  to  1,53884176,  &c. 

T/.  5  BA:  CA  ::  1  :  1,61803398 

4  BA:  CP  :  :  1 :  1,53884176 

SDmonftratton. 

_  c  b  zz  BA  zz  r  .  a  =  CA 
Fz  DB ,  and  y  — :  Bx 


Then 
That  is, 


But 

3  v 

4  -r  ie 
Again 

That  is, 


3 

4 

5 

6 

7 


2  a  1  h  ::  e  :  y 
3J:i 
2ay  z =  £g 


jDP  :  £* 


1 


and  2y  zz  — 
a 


A 


2 y  :  e  ::  1  :  1,61803398.  See  Pentagon . 
ig  _  _  £g  _  le 

1,61803398  ^  77  a 

1,61803398  —  a  —  C  A 
taa  —  ±bb  zz  □  CP. 

£  viz.  D  CF-m  □  P  F  zz  □  CP.  By  Theorem  II. 

v'  2,61803398  —  0,25  sc  1,53884176  —  CP 


Yy 


PRO- 


34-6 


Clements  of  ©eometrp.  Part  in. 


PROBLEM  X, 

The  Side  of  any  regular  Decagon  being  given,  to  find  its  Area. 

Example.  Let  the  given  Side  be  14  Inches  long;  then,  as 
I  :  1,53884176  :  :  14  :  21,543784  zz  the  Radius  of  the  infcrib’d 
Circle ;  and  14  X  5  —  70  is  half  the  Sum  of  its  Sides.  Laftly, 
2I?5437^4  X  70  ~  1508,06488  the  Area  requir’d. 

Fifthly ,  For  a  2Do&ecagOtt. 

Tloe  Side  of  any  regular  Dodecagon  (viz.  a  Polygon  of  twelve  equal 
Sides )  is  in  Proportion  to  the  Radius  of 

j  5  Circumfcribing  Circle ,  as  r  :  to  1,93185165,  Sic . 
i  Infcrib’d  Circle  as  I  :  to  1,86632012, 

fr.  C  BA :  CA  ::  1,03185165 
Vi*'  X  BA:  CP::  1,86632012 

SDtmonffratiort. 

Let  b  zz  BA  zz  1  .  a  zz  CA  as  before 
And  e  zz  xA ;  then  a  —  e  zz  Cx 


Firft 

But 


2 

4 


5 

4 


Again 

Viz. 


X 


2£ 

7 


2 

3 

4 

5 

6 

7 

8 


j 


bb  —  □  Bx  zz  ee 
By  Figure. 
Bx—^CA—la 
□  Bx  zz  4  aa 
bb  —  l  aa  zz  ee 

\/  bb 
aa  — 


-  4  aa  zz  ee 
aa  zz  aa  - 


□  CZ?  — —  □  Bx 
2a  </  bb 


2ae  -f-  ee 
□  Cx 


\aa  zz  2ae 


bb 


• a  a 


2 a  \/  bb-r-^aa  ce  —  2ae 


7> 

8 

9 

aa  — 

•  4  <2  ZZ  -f-  bb  — 

-  —  2tf  /  bb 

4^ 

9 

± 

10 

2  a  y'  bb  —  ±aa  zz  bb 

so 

1 1 

\bbaa  —  aaaa  zz  b3* 

1 1 

+ 

12 

aaaa 

—  \bbaa  zz  —  b^ 

J3i 

c 

□ 

*3 

aaaa 

—  \bbaa  -p  4^4  Z 

34*  =  3 

1 

WJZ 

2  bb 

14 

aa  — 

-  2 bb  zz  i/  3  zz  I. 

,7320508075 

H 

+ 

15 

aa  zz 

-j-  ✓  3  =  3 

,7320508075 

35 

2 

WJ 

16 

a  zz 

v'  3’732°5o8o75 

=  i,93i8Sl6S 

— 

CA 

Again 

l7 

a  a  — 

4  bb  zz  □  6’P.  viz. 

□  C7?—  □  Pi? 

~  - 

□  CP 

37’ 

Hence 

is 

CP  : 

Z  i/  —  4  bb  ZZ  I 

,86632012. 

Qi 

E.  D. 

Con- 
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Confeffary. 

Hence  if  the  Side  of  any  regular  Dodecagon  be  given,  the  Radius 
of  its  inferib'd  Circle  may  be  eafily  obtain’d,  and  thence  the  Area 
found  ;  as  in  the  laft  Problem. 

The  Work  of  the  'foregoing  Polygons ,  being  well  confider’d, 
will  help  the  young  Geometer  to  raife  the  like  Proportions  for  others, 
if  his  Curiofity  requires  them  :  And  not  only  fo,  but  they  will 
alfo  help  to  form  a  true  Idea  of  a  Circle’s  Periphery  and  Area ,  ac¬ 
cording  to  the  Method  which  I  (hall  lay  down  in  the  nex'  Chapter 
for  finding  them  both. 


CHAP.  VI. 

A  new  and  eafy  Method  of  finding  the  (TirdeV  pmpfjerg 
and  #rca  to  any  afiign'd  Exadlnefs  ( or  Number  of  Figures ) 
by  one  ^Equation  only .  Alfo  a  new  and  facile  Way  of 

waking  Natural  ^tncS  and  ffangenf#. 

T  E  T  us  fuppofe  ( what  is  very  eafy  to  conceive )  the  Circle’s  Area  to 
be  compos’d  or  made  up  of  a  vaft  Number  of  plain  Ifofccles 
Triangles,  having  their  acutejl  Angles  all  meeting  in  the  Circle’s 
Center.  And  let  us  imagine  the  Bafes  of  thofe  Triangles  fo  very 
fmall,  that  their  Sides  and  their  Perpendicular  Heights,  viz.  the 
Radius's  of  their  circumfcrib’d  and  inferib’d  Circles  (vide  Pro¬ 
blem  6.)  may  become  fo  very  near  in  Length  to  each  other,  as  that 
they  may  be  taken  one  for  another  without  any  fenfible  Error  : 
Then  will  the  Peripheries  of  their  circumfcribing  and  inferib’d 
Circles  become  ( altho ’  not  co-incident ,  yet )  fo  very  near  to  each 
other,  as  that  either  of  them  may  be  indifferently  taken  for  one  and 
the  fame  Circle. 

But  how  to  find  out  the  Sides  of  a  Polygon  (viz.  the  Bafes  of 
thofe  Jfofceles  Triangles)  to  fuch  a  convenient  Smallnefs  as  may 
be  neceffary  to  determine  and  fettle  the  Proportion  betwixt  a  Cir¬ 
cle’s  Diameter  and  its  Periphery  (to  any  affign'd  Exaflnefs)  hath 
hitherto  been  a  Work  which  requir’d  great  Care  and  much  Time 
in  its  Performance  ;  as  may  ealily  be  conceived  from  the  Nature 
qf  the  Method  us’d  by  all  thofe  who  have  made  any  con!iderab{e 
Progrefs  in  it,  viz.  Archimedes ,  Snellius ,  Hugenius ,  Maetius,  Van 
Qulen^  Sc'c.  Thefe  proceeded  with  the  bife&ing  of  an  Arch ,  and 
found  the  falue  of  its  Chord  to  a  convenient  Number  of  Figures 

Y  y  %  'at 
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at  every  fingle  Bife&ion,  repeating  their  Operations  until  they  had 
approach’d  to  the  Chord  defign’d. 

And  this  Method  is  made  Choice  of  by'  the  learned  Dr.  Wallis 
in  his  Treatife  of  Algebra  ;  wherein,  after  he  hath  given  us  a  large 
Account  of  the  different  Enquiries  made  by  feveral  ( very  eminent 
in  Mathematical  Sciences)  in  order  to  find  out  fome  eafier  and  more 
expeditious  Way  of  approaching  to  the  Circle’s  Periphery ,  as  in 
Chap.  82,  84,  85,  86,  and  feveral  other  Places,  he  comes  to  this 
Refult,  ( Page  321.) 

“  Tis  true,  faith  he ,  we  might  in  like  Manner  proceed  by  con- 
<c  tinual  Trife£tion,  Quinquife&ion,  or  other  Section,  if  we  had 
“  for  thefe  as  convenient  Methods  of  Operation  as  we  have  for 
*c  Bife&ion  :  But  becaufe  Euclid  (hews  how  to  bifedl  an  Arch 
ic  Geometrically,  but  not  to  trifetff,  &c.  and  t{je  one  may  be  done 
“  ( Algebraically)  by  refolving  a  Quadratick  ./Equation,  but  not 
tbofe  other,  without  /Equations  of  a  higher  Compofition,  I 
44  therefore  make  Choice  of  a  continual  Bife&ion, 

And  then  he  lays  down  thefe  following  Canons : 


The  Subtenfe  of  £  1 

of  k  \f:2 — 4/  3 

of  I*  4/  :2+i/  :2-{-i/3 

of  i/:2 — 4/  :  2-j-i/  :  24-4/3 

of  i/:2 — 4/  :  24-4/:  24-4/3 

&c.  i/:2 — 4/ :  24-4/ .*24-4/ :  24-4/ :  24-4/3 

4/ :2 — 4/ :  2+4/  :  2+4/  :  24-4/  :  2+4/ :  2+4/ 3 
V .2 — 4/12+ 4/:  24-4/ :  2+4/  j  2+4/ :  2-j-v' :  24-4/3 

&  c. 


into  6 
into  12 
&c.  24 
48 
96 
192 

384 

768 

&c. 


How  tedious  and  troublefame  the  TVorh  of  thefe  complicated  Extrac¬ 
tions  isy  I  leave  to  the  Confideration  of  thofe ,  who  either  have  had  Ex¬ 
perience  therein ,  or  out  of  Curiofity  will  give  themfelves  the  Trouble  of 
making  Trial.  ,  .  /  c-  -8- 1>1 I 

Again,  in  Page  347,  the  Dodor  inferts  a  particular  Method  pro- 
pofed  by  Libnitius ,  pubiifh’d  in  the  Ada  Eruditorum  at  Leipfick ,  for 
the  Month  of  February  1682,  in  order  to  find  the  Circle’s  Area% 
and  confequently  its  Periphery ,  which  is  this  : 

As  1  :to|  3.4-I  —  44”^  —  it  4~  —  tV  4-  tV  ■* —  7? ,  See, 

infinitely  :  :  fo  k  the  Square  of  the  Diameter  to  the  Circle’s  Area, 
But  this  convergeth  fo  very  flowly,  that  it  is  not  worth  the  Time 
to  purfue  it; 

I  fhall  here  propofe  a  new  Method  of  my  own,  whereby  the 
Circle’s  Periphery ,  and  confequently  its  Area ,  may  be  obtain’d 

infinite- 


y 
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infinitely  near  the  Truth,  with  much  greater  Eafe  and  Expedition 
than  either  that  of  BifeStion,  or  that  of  Libnitius ,  as  above,  or  any 
other  Method  that  I  have  yet  feen  ;  it  being  perform’d  by  refohing 
only  one  /Equation^  deduced  by  an  eafy  Procefs  from  the  Property 
of  a  Circle,  (known  to  every  Cooper)  which  is  this  : 

The  Radius  of  every  Circle  is  equal  to  the  Chord  of  one  fixth  Part  of 
its  Periphery.  That  is,  AD  zz  DH  zz  HG ,  the  Chords  of  one 
third  Part  of  the  Semicircle ,  are  each  equal  to  AF  its  Radius .  Then 
if  the  Arch  AD  be  trife&ed,  it 

will  be  AB  zzz  BZ  zz  ZD .  n  ^ - j-j 


Let 


1! 


R  =  AF  zz  1 
~  AD  —  1 
zz  AB.  Quaere  a. 


Then 


And 

That  is, 
For 


2 

4X&c. 


2 

3 

4 

5 


R  :  a  : :  a  :  —  Be  & 
R 


R:  a  :  :  R 


aa 

~R 


;  c  —  2  a 


FB  :  BZ  :  :  Fe  :  ex  —  AD  —  2a 
A  AFBy  and  A  BAe%  are  alike. 

And  AB  zz  Ae  zz  Dx ,  &c. 

Rc  —  2Rcr=z  Ra  — 

R 

3 R*a  —  aaa  zz  That  is,  yi  —  aaa  z z  I 

Here  «  zz  the  Chord  of  Part  °f  the  Circle. 
For  y  of  ^  zz  tV 


Let 

I 

1X3 

3  —  2 


1 

2 

3 

4 


Next,  To  trifeSl  the  Arch  AB. 

3 y  —  yz  zz  a  the  laft  Chord. 

27/  —  2jys  +  9 y1  — y9  zz 

9J  — ■  3 y?  zz  30 

9y  —  3°/  +  27ys  —  9 y7  +  y9  =  3*  —  1 

Here  y  zz  the  Chord  of  TV  Part  of  the  Circle. 


Again,  To  trifeSl  the  Arch  whereof  y  is  the  Chord. 


Let 

1 

1 


1 

2 

3 


35  —  zz  y  ' 

27 <2*  —  270*  -|-  9c7  —  a9  zz  y* 

24.3a* — 405a7  +  270^ yea11  + 

1  <^7 


1 
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I 

4 

I  <^9 

5 

1X9 

6 

2  X  30 

7 

3  X  27 

8 

4x9 

6  —  7) 

9 

+  8— 9  f 

+  5J 

10 

(  2187  a7  —  5103  a9  4-  5 103a11  —  2835  c11  -h 
I  94-5*ls  =  f 

c  19683a9  —  59049a11  +  78732a13 
(  61236a'5  ZZ  _y9 
27a  —  9 a* 1 2 3  m  9^ 

810a1  —  810a5  -f-  270 a7  —  30*9  =:  3qy* 

C  6561a5  —  10935a7  4-  7290a9  —  2430a”  + 
l  405a15  4"  27a15  ==  27>'s 
5  19683a?  —  45927a?  +  45927a" 
l  25515a*!  +  8505a"  —  9/ 

27a  —  819a5  +  737las  —  30888a7  + 

72930a9 — 107406a"  4-  >  =  1 

04652a13  —  69768a15 

Here  a  zz  the  Chord  of  Part  of  the  Circle. 


i: 


1= 


Proceeding  on  in  this  Method  of  continually  trife&ing  the  Arch 
of  every  new  Chord,  and  ff ill  conne£ling  the  produced  /Equations 
into  one,  as  in  the  two  laft  Trifeftions,  ’twill  not  be  difficult  to  ob¬ 
tain  the  Chord  of  any  affign’d  Arch,  how  Small  foever  it  be. 

Now,  in  order  to  facilitate  the  Work  of  raifing  thefe  /Equations 
to  any  confiderable  Height,  ’twill  be  convenient  to  add  a  few  ufeful 
Observations  concerning  their  Nature,  and  of  fuch  Contra&ions 
as  may  be  Safely  made  in  them  ;  which,  being  wejl  underflood,  will 
render  the  Work  very  eafy. 

1.  1  have  obferv'd,  that  every  TriSe&ion  will  gain  or  advance  one 
Figure  in  the  Circle's  Periphery,  but  no  more.  Therefore  fo  many 
Places  of  Figures  as  are  at  firjl  defigri  d  to  be  perfe/l  in  the  Periphery, 
fo  many  TrifetStions  mujl  be  repeated  to  raije  an  /Equation  that  will 
produce  a  Chord  anfwerable  to  that  Defign. 

2.  I  have  alfo  found ,  that  all  the  fuperior  Powers  (of  a)  whofe 
Indices  are  greater  than  the  Number  of  TriSeflions,  (viz.  whofe  In¬ 
dices  are  greater  than  the  Number  of  deftgnd  Figures )  may  be  wholly 
rejected  as  infignificant. 

3.  When  once  the  Number  of  TriSe&ior.s,  and  thence  the  highejl 
Power  ( of  a)  is  determined ,  the  third  Procefs  (viz.  the  third  TriSec- 
tion)  may  be  made  a  fix'd  or  con fl ant  Canon  ;  for  by  it ,  and  Multipli¬ 
cation  only ,  all  the  fucceeding  Trife£lions  (how  many  foever  they  are J 
may  be  empleated  vJithout  repeating  the  feveral  Involutions . 

v  .  i  4* 

»  - 
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4.  In  raiftng  and  alleging  the  Co- efficients  of  the  feveral  Powers 
Of*)  ’ twill  be  fuff  dent  to  retain  only  fo  many  figmficant  Figures  (at 
a as  there  is  defigned  to  be  Places  of  Figures  in  the  Periphery  (or  at 
mojl  but  two  more )  and  every  fucceeding  Juperior  Power  may  be  allow'd 
to  decreafe  two  Places  of  fignificant  Figures :  But  herein  great  Care  mujl 
be  taken  to  fupply  the  Places ,  of  thofe  Figures  that  are  omitted ,  with 
Cyphers ,  that  fo  the  whole  and  exaPt  Number  of  Places  may  be  truly 
adjufted ;  otherwife  all  the  Work  will  be  erroneous . 

Now  the  Number  of  thoje  fupplying  Cyphers  may  be  very  conveniently 
denoted  by  Figures  placed  within  a  Parenthefis,  thus :  576  (8)  #3, 
may  Jignify  57600000000 a*,  as  in  the  following  /Equations .  The 
like  may  be  done  with  Decimal  Parts,  thus:  (,7)658  may  fgnify 
,0000000658,  Sic.  which  will  be  found  very  ufeful  in  the  Solution  of 
thefe  and  the  like  /Equations. 

Theaforefaid  Contra&ions  may  be  fafely  made,  becaufeboth  the 
fuperior  Powers  of  a ,  which  are  rejected;  as  alfo  thofe  Numbers 
that  are  omitted  in  the  Co- efficients  (and  fupply’d  with  Cyphers) 
would  produce  Figures  fo  very  remote  from  Unity,  as  that  the/ 
would  not  affeft  the  Chord  delign’d  ;  that  is,  they  would  not  affect 
the  Chord  in  that  Place  wherein  the  defign’d  Periphery  is  concerned; 
as  will  in  Part  appear  in  the  following  Example. 

If  thefe  Dire&ions  be  carefully  minded,  ’twill  be  eafy  to  raife  an 
Equation  that  will  produce  the  Sicle  of  a  regular  Polygon ,  whole 
Number  of  Sides  (hall  be  vaftly  numerous,  confequently  infinitely 
fmall  :  But,  I  prefume,  ’twill  be  fufficient  for  an  Example  to  find 
the  Side  of  a  Polygon  confifting  of  258280326  equal  Sides ;  that  is, 
if  I  find  the  Chord  of  7—^3--  Parc  of  the  Circle's  Periphery,  and 
that  requires  but  fxteen  7 rifePtions,  which  being  order’d,  as  before1, 
directed,  will  produce  this  /Equation. 

43046721# — 3 3 23601 794869686 12(4)#* 
+769837653199714(20)^— 84912  i8532B4i(35fl7 

+  5463333II43(5°K— 23oo83348(66}a‘* 

+6830988(79)#** — J5072(94)#1S 

Here  the  Value  of  a  will  have  23  Places  of  Figures  true  ;  that 
is,  the  Sides  of  the  infer ib'd  and  cir cumfcrib' d  Polygons  will  be  exa&Iy 
the  fame  to  23  Places  of  Decimal  Parts ,  but  no  farther  ;  all  which 
may  be  eafily  obtain’d  at  two  Operations.  And  for  the  firft,  ’twill 
be  fufficient  to  take  only  three  Terms  of  the  /Equation,  which  will 
admit  of  being  yet  farther  contracted,  thus  ; 
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TpJ  43046721c— 33236oi794[i2)a!?  _ 
t +76983765(27)^  S 

And  let  r  +  r  =  a  ;  then  rejedting  all  the  Powers  of  e,  that  arife 
by  Involution  above  ***, 

It  will  be  r?  -j-  3 rre  +  yee  -{-  eee  ~  aaa 
And  rS  + 

5  r4*  -|-  10 rlee  -|-  10 rreee  =  a s 
Then  the  firft  hngle  Value  of  r  may  be  thus  found  *. 
43046721)  1,00000000  (,00000002  = r 
This  ,00000002  z=  r  being  duly  involv’d,  and  its  Powers  mul- 
tiply’d  into  their  refpedfive  Co-efficients ,  will  produce 

+,86093441 +43046721^  '  T 

— *,02658881 —  3988322* — 199416(9)** — 3324(18)***  >  ZZI 
-(-,00024635-1-  6 r 587^— 6159(9)**-}-  308(18)***} 

viz.  ,83459196-4-39119986* —  193257(9)** — 3016(18)***:!:  1 

Hence  39119986* —  193257(9)^ — 3016(18)^=0,16540804 

t 

All  the  Terms  of  this  laft  Equation  being  divided  by  193257(9) 
the  Co-efficient  of  **,  it  will  then  become 
,0000002024* — ** — ,156(5)***— ,0000000000000008558968=23 

D  +  '56(5)  eee  _ 


Conjequently ,  \  - 
t  ,c 


,0000002024 — * 

Operation.  . :  .  .  .  ; 

,0000002024)  ,0000000000000008558968 

,000000004 3  0000000000000000009984 


(,000000004  ~  * 
—  156  (5)  eee 


I  Di.  ,000000198)  ,0000000000000008568952  (,000000004327 


2  Di.  ,0000001981 


7QZ 


6489 

5945 


Firft  r  —  ,00000002 
+  *  22: ,000000004327 
r  -f-  *  =  ,000000024327  =2  a . 


5465 

3962 

&c. 


Or  rather  new  r  for  a  fecond 
Operation. 

Now ,  if  this  firjl  Value  of  a  zz  ,000000024327  were  not  continu¬ 
ed  to  more  Places  of  Figures  by  a  fecond  Operation ,  but  only  multiply' d 
into  the  Number  of  Chords,  viz.  ,000000024327  X  258280326 
=  6,28318539,  &c.  the  Periphery  of  that  Circle  whofe  Diameter  is 
2,  nearer  than  either  Archimedes^  or  Mcetius’f  Proportion :  For 

3  Ar* 
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Archimedes  makes  it  6,2857 14  &c.  viz.  As  7  to  22.  Mce- 

tius  wj£*j  it  6,28318584  &c.  viz.  113  to  355. 

But  if  the  whole  /Equation  before  propos’d  be  now  taken,  and 
we  proceed  to  a  fecond  Operation ,  the  Value  of  a  may  be  encreas’d 
with  twelve  Places  of  Figures  more,  and  thofe  may  be  obtain’d  by 
plain  Divifion  only. 


Thus,  let  r  as  before,  and  let  all  the  Powers  of  e  be 

now  reje&ed  as  infignificant ; 


Then  will 


r9  -4.  —  0.9 

r11  -j-  1  irloe  ~t 
rl>  -f-  1  £rize —a 
r 15  -j-  15  r1^  ~a15 


13 


The  feveral  Powers  of  r  =  ,000000024327  being  rais’d,  and 
multiply’d  into  their  refpe&ive  Co- efficient s>  will  produce  thefe  fol¬ 
lowing  Numbers. 


-(-1,047197581767  +  43046721* 

—  ,047849196598394865  —  590075  ie 

-f  ,000655906484595355  + 

-  ,00000428l44C4I3375  — 

+  ,000000016302517863  + 

- *  ,00000000004063Il67  — 

,000000000000071388  -f- 
,000000000000000093  - 


134810* 
I232e  . 
6*  > 
o* 
o* 
o* 


2  I 


Viz.  *  1,000000026474745 106  +  37279554*  =  * 

Hence  37279554 e  =1  — ,000000026474745106  ~  D  :  Or 
rather  —  37279554^  =  ,000000026474745106  =  D 


Confequently ,  | 


37279554 


Operation. 

37279554)  ,000000026474745106c  (,15)710167967 

260956878 

<————11 1 1  i»«r  — 

37905730 

37279554 

•  62617660 

37279554 


Laft 


&c. 

Z  2 
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Laft  r  =  ,000000024327 
—  e  =.  ,000000000000000710167967 

r  —  e  =  ,000000024326999289832033  ==  a  the  Chord  or 
Side  of  the  Polygon  required. 

The  next  Work  will  be  to  examine  how  many  Places  of  thefe 
Figures  will  hold  true  to  the  Circle  s  Periphery:  In  order  to  that 
let  a  be  reprefented  by  the  Chord  B  b,  in  the  annexed  Scheme  5 
and  let  Bxzzzxb.  Then  will  Bxz=i\ 
azu  (,7)121634996449160165  and 
O  BC  —  U  Bx=n'Cx.  Let 
the  Radius  5  6  —  1  as  before.  Then 

will  the  i/~D  BC—  (3  Bx  ~  Cx~ 

,9999999999999999,  &c. 

But  C  x  :  x  B  ::  C  A  :  A  D  1  r- 
or  C  x  :  B  b ::  C  A\  D  d  \  ^er 
Ergo  Dd  =r  (,7)243269992898320354 
the  Side  of  the  Circumfcribing  Polygon. 

Then  will  a  X  258280326  be  the  Pe-  C 

rimeter  of  the  Infcrio  d  Polygon.  And 

Dd  %  258280326  will  be  the  Perimeter  of  the  Circumfcribing  Po¬ 
lygon.  That  is,  6,2831853071795859  =  the  Perimeter  of  the 
InfcriPd  Polygon.  And,  6,2831853071795865  =2  the  Perimeter 
of  the  CircumfcriP  d  Polygon. 

Hence  ’tis  evident,  that  the  Circle's  Periphery ,  whofe  Diameter 
is  2,  may  be  concluded  6,2831853071795864  true,  becaufe  the 
Perimeters  of  the  inferib’d  and  circumfcrib’d  Polygons  are  fo  far  very 
near  being  Co-incident ,  or  the  fame. 

?Tis  poflible  there  may  be  fome  who  will  think  this  is  tedious 
and  troubiefome  Work  ;  but  if  thole  pleafe  to  confider,  that,  if 
this  Periphery  were  to  be  found  by  the  aforefaid  Method  of  Bifebtiony 
it  would  require  thefe  following  Extractions . 


f  sf  >  2 — */*.2  4V:2 


1  +W:  2-j-vL  2^ -j-i/ :  2  -f  i/:  2  -j-i/:  2  -j-i/:  2  -j-i/:  2 
Viz.  -j-i/:  2  +i/ :  2*4“^:  2  +1/:  2  -j-v':  2  -j-i/:  2  +W :  2 
j  -j-i/ :  2  -j-i/ :  2  -j-i/ :  2  -j-i/ :  2  -j-i/ :  2  -pi/;  3  ffiaZ/i- 
,  [ plyd  into  402809984. 


i/ :  2  4“i/ :  2  -fV :  2  -j-i/:  2 


Here  the  firft  Root  (w‘2;.  i/  3  muft  be  extracted  at  leaf!:  to 
one  hundred  and  two  Places  of  Figures.  The  fecond  Root 

(viz , 
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(viz.  \/  :  2  +  */  3)  mu  ft  have  99  Places  of  Figures  in  it.  The 
third  Root  (viz.  4/  :  2  +  */  :  2  -\-  \S .3)  muft  have  96  Places  in 
it,  bV.  every  Extraction  being  allow’d  to  decreafe  three  Places,  that 
fo  the  laft  Root  (viz.  the  Chord  fought)  may  con  lift  of  24  Places  of 
Figures ,  as  above. 

I  fay,  whoever  duly  confiders  the  Trouble  of  thefe  fo  often  re¬ 
peated  Extractions  will,  I  prefume,  be  pleafed  with  what  I  have 
done.  For  truly,  when  I  confider  the  great  Time  and  Care  re¬ 
quired  in  them,  I  cannot  but  admire  at  the  Patience  of  the  labo¬ 
rious  Van  Culen ,  who  proceeded  that  Way  until  he  had  found 
the  Circle’s  Periphery  to  Thirty-fix  Places  of  Figures ,  to  wit, 
6,28318530717958647692528676655900576.  Fhefe  Numbers 
are  faid  to  be  engraven  upon  his  Tomb  Stone  in  St,  PeteV’r  Church  in 
Leyden,  for  a  Memorial  of  fo  great  a  Work . 

Having  thus  obtain’d  the  Circle’s  Periphery ,  its  Arch  may  eafily 
be  found  (to  the  fame  Number  of  Figures J  by  Problem  6.  That  is, 
if  Half  the  Periphery  of  any  Circle  be  multiply’ d  into  Half  its  Dia- 
fneter ,  the  Product  will  be  that  Circle’s  Area ,  as  will  appear  farther 
on.  Therefore  3,141592653589793  will  be  the  Area  of  the  Cir¬ 
cle  whofe  Diameter  is  2. 

Thus  I  have  fhew’d  the  young  Geometer  how  to  find  the  Circle’s 
Periphery  and  Area  to  what  Exadlnefs  he  pleafes  to  approach  ;  for 
precifely  true  it  cannot  be  found,  notwithftanding  the  late  Preten¬ 
sions  of  a  certain  Frenchman  who  hath  publifh’d  to  the  World  (in 
the  Works  of  the  Learned)  that  after  twenty- five  Years  Study  he 
had  found  the  Quadrature  of  the  Circle :  But  if  he  had  perus’d  the 
83d  Chapter  of  Dr.  Wallis’ s  Algebra ,  he  might  there  have  feen  his 
Error ,  viz.  the  ImpoJJibility  of  what  he  pretended  to ;  for  it  is  as 
impoffible  to  fquare  the  Circle  ( that  is ,  to  find  its  true  Area)  as  it  is 
to  find  the  Root  of  a  Surd  Number. 

Note ,  What  I  have  here  propos’d  and  done  by  the  Trife&ion  of 
an  Arch,  may  as  eafily  and  much  more  fpeedily  be  perform’d  by 
Quinquefe&ion  or  Septife&ion,  &c.  But  becaufe  the  Scheme  for 
Trife&ion  is  more  fimple,  and  may  be  eafier  underftood  by  a 
Learner  than  thofe  of  the  other  Se&ions  (of  which  fee  my  Compen¬ 
dium  of  Algebra ,  Pages  76  and  79)  I  have  for  that  Reafon  made 
Choice  of  Trife&ion. 

As  to  the  Proportion  of  one  Circle  to  another,  and  of  the  Circle 
to  the  Ellipfis ,  Sec,  thofe  (hall  be  fully  fliew’d  when  we  come  to 
the  fifth  Part, 


Z  z  2 


Before 
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Before  I  conclude  this  Part,  I  (hall  make  fome  Ufe  or  Application 
of  the  above-found  Periphery,  in  finding  the  Quantity  of  Angles , 
which  is  done  by  the  Help  of  Right- lines,  call’d  Sines  and  Tangents , 
the  Length  whereof  are  calculated  to  every  Degree  and  Minute  of 
a  Quadrant ,  by  much  Labour.  But  I  fhall  here  fhew  how  to  find 
the  natural  Sine  (and  confecjuently  the  natural  Tangent)  of  any  pro¬ 
pos’d  Arch  or  Angle,  by  two  i Equations ,  without  the  Help  of  any 
precedent  Sine,  as  ufual ;  which  I  did  fome  Years  ago  communicate 
to  the  ingenious  Mr.  Jofeph  Ralphfon,  and  he  fo  well  approv’d  of 
them  as  to  make  them  the  20th  and  21ft  Problems  in  the  fecond 
Edition  of  his  Analyfis  /Equationum  TJniverfalis. 

And  becaufe,  in  finding  the  Quantity  of  Angles ,  every  Circle  is 
fuppos’d  to  be  divided  into  360  equal  Parts,  called  Degrees  ',  every 
Degree  is fubdivided  into  60  Parts,  call’d  Minutes  ;  and  every  Mi- 
nuie  into  60  Seconds ,  See.  (See  Page  294.) 

Therefore  360)  6,2831853  &e.  (0,0174532925  Sec.  is  an 

Arch  of  the  above-  found  Periphery,  equal  to  the  Arch  of  one  Degree . 

And  60)  0,0174532925  Sz c.  (0,0002908882  &c.  =  the 
Arch  of  one  Minute . 

Then  if  the  given  Arch  ( or  Angle)  be  lefs  than  45  Degrees,  re¬ 
duce  it  into  Minutes,  and  multiply  thofe  Minutes  into  this  conftant 
Multiplicator ,  viz.  0,0002908882  calling  the  Produff  p.  And  for 
the  Sine  fought  put  a.  Then  it  will  be  —  aaaa  -f-  12 paaa  — *  195 
aa  . —  36 ppaa  -f-  240^0  =  45 pp. 


Example. 

Let  it  be  required  to  find  the  Sine  of  190  *  13'=  1153'.  Here 
0,0002908882  X  1153=  0,3353940946  =  p.  And  —  0+  + 
4,0247290*  —  199,04961100  +  80,4945830  =  5,06201394. 

-Let  r  e  =  a 
C  rr  'ire  -j-  ee  =  00 
Then  'j  rrr  -f-  3 rre  -j-  ee  =  000 

t  rrrr  +  4 rrre  -|~  6  rree  =  aaaa 
Note,  In  this  Cafe  the  firft  r  may  always  be  taken  equal  to  the  firjl 
Figure  in  the  P roduff  —  p.  Viz.  here  r  =  0,3  which  being  involved 
as  its  Povoers  direff,  and  thofe  Powers  multiply"' d  into  the  refpeffive 
Co  efficients  of  the  /Equation  ;  it  will  be 

+  24,1483  +  80, 49* 

—  1 7  >9 1 44  — ■  119,43*  —  199,05** 

+  0,1086  -j-  1,08*  +  3,62** 

—  0,0081 —  0,11* —  0,54** 


=  5,06201394 


6,3344 —  37,97* — 195,97**  =5,06201 


Hence 


+  1+1 
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Hence  37,97^  +  195,97**  =  1,27239 
And  0,123*  -|-  **  =  0,006492  =  D 

mwttm  {■—+-'= e 

Operation .  0,193)  0,006492  (0,029  =  * 

-f*  *  =  ,029 

«■  —  y  ■  ~  ■■■■» 

I.  Divifor  ,21 

*  2.  Divifor  ,222 

Firft  r  —  0,3 

+  *  =  0,029 

r  4"  *  =  0,329  =  r  for  <2  fecond  Operation : 

Which  being  involv'd  and  multiply  dy  Sic,  as  before,  will  pro¬ 
duce  thefe  Numbers, 


4^ 

2292 

x998 


26,48271781  +  80,49458* 

21,54532894—  130,97464*—  199,0496** 

0,14332578  4-  1,30692*  +  3,9724** 

0,01171611 — •  0,14244* —  0,6494** 

Viz.  5,06899854  —  49>3* i558*  —  195,7266**  =  5,06201394 


Hence  49,31558*  4~  x95»7266**  =  ,0069846;  which  being 
divided  by  195,7266  the  C 0- efficient  of  **,  will  become  ,25196* 
4-  **  =?  ,0000356854  =  D 

D 


Then 


f; 


251964-* 


Operation,  0,25196)  ,0000356854  (0,0001415=* 

4-  *  =  0,00014  2520 

n  1  1  ■—  t 

1,  Divifor  0,2520  104854 

2,  Divifor  0,25210  100840 

;  40140 
25210 

Laft  r  =  0,329.  &c. 

4-  *  =  0,0001415 

r  4-  * •=  =  0,3291415  being  the  natural  &»*  of  90° .  13' , 

As  was  required. 

Thus  you  may  find  the  Right  Sine  of  any  Arch  or  Angle  lefs  than 
45  Degrees . 


But 
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But,  if  the  given  Arch  be  greater  than  45  Degrees ,  you  muft 
take  its  Complement  to  90°.  viz.  fubtradl  it  from  90  Degrees , 
and  reduce  the  Remainder  into  Minutes ,  as  before.  Then  multiply 
the  Square  of  thefe  Minutes ,  into  this  conflant  Midtiplicatory 
0,000000084616  calling  their  Produff  p ,  and  putting  a  zz:  the 
Sine  fought,  as  before.  Then  will  a4  28 a3  -{-  19500  +  36  paa 
+  io8/>0  —  28  a  =  196  8rp 


Example, 


Suppofe  it  were  required  to  find  the  Sine  of  750.  32'.  or  (which 
is  the  fame  Thing)  to  find  the  Co- fine  of  140.  28"  .  zz:  868',  whofe 
Square  753424  X  0,000000084616  z=  0,06375172518  =  p . 
Hence  the  /Equation  in  Numbers  will  be  aaaa  -f-  28000  +  197, 
295062  aa  —  21,1148140  =  190,8361 102588. 


Let  r  —  e  zzz  a  And  r  zzz  I 

rr  —  'ire  -f-  ee  zzz  aaa 

3  rre  •+  yee  zz:  aaa 
4 rrre  -j-  trree  zzz  aaaa 


Then 


Crr  —  27 
<  rrr  —  * 
(  rrrr  — 


Note,  There  take  r  zz:  1  lecaufie  the  Arch  is  fio  near  to  90°.  and 
therefore  I  make  it  r  —  e  zz:  a. 


Then 


21,1148+  2I,H*  + 

+  I97»* 1 2956  —  39+>59f  +  i97>  29ee 
+  28,0000-—  84,00^+  84,00^ 
+  1,0000  —  4,00-?  +  6>ooee. 


=i9°,836i 


Fiz.  205,1808  — -  461, 48*  +  287,29^  zz:  190,8361 
Hence  461,48^ — 287,29^=  14,3447 
And  1  f6o6e  * — ee  zz:  ,049930  zz:  D 

2Cljeorem  j  — A —  =  e 

l  1,606 — e 

Operation.  1,606)  ,049930  (0,031  nz  £ 

—  r  zz:  0,031  471  , 

. ■  — c—  ■  —  ■  11  — 

1.  Divifor  1,57  2830  Firft  r  z=  1,000 

1 5 75  — r  zz  0,0?  1 

2.  Drntfor  1,575  ^  _  r- #=  0,969  =  r 


&c. 


fecond  Operation ;  which,  being  involv'd  as  before,  will  pro¬ 
duce  thefe  following  Numbers. 


for  a 


—  20 
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1 -«  —  ■  ■■■■■ —  ■  —  ■  ■■■ - - 

—  20,460254766  +  21,11481* 

+  185,252368710  —  382,35783*  +  197,2951** 

+  25,475889852  —  78,87272*  +  81,5960** 

+  0,881647759—  3,63941*+  5*6337** _ 

Viz.  i9i»i49^5I5I5  —  443>755I5*  +  284,5248** 

—  190,836110259 

Hence  it  will  be  443,755 15*  — 284,5248**  —  0,313541256 
And  1,55963*  —  **  =,0011019821  =  D 

Then  i  - ~ - =  * 

t  I?559^3 — * 


Operation.  1,55963)  0,0011019821  (0,0007068  =  * 

—  *  =  0,00070  109123 

I.  Divifor  1,5589 


2.  Divifor  1,55893 


Laft  r  =  0,969 
—  *  =  0,0007068 


1075210 

935358 

. . .  ■■■qr  — 

139852° 

1247 144  &c. 


r— *=5=0,9682932  the<S7«*  of  750  .  32'  .  as  was  required. 


Having  found  the  Sine  and  Co-fine  of  any  Arch ,  the  Tangent  is 
ufually  found  by  this  Proportion  $ 

y  -  $  As  the  Cofine  of  any  Arch  :  is  to  the  Sine  of  that  Arch  :  :  fo  is 

1Z‘  \  the  Radius :  to  the  Tangent  of  the  fame  Arch. 

For  fuppofing  B  C  =  B  D  Radius ,  A  C  the  Sine  of  the  Arch 
C  D.  Then  B  A  is  the  Co-fine ,  and 
F  D  the  Tangent  of  the  fame  Arch . 

But  B  A :  C  A  :  :  B  D  :  F  D,  See. 

Now  by  this  Proportion  there  is  re¬ 
quired  to  be  given  both  the  Sine  and 
Co-fine  of  the  Arch ,  to  find  the  Tan¬ 
gent.  *Tis  true,  if  the  Radius ,  and 
either  the  5zw*or  the  Co-fine  be  given, 
the  other  may  be  found,  thus,  A  □  B  C  —  □  CA  =  B  A.  Or 
4/  □  BC —  □  BAnzCA.  But,  if  either  the  &'?z*  or  C*^*  be  given, 
the  Tangent  may  (I  prefume)  be  more  eafily  found  by  the  following 
Theorems , 


f 


Let 


36° 


Clements?  of  ceometry.  Part  ni. 


Let  B  C=  i.  C  A  =  S.  B  A=x  and  FD  —  T.  Then,  if 
£  be  given,  T  may  be  found  by  this 

SS 

|  v'  -fzFss  ~  ^ 

Or  if  x  be  given,  T  may  be  found  by  this 

atljeorem  \  V  j~rx  =  7 

Let  the  Sine  of  90°  .  13  .  (before found)  be  given,  viz.  0*329141$ 
=  S ,  to  find  T  the  Tangent  of  the  fame  Arch.  Firft  0,329i4i5X 
,3291415  =  0,108334127  zz:  SS.  Again  1  — 0,108334127 
=  0,891665873  —  1  —  SS.  Then  0,891665873)  0,108334127 
(0,1214963253  and  v'  0,1214963253  =  0,3485632  zz:  T,  the 
Tangent^  of  190  13'.  As  was  required.  And  fo  you  may  proceed 
to  find  T  zz:  the  Tangent ,  when  x  =  the  Co-fine  is  given. 

Perhaps  it  may  here  be  expected,  that  I  fhould  have  fhew’d  and 
demonji  rated  [or  at  leaf  have  infer  ted)  the  Proportions  from  whence 
the  foregoing  /Equations  for  making  Sines  were  produced ;  but  I 
have  omitted  that,  as  alfo  their  Ufe  in  computing  the  Sides  and  An¬ 
gles  of  plain  Triangles  by  the  Pen  only  [viz.without  the  Help  of  Tables ) 
for  the  Subject  of  my  Difcourfe  hereafter,  if  Health  and  Time  permit. 

In  the  mean  Time ,  what  is  here  done  may  fuffice  to  fhew,  that 
the  making  of  Sines  by  fuch  a  laborious  and  operofe  Way,  as  was 
formerly  ufed,  is  in  a  great  Meafure  overcome;  which,  I  think, 
I  may  juftly  claim  as  my  own. 

V  of—  •*/  -  *  *  \ 
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Definitions  of  a  C0  W£>  an&  ^erttcuj). 

THERE  are  feveral  Definitions  given  of  a  Cone:  The 
Learned  Dr.  Barrow ,  upon  Euclid ,  hath  it  thus: 

4C  A  Cone  (faith  he)  is  a  Figure  made  when  one  Side  of 
44  a  Redangle  Triangle,  (viz.  one  of  thofe  Sides  that  contain  the 
44  Right  Angle)  remaining  fix’d,  the  Triangle  is  turn’d  round 
44  about,  ’till  it  return  to  the  Place  from  whence  it  firft  moved  : 
44  And  if  the  fix’d  Right  Line  be  equal  to  the  other  w'hiSh  con- 
44  taineth  the  Right  Angle,  then  the  Cone  is  a  Redangled  Cone  : 
44  but  if  it  be  lefs,  ’tis  an  Obtufe-angled  Cone ;  if  greater,  an  Acute-' 
46  angled  Cone.  The  Axis  of  a  Cone  is  that  fix’d  Line  about  which 
46  the  Triangle  is  mov’d  :  The  Bafe  of  a  Cone  is  the  Circle,  which 
44  is  defcrib’d  bv  the  Right  Line  mov’d  about.” 

46  (Defin.  18,  19,  20.  Euclid,  ir.) 

-Sir  Jonas  AAoor,  in  his  Treatife  of  Conical  Sections  (taken  out  of 
the  Works  of  A-lydorgius )  defines  it  thus : 

44  If  a  Line  of  fuch  a  Length  as  {hall  be  needful  fhall,  upon  a 
44  Point  fix’d  above  the  Plain  of  a  Circle,  fo  move  about  the  Cir- 
44  cle,  until  it  return  to  the  Point  from  whence  the  Motion  began, 
44  the  Superficies  that  is  made  by  fuch  a  Line  is  call’d  a  Conical 
44  Superficies  ;  and  the  folid  Figure  contain’d  within  that  Supeificies 
44  and  the  Circle  is  call’d  a  Cone,  The  Point  remaining  Hill  is  the 
44  Vertex  of  the  Cone,  bV.” 
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Altho’  both  thefe  Definitions  are  equally  true,  and,  with  a  little 
Confideration,  may  be  pretty  ealily  underftood  ;  yet  I  (hall  here 
propofe  one  very  different  from  either  of  them  ;  and,  as  I  prefume, 
more  plain  and  intelligible,  efpecialiy  to  a  Learner, 

If  a  Circle  deferib’d  upon  ftifF  Paper  ( or  any  other  pliable  Matter) 
of  what  Bignefs  you  pleafe,  be  cut  into  two ,  three ^  or  more  Seflors9 
either  equal  or  unequal,  and  one  of  thofe  Sectors  be  fo  roll’d  up,  as 
that  the  Radii  may  exadtly  meet  each  other,  it  will  form  a  Conical 
Superficies, 

That  is,  if  the  Senior  HV G  be 
cut  out  of  the  Circle,  and  fo  roll’d 
up  as  that  the  Radii  V  H  and  V  G 
may  juft  meet  each  other  in  all  their 
Parts,  it  will  form  a  Cone ,  and  the 
Center  Twill  become  a  Solid  Point , 
call’d  the  VERTEX  of  the  Cone ;  the 
Radius  VH ,  being  every-where  equal, 
will  be  the  Side  of  the  Cone,  and  the 
Arch  H  G  will  become  a  Circle, 
whofe  Area  is  call’d  the  Cone's  Bafe. 

A  Right  Line  being  fuppos’d  to  pafs 
from  the  Vertex ,  or  Point  T,  to  the  Cen¬ 
ter  of  the  Cone’s  Bafe ,  as  at  C,.that  Line 
(viz.  VC)  will  be  the  AXIS ,  or  perpen¬ 
dicular  Height  of  the  Cone. 

If  a  Solid  be  actually  made  in  fuch  a 
Form,  it  will  be  a  compleat  or  perfeft 
Cone ;  which  I  fhall  all  along  call  a  Right 
Cone,  becaufe  its  Axis  V C  ftands  at  Right 
Angles  with  the  Plain  of  its  Bafe  H  G, 
and  its  Sides  are  every-where  equal. 


Any  Cone,  whofe  Axis  is  not  at  Right  Angles 
with  the  Plain  of  its  Bafe ,  may  be  properly 
call’d  an  imperfect  Cone ,  becaufe  its  Sides  are 
not  every-where  equal  (as  in  the  annexed  Fi¬ 
gure,)  Now,  fuch  an  im perfect  Cone  is  ufual- 
ly  call’d  a  Scalene ,  or  Oblique  Cone , 


Any  folid  Cone  may  be  cut  by  Plains  ( which  1  fhall  alt  along 
hereafter  call  Right  Lines )  into  five  Sections, 

$e&. 


Chap. 


i. 


of  jDefimttong. 


363 


Sett. 


1. 


If  a  Right  Cone  be  cut  dire&ly  thro*  its  Axis,  the  Plain  or  Su¬ 
perficies  of  that  Seftion  will  he  a  plain  Ijofceles  Triangle,  as  HVG 
Fig.  2,  viz.  the  Sides  ( HV and  VG)  of  the  Cone  will  be  the  Sides 
of  the  Triangle,  the  Diameter  (HG)  of  the  Cone’s  Bafe  will  be 
the  Bafe  of  the  Triangle,  and  (VC)  its  Axis  will  be  the  perpendicular 
Height  of  the  Triangle. 

♦ 

Seft.  2. 

If  a  Right  Cone  be  cut  ( any  where)  off  by  a  Right-line  paral¬ 
lel  to  its  Bafe ,  as  h  g  (it  will  be  eafy  to  conceive ,  that)  the  Plain 
of  that  Seftion  will  be  a  Circle,  becaufe  the  Cone’s  Bafe  is  fuch : 
wherein  one  Thing  ought  to  be  clearly  underftood,  which  may  be 
laid  down  as  a  Lemma ,  to  demonftrate  the  Properties  of  the  follow¬ 
ing  Sections, 

r  If  any  two  Right  Lines ,  infcrib'd  within  a  Circle ,  do  cut 
I  or  crofs  each  other  (as  hg  doth  ^in  the  annexed  Figure) 
Lemma.  <  the  Reft  angle  made  of  the  Segments  of  one  of  the  Lines 
I  will  be  equal  to  the  Re  ft  angle  made  of  the  Segments  of  the 

L 


other  Line,  (See  Theorem  1 5 .  Page  3 1 5 . ) 


That  is,  h  a  X  g  a  “  b  a  X  ab  \  - 
And  HAxGA=z  B  A  x  AB  V*Z' 
confequently  if  ba&Ezab,  and  if  BAzzAB, 
then  it  will  be  h  a  X  g  a  =  □  b  a,  and 
in  the  Cone's  Bafe  H  A  x  G  A  Q 
BA. 


V 
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Seft.  3. 

If  a  Right  Cone  be  ( any  where )  cut  off  by  a  Right  Line  that  cuts  both 
its  Sides,  but  not  parallel  to  its  Bafe  (as  TS  in  the  following  Figure) 
the  Plain  of  that  Section  will  be  an  Ellijfis  ( vulgarly  called  anOv al) 
viz.  an  oblong  or  imperfect  Circle,  which  hath  feveral  Diameters , 
and  two  particular  Centers.  That  is, 

1.  Any  Right  Line  that  divides  an  Ellipfs  into  two  equal  Parts  is 
call’d  a  Diameter ;  amongft  which  the  longeft  and  the  fhortef  are 
particularly  diftinguifh’d  from  the  reft,  as  being  of  moft  general  Ufe; 
the  other  are  only  applicable  to  particular  Cafes, 
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2.  The  longefb  Diameter  (as  TS)  is 
called  the  Tranfuerfe  Diameter ,  or  Tranf- 
verfe  Axis ,  being  that  Right  Line  which 
is  drawn  thro’  the  Middle  of  the  Ellipfis , 
and  doth  (hew  or  limit  its  Length. 

3.  The  fhorteft  Diameter ,  call’d  the 
Conjugate  Diameter ,  is  a  Right  Line  that 
doth  imerfedt  or  crofs  the  Tranfuerfe 
Diameter  at  Right  Angles ,  in  the  Mid¬ 
dle  or  common  Center  of  the  Ellipfis 
(pis  N  n )  and  doth  limit  the  Ellipfis' s 
Breadth . 

1 

4.  The  Points ,  which  I  call  particular  Centers  of  an  Ellip- 
fis  ( for  a  Reafon  which  fall  be  fhew'd  farther  on)  are  two  Points  in 
the  Tranfverfe  Diameter ,  at  an  equal  Di (lance  each  Way  from  the 
Conjugate  Diameter ,  and  are  ufually  call’d  Nodes,  Foci,  or  burning 
Points. 

5.  All  Right  Lines  within  the  Ellipfis  that  are  parallel  to  one  a- 
isother,  and  can  be  divided  into  two  equal  Parts,  are  called  Ordi- 
NAT  E§  with  Refpedft  to  that  Diameter  which  divides  them  :  And  if 
they  are  parallel  to  the  Conjugate ,  viz.  at  Right  Angles  with  the 
T’ranfverfe  Diameter ,  then  they  are  call’d  Ordinates  rightly  apply'd . 
And  thofe  two  that  pafs  through  the  Foci  are  remarkable  above 
the  reft,  which,  being  equal  and  fnuated  alike,  are  call’d  both  by 
one  Name,  viz.  Latus  Rectum,  or  Right  Parameter ,  by  which 
all  the  other  Ordinates  are  regulated  and  valued  5  as  will  appear 
farther  cn. 


V 


G 


Sefit.  4. 

If  aqy  Cone  be  cut  into  two  Parts  by  a  Right-line  parallel  to  one 
of  its  Sides  (as  S  A  in  the  following  Scheme)  the  Plain  of  that  Section 
(viz.  Sb  B  A  B  b  S)  is  call’d  a  Parabola. 

X.  A  Right  Line  being  drawn  thro*  the  Middle  of  any  Parabola 
(as  S  A)  is  call’d  its  Axisy  or  intercepted  Diameter. 

2.  AH  Right  Lines  that  interfeef  or  cut  the  Axis  at  Right  Angles 
(as  B  B  and  b  b  are  Juppos'd  to  cut  or  crofs  S  Aj  are  call’d  Ordinates 
tightly  apply  d  ( as  in  the  Ellipfis )  and  the  greateft  Ordinate ,  as  B  B * 
which  limits  the  Length  of  the  Parabola' i Axis  (S  A)  is  ufually  call’d 
ths  Bafe  of  the  Parabola , 
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3.  That  Ordinate  which  pafles  thro’ 
the  Focus ,  or  burning  Point  of  the  Pa¬ 
rabola,  is  called  the  Latus  Reftum,  or 
Right  Parameter  (as  in  the  Ellipfis)  be- 
Caufe  by  it  all  the  other  Ordinates  are 
proportion' d,  and  may  be  found. 

4.  The  Node ,  Focus ,  or  burning 
Point  of  the  Parabola ,  is  a  Point  in  its 
Axis  ( but  not  a  Center ,  as  in  the  Ellip - 
Jis)  diftant  from  the  Vertex ,  or  Top  of 
the  Se£hon,  (viz,  from  S )  juft  |  Part  of 
the  Latus  Reffum  ;  as  fhall  be  fhewn 
farther  on. 


V 


5.  All  Right  Lines  drawn  within  a  Parabola  parallel  to  its  Axis 
are  call’d  Diameters ;  and  every  Right  Line ,  that  any  of  thofe  Dia¬ 
meters  doth  bife£t  or  cut  into  two  equal  Parts,  is  faid  to  be  an  Or¬ 
dinate  to  the  Diameter  which  bifecls  it. 

.  .  >  .  «  t 


Sett.  5. 

If  a  Cone  be  any  where  cut  by  a  Right  Line ,  either  parallel  to 
its  Axis  (as  S  A,  or  otherwife  as  xN)  fo  as  the  cutting  Line  be¬ 
ing  continued  thro’  one  Side  of  the 
Cone  (as  at  S  or  * )  will  meet  with  the 
other  Side  of  the  Cone  if  it  be  conti¬ 
nued  or  produced  beyond  the  Vertex  V , 
as  at  T,  then  the  Plain  of  that  Sedlion 
(viz.  the  Figure  S  b  B  B  b  S)  is  call’d  an 
Hyperbola. 

1.  A  Right  Line  being  drawn  thro’ 
the  Middle  of  any  Hyperbola ,  viz.  within 
the  Se&ion  (as  S  A,  or  xN)  is  call’d 
the  Axis  or  intercepted  Diameter  ( as  in 
the  Parabola )  and  that  Part  of  it  which 
is  continued  or  produced  out  of  the  Sec¬ 
tion,  until  it  meet  with  the  other  Side 
of  the  Cone  continued,  viz.  TS  or  Tx, 

&c.  is  call’d  the  Tranfverfe  Diameter , 
or  "Tranfverfe  Axis  of  the  Hyperbola . 

2.  All  Right  Lines  that  are  drawn  within  an  Hyperbola ,  at  Right 
Angles  to  its  Axis ,  are  call’d  Ordinates  rightly  apply' d  5  as  in  the 
Ellipfis  and  Parabola » 

3.  That 
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3.  That  Ordinate  which  pafles  thro’  the  Focus  of  the  Hyperbola 
is  call’d  Latus  Return,  or  Right  Parameter ,  for  the  fame  Reafon 
as  in  the  other  Sedfions. 

4.  The  middle  Point  of  the  Tranfverfe  Diameter  is  call’d  the 
Center  of  the  Hyperbola  :  from  whence  may  be  drawn  two  Right 
Lines  (out  of  the  Sedfion)  call’d  Asymptotes,  becaufe  they  will 
always  incline  (that  is,  come  nearer  and  nearer)  to  both  Sides  of  the 
Hyperbola ,  hut  never  meet  with  (or  touch)  them,  altho*  both  they 
and  the  Sides  of  the  Hyperbola  were  infinitely  extended  ;  as  will 
plainly  appear  in  its  proper  Place. 

Thefe  five  Sedtions,  viz.  the  Triangle ,  Circle ,  Ellipfis ,  Parabola , 
and  Hyperbola ,  are  all  the  Plains  that  can  poffibly  be  produced  from 
a  Cone ;  but  of  them,  the  three  lajl  are  only  called  Conick  Seftionsy 
both  by  the  ancient  and  modern  Geometers . 

Scholium . 

Befides  the  ’foregoing  Definitions ,  it  may  not  be  amifs  to  add,  by 
W ay  of  Obfervation,  how  one  Section  may  ( or  rather  doth )  change 
or  degenerate  into  another. 

An  Ellipfis  being  that  Plain  of  any  Sedlion  of  the  Cone  which 
is  between  the  Circle  and  Parabola ,  ’twill  be  eafy  to  conceive  that 
there  may  be  great  Variety  of  Ellipfes  produced  from  the  fame 
Cone  ;  and  when  the  Sedlion  comes  to  be  exadtly  parallel  to  one 
Side  of  the  Cone,  then  doth  the  Ellipfis  change  or  degenerate  into 
a  Parabola.  Now  a  Parabola ,  being  that  Sedtion  whofe  Plain  is 
always  exadtly  parallel  to  the  Side  of  the  Cone,  cannot  vary,  as 
the  Ellipfis  may  ;  for  fo  foon  as  ever  it  begins  to  move  out  of  that 
Pojition  (viz.  from  being  parallel  to  the  Cone's  Side)  it  degenerates 
cither  into  an  Ellipfis ,  or  into  an  Hyperbola :  That  is,  if  the  Sedtion 
incline  towards  the  Plain  of  the  Cone’s  Bafe,  it  becomes  an  Ellipfis ; 
but  if  it  incline  towards  the  Cone’s  Vertex,  it  becomes  an  Hyper¬ 
bola ,  which  is  the  Plain  of  any  Sedtion  that  falls  between  the  Pa¬ 
rabola  and  the  Triangle.  And  therefore  there  may  be  as  many  Va¬ 
rieties  of  Hyperbola's  produced  from  one  and  the  fame  Cone,  as 
there  may  be  Ellipfes. 

To  be  brief,  a  Circle  may  change  into  an  Ellipfis ,  the  Ellipfis 
into  a  Parabola ,  the  Parabola  into  an  Hyperbola ,  and  the  Hyper¬ 
bola  into  a  plain  Jfioficeles  Triangle :  And  the  Center  of  the  Circle, 
which  is  its  Focus  or  burning  Point,  doth,  as  it  were,  part  or  di¬ 
vide  itfelf  into  two  Foci  fo  foon  as  ever  the  Circle  begins  to  dege¬ 
nerate  into  an  Ellipfis ;  but  when  the  Ellipfis  changes  into  a  Pa¬ 
rabola,  one  End  of  it  Hies  open,  and  one  of  its  Foci  vanifhes,  and 
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the  remaining  Focus  goes  along  with  the  Parabola  when  it  dege¬ 
nerates  into  an  Hyperbola  :  And  when  the  Hyperbola  degenerates 
into  a  plain  Ifofcelss  Triangle ,  this  Focus  becomes  the  vertical  Point 
of  the  Triangle  [viz.  the  Vertex  of  the  Cone) ;  fo  that  the  Center 
of  the  Cone’s  Bafe  may  be  truly  faid  to  pafs  gradually  through  all 
the  Sections,  until  it  arrives  at  the  Vertex  of  the  Cone,  hill  carry¬ 
ing  its  Latus  Rettum  along  with  it :  For  the  Diameii *•  of  a  Circle 
being  that  Right  Line  which  paftes  through  its  Center  or  Focus ,  and 
by  which  all  other  Right  Lines  drawn  within  the  Circle  are  regu¬ 
lated  and  valued,  may  (I  prefume)  be  properly  called  the  Circle’s 
Latus  Redlum  ;  and  although  it  lofes  the  Name  of  Diameter  when 
the  Circle  degenerates  into  an  Ellipfis ,  yet  it  retains  the  Name  of 
Latus  Redfum ,  with  its  firft  Properties,  in  all  the  Sections,  gra¬ 
dually  fhortening  as  the  Focus  carries  it  along  from  one  Sedition  to 
another,  until  at  laft  it  and  the  Focus  become  co-incident,  and  ter¬ 
minate  in  the  Vertex  of  the  Cone. 

I  have  been  more  particular  and  fuller  in  thefe  Definitions  than 
is  ufual  in  Books  of  this  Subjedd,  which  I  hope  is  no  Fault,  but 
will  prove  of  Ufe,  efpecially  to  a  Learner  :  And  altho’  they  may 
perhaps  feem  a  little  ftrange,  and  at  firft  hard  to  be  under  flood, 
yet,  when  they  are  well  confidered,  and  compar’d  with  a  Cone  cut 
into  fuch  Sedfions  as  have  been  defined,  they  will  not  only  be 
found  true,  but  will  alfo  help  to  form  a  true  and  clear  Idea  of  each 
'Section. 


CHAP.  II. 

Concerning  the  Chief  Properties  of  an  CSUifC#. 

NOTE,  If  the  tranfverfe  Diameter  of  an  Ellipfis,  as  TS  in 
the  following  Figure,  be  interfered  or  divided  into  any  two 
Parts  by  an  Ordinate  rightly  apply ’d,  as  at  the  Points  A ,  C,  &c. 

then  are  thofe  Parts  T  A-,  T C,  T a,  and  S  A,  S  C,  S  a.  See.  ujually 
called  Abfciflie  (which  fignifies  Lines  or  Parts  cut  off)  and  by  the 
Reft  angle  of  any  two  Abl'ciftae  is  meant  the  Reft  angle  of  fuch  two 
Parts  as ,  being  added  together ,  will  be  equal  to  the  Tranfverfe  Di¬ 
ameter. 

\ 


AsTJ+SJ  =  TS.  And  TC  +  SC  =  TS. 
Or  TJ  SA  =  TS,  &c. 
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Every  Ellipfs  is  proportion’d,  and  all  fuch  Lines  as  relate  to  it 
are  regulated,  by  the  Help  of  one  general  \ Theorem . 

{As  the  Re  51  angle  of  any  two  AbfcifTa?  :  is  to  the  Square 
of  Half  the  Ordinate  which  divides  them  :  :  fo  is  the 
Rediangle  of  any  other  two  AbfcifPe  :  to  the  Square 
of  Half  that  Ordinate  which  divides  them . 

That  is, 

TAx$A :  □  BA :  :Ta  xSa  :  O  ha 

TAxSA:  □  BA: :  TCxSC:  □  NC 
TCxSC  :  □  NC:  iTa^SaiD  ha 

&c. 


JDcmcniSratioiT. 

Let  the  annexed  Figure  reprefent  a  Right  Cone,  cut  thro*  both 
Sides  by  the  Right  Line  TS ;  then 
will  the  Plain  of  that  Section  be  an 
Ellipfs  (by  Sett.  3.  Chap.  1.)  T S 
will  be  the  Tranfuerfe  Diameter , 

N  C  N  and  bah  will  be  Ordinates 
rightly  apply' d ;  as  before.  Again, 
if  the  Lines  Dd  and  Kk  be  parallel 
to  the  Cone’s  Bafe,  they  will  be  Di¬ 
ameters  of  Circles  (by  Sett.  2.  Chap . 

1.)  Then  will  A  TC  K  and  TaD 
be  alike.  Alfo,  A  Sad  and  A  SCh 
will  be  alike. 


Ergo 

And 

1 

2 

2X3 

But 

And 

Then 

5’  6>  7 
Hence 


S  a  :  a  d  :  :  SC  :  C  k  \ 

TC-.CK-.-.Ta-.aDl  P«  *3- 

S  a  x  C  k  zz:  a  d  x  S  C 
TaxCKz=z  TCxa® 

SaxCkxEaX  CK ~adx  SCx TCX^D.  Per  Axiom 3. 

CKxCk  —uNC\  T  „  n  „ 

„  w  1  _  7  t  per  Lemma  Sett.  2. 

a  D  x  a  d  —  □  ha 

for  CKxCk ,  and  aD  X  0  d ,  take  □  NC  and  n  ha 
Sa  x^a  x  O  NC  zzzTC  X  $  C  X  □  ha.  Per  Axiom  5. 
Sax  •  □  ha  : :  TCx  SC  :  O  NC.  See  Page  194. 

- - - - - ~~ - — - -  Q.E.  D. 

Or 
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Or,  the  Truth  of  thefe  Proportions  may  be  otherwife  prov’d  by 
a  Circle,  without  the  Help  of  the  Cone ;  thus :  Let  any  Ellipfis  be 
circumfcrib’d  and  infcrib’d  with  Circles,  as  in  the  following  Fi¬ 
gure ;  then  from  any  Point  in  the  circurrfcrib’d  Circle’s  Periphery, 
as  at  B,  draw  the  Right  Line  B  a,  parallel  to  the  femi- conjugate 
Diameter  N"  r,  then  will  b  a  be  a  Semi-ordinate  rightly  apply’d  to 
the  tranfverfe  Diameter  T S,  as  before.  Again,  from  the  Point  b 
(in  the  Ellipfis'’ s  Periphery)  draw  the  Right  Line  bd  parallel  to  the 
Tranfverfe  TS  ;  and  draw  the  Radius  BC,  Then  will  A  BCa 
and  A  C  f  d  be  alike. 


Therefore 


But 

Confeq. 

Or 

4  in  □  ’s 
But 

Therefore 

And  fo  for  any  other  Abfcijfis  and  their  Semi- ordinates. 

Thefe  Proportions  being  found  to  be  the  true  and  common  Pro¬ 
perties  of  every  Ellipfis ,  all  that  is  farther  requir’d  in  (or  about) 
that  Sedlion  may  be  eafily  deduced  from  them* 

Sefr.  2.  To  find  the  flatus  Kccftmt,  or  parameter 

of  any  Ellipfis . 

There  are  feveral  Ways  of  finding  the  Latus  R-edtum,  but  I 
think  none  fo  eafy,  and  fhews  it  fo  plainly  to  be  the  Third  Princi¬ 
pal  Line  in  the  Ellipfis ,  as  the  following. 


J  As  the  Tranfverfe  Diameter  :  is  in  Proportion  to  the 
HE  orem.  j  Conjugate:  :  fo  is  the  Conjugate:  to  the  Latus  Return. 

Viz.  (in  the  following  Fig.)  TS  :  Nn  :  :  Nn :  LR  the  Latus  Red  urn. 

■  ‘ 

SDemonffratioir. 

From  the  laft  Proportions  take  either  of  the  Antecedents,  and 
its  Confequent,  viz.  either  TC  X  S  C:  n  NC9  or  Tax  Sa:  O  ha, 

B  b  b  and 
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and  make  TS  the  third  Term,  to  which  find  a  fourth  Proportional, 
and  it  will  be  zz  L  R: 


Thus 

But 

Therefore 

And 

3>  4 


X  4 

rf-  T5 


Again 


3 

4 

5 

6 


7 

8 


TCxSC:  □  NC  ::TS:  LR 
{  TC  -SC 
1  and  NC  zz.  C  n 
TCxSC  □  TS 
□  NCzz%  □  Nn 
in  TS:ioNn::TS:LR 


5  *.*  6  J  □  TSxLRzzi  □  NnxTS 

6X47  □  T'Sx  LRzz  uNn>'  TS 
^TSxLR-  □  Nn 
1  which  gives  the  following  Analogy . 
TS:Nn::Nn:LR 

iq  \  TCxSC  :  □2VrC::T<2XStf:  □  £  <2 
t  by  common  Properties. 

I,  io'ii  TS  :  L  R  : :  5a  :  □  ha. 

From  hence  ’tis  evident  that  L  R,  thus  found,  is  that  Ordinate 
by  which  the  other  Ordinates  may  be  regulated  and  found.  There¬ 
fore  (according  to  its  Definition  SeSi.  3,  Chap.  1.)  it  is  the  true 
Latus  Return.  E.  D. 


Confettary. 

Hence  it  follows,  that  if  the  tranfverfe  and  conjugate  Diameters 
of  any  EHipfis  are  given  (either  in  Lines  or  Numbers)  the  Latus 
Pactum  may  be  eafily  found  ;  and  then  any  Ordinate ,  whofe  Di- 
fiance  from  the  Conjugate  is  given,  may  be  found,  as  above. 


Se£h  3.  To  find  the  jfoctls  of  any  EHipfis. 

The  Focus  is  the  Difiance  of  the  Latus  Refium  from  the  Con¬ 
jugate  or  Middle  of  the  Ellipfis  (vide  Definition  4,  Page  364.)  and 
that  Diftance  is  always  a  Mean  Proportional  between  the  half  Sum 
2nd  half  Difference  of  the  tranfverfe  and  conjugate  Diameters, 
which  gives  this  Theorem. 

1. From  the  Square  of  Imlfi  the  Tranfverfe  fiubtraTt  the 
Square  of  half  the  Conjugate,  the  fquare  Root  of  their 
Difference  will  be  the  D  fiance  of  each  Focus  from  the 
Middle  or  common  Center  of  the  Ellipfis. 

That  is,  fuppofing  the  Points  f  and  F  to  be  the  two  Foci ,  viz. 
fC  zz  C/,  and  TC  —  \  TS  .  NC  zz  *  Nn.  Then,  TC  +  NC : 
fC : :  FC  :TC  —  NC.  Ergo  p  FC  —  TC  —  □  NC.  Con¬ 
sequently,  FC  zz,*/  □  7  C—  □  NC. 

z  jBDemon* 


I 
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jDemonUrafton. 

TS  X  L  R  ~ z  n  A T n,  by  8th  Step  of  the  laft  Procefs* 
T  S  :  L  R  :  :  T  Fx  S  F  :  \3  L  F,  common  Properties* 

TS:LR : : TC+CFx T C—CF:  iDLR~n\  LF 
i  i  □  LRxTS~ 
l  nTC—uCFxLR 
±LRxTS  =  nTC—nCF 

iTSxLR~lnNnU—NC  T 

□  NC  zn  □  T  C—  □  C  F 

□  C  F~  □  rc—  □  NC 


Firft, 

And 

That  is, 

3 

•  • 

• 

4- 

+LR 

1 

N-  4 

5* 

6 

7* 

+ 

8 

uaz 

2 

3 

4 

5 

6 

7 

8 


9  cf=.\/  olc—unc 

Now  from  hence  is  deduced  thar  notable  Prcpofition,  upon  which 
is  grounded  the  ufual  Method  of  defcribing  an  Ellipfis ,  and  drawing 
of  Tangent s9  &c. 

{If  from  the  two  Foci  of  any  Ellipfis  there  be 
drawn  two  Right  Lines,  fo  as  to  meet  each  other 
in  any  Point  of  the  Ellipfis’s  Periphery,  the  Sum 
of  thofe  Lines  will  be  equal  to  the  Tranfverfe. 

Viz tfNxNF-TS.fLxLF~TS,  Or fB  +  BF~TS,  &c. 


Firft,! 

But 

I,  2 

Hence 

Again, 

Confeq. 

But, 

Ergo 

7  '** 

But, 

That  is, 

8X4 
io-H  i 
12  — 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

1 1 
12 

*3 


SDcmontfratton. 

(  □  C F^r □  NC ~uTC 

\  by  Sth  of  the  laji. 

j  DCF+  □  NC  —  UNF 

\  ^'Theorem  it. 

5  □  NF=Z  n  Tc 

l  by  Axiom  5. 

NF-TC 
2NF—2TC  —  TS 
TS  :  L  R  : :  T  F  X  FS :  n  LF,  by  common  Properties. 
{TS :  ~  L  R::T  FxFS :  □  L  F 
k TSzziTC .  And  ±LR  —  LF 
TC  :  L  F::TC~\~C Fx  f  C —  C F:  D  LF 
TCxLF—dTC—OCF 
□  fF'+  □  L  Fz=z  □  f  L,  by  Theorem  1  r. 

4  □  CF+'  □  L  Fz=z  Q  /£,  for  2  C  F~fF 

4  a  TC—  4.UC  F—SrLCx  LF 
4  □  TC+  C\LF=4.TCxLF+nfL 
4  □  TC— aTCxLF+  D  LF-  UfL 

B  b  b  2  13  w*: 
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13 

14 

2  TC—  LF—fL 

1 4  L  F 

15 

2.rc~fL  +  LF.  But  2  tc—ts 

Cg  E.  D. 

Ergo 

TS  —fL-\-LF. 

And  this  Propofetion  mu(l  needs  hold  true  to  every  Point  in  the 
Eilipfis' s  Periphery,  viz.  at  B ,  &c.  As  will  evidently  appear  to 
any  one  who  rightly  cOnfiders,  That,  as  a  Thread  juft  the  Length 
of  the  Diameter  of  any  Circle  having  its  two  Ends  ty’d  together, 
and  then  mov’d  about  a  Point  in  the  Center  (viz.  by  making  it  a 
double  Radius )  will,  by  drawing  another  Point  in  its  Extremity, 
defcribe  the  Periphery  of  a  Circle  ;  [ vide  Definition  Page  280]  even 
jfo,  if  a  Thread  juft  the  Length  of  the  tranfverfe  Diameter  (TS) 
having  its  two  Ends  fo  fix’d  upon  the  two  Foci  (f  and  F)  that  it 
may  be  mov’d  about  them,  by  drawing  a  Point  in  its  Extremity 
(viz.  at  its  full  Stretch)  it  will  defcribe  the  true  Periphery  of  an 
j Eilipfis, 

Now,  altho’  this  eafy  Way  of  defcribing,  or,  as  ufually  phras’d, 
drawing  an  Eilipfis ,  be  mechanical,  and  known  even  to  moft 
' Joiners ,  Carpenters ,  &c.  yet  it  gives  as  compleat  and  clear  an  Idea 
of  that  Figure  as  any  other  Way  whatfoever ;  and  by  defcribing  it 
thus  about  its  two  Foci,  as  a  Circle  is  about  its  Center,  doth  plainly 
fhew  that  thofe  two  Points  are  not  improperly  call’d  particular  Cen¬ 
ters  in  Definition  4,  Sett.  3,  Chap .  1.  for  each  of  them  bears  much 
the  fame  RefpeCt  to  the  Eilipfis' s  Periphery,  as  the  Circle’s  Center 
doth  to  its  Periphery.  < 

SeCt.  4.  To  defcribe  or  delineate  an  Eilipfis  feveral  Ways . 

There  are  feveral  (other)  Ways  of  defcribing  an  Eilipfis ,  both 
Geometrically  and  Numerically,  according  to  peculiar  Occafions, 
but  I  (hall  only  mention  two  or  three  of  them,  leaving  the  reft  to  the 
Learner's  Genius .  Now,  in  order  to  that  WTork,  it  will  be  conve¬ 
nient  to  confider  what  Lines  are  requifite  to  limit  or  bound  its  Form, 
which  I  take  to  be  chiefly  thefe  following.  , 

I.  If  the  Tranfverfe  and  Conjugate  are  given,  the  Eilipfis  is  per¬ 
fectly  limited;  (vide  GonfeftaryJPage  363.)  for  if  TS  and  Nn  be  fet 
at  Right  Angles  in  their  Middle  at  C,  and  TC  or  CS  he  fet  offUom 
N,  or  n ,  both  Ways  upon  the  I  ranfverfe  to  fa  nd  F,  (viz.  make  f  JV 
^  FC  zr  N F)  then  will  thofe  Pointsy*and  F  be  the  two  Foci  (by 
4 th  Step  of  the  lafi  Procefs )  and  then  the  Eilipfis  may  be  defcrib’d  as 
above. 

.  F  f.  2.  If 


I 
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2.  If  the  Tranfverfe  Diameter  and  Latus  Return  are  given,  the 
Ellipfis  is  truly  limited,  becaufe  by  them  the  Conjugate  may  be 
found,  by  Se£L  2. 

3.  Or  if  only  the  Tranfverfe ,  and  the  Proportion  it  hath  either 
to  the  Conjugate  or  Latus  Reffum,  be  given,  the  Ellipfis  is  thereby 
limited.  As  for  Inftance ;  fuppofe  the  given  Ratio  between  the 
Tranfverfe  and  Conjugate  to  be,  as  a  :  to  d\ 

Viz.  a  :  d : :  TS  :  Nny  then  —  Nny  &c. 

a 

4.  If  either  the  Tranfverfe  or  Conjugate,  and  the  Diftance  of 
the  Focus  from  the  Conjugate  be  given,  the  Ellipfis  is  limited,  be¬ 
caufe  by  them  the  Conjugate  or  Tranfverfe  may  be  found. 

Thefe  being  premis’d,  and  the  precedent  Work  a  little  confider’d, 
it  rauft  be  eafy  to  defcribe  or  delineate  any  Ellipfis  in  Plano ,  either 
Geometrically  or  Numerically. 


I.  To  defcribe  an  Ellipfis  Numerically  by  Points . 

Suppofe  the  Tranfverfe  Diameter  T  S  zz  20,  and  the  Conjugate 
N n  12,  (either  Inches ,  or  any 

other  equal  Parts )  and  let  them 
crofs  each  other  at  Right  Angles  in 
their  Middles,  as  in  the  Point  C ; 
then  will  T  C  ~  C  S  —  10,  and 
N  C  =z  C  n  —  6,  and  it  will  be 
20  :  12  : :  12  :  7,  2  ==  the  Latus 
RePtum . 


Again  20  :  7,  2.  Or  rather  take  their  Ratio . 

Ci  :  o,  36  : :  Tof-  1  x~To  —  1  :  □  a.  ||  1 . 

Thus<  1:0,  36  ::  10-f-  2 x  10  —  2  :  n  h.  ||  2. 

C  i  :  o,  36  : :  io-|-  3  X  10  —  3  :  □  d.  ||  3. 

C  100  —  iXQ,36222Q^.i.Hencey/9^Xo.?6  3:5,97  Stc.zza.  1 
Viz.  S  100-4X 0,36=0 £.2.  1/ 96x^3^ in  5,88  &c ~b.  2 

L  1 00  —  9 X 0,36  =  0^.3.  V 91X0,3621:5,72  &cc.~d.  3 

If  fo  many  Semi- ordinates  as  may  be  thought  convenient  ( the 
more  the  better )  be  found  in  this  Manner,  and  every  one  of  them 
be  fet  off  at  Right  Angles  from  its  refpedtive  Point  in  the  Tranf¬ 
verfe  Diameter  each  Way,  viz.  from  1  to  a ,  from  2  to  b ,  from 
3  to  d ,  &c.  Then  if  a  Curve  Line  be  carefully  drawn  with  an 
even  Hand  thro’  thofe  extreme  Points  ay  by  dy  &c.  it  will  be  the 
Ellipfis’ s  Periphery  requir’d. 


2.  To 


ufc 
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2.  To  defer ibe  an  Ellipfis  Geometrically  by  Points . 

Having  the  Tranfverfe  and  Conjugate  Diameters  given,  viz.  TS 
and  Nn,  placed  at  Right  Angles  in  their  Middles ,  as  before: 
Then  from  either  End  of  the  Conjugate,  viz.  N  (or  n)  fet  off 


0T~a1S 


half  the  Tranfverfe  Diameter  to  x. 

That  is,  make  N x  =  T C  ( con - 
tinuing  the  Conjugate  Nn  when 
it  is  fhorter  than  TC)  Or,  which 
is  all  one,  make  Cx  —  TC  —  N  C. 

Then  take  any  Point  in  the  Line 
C  x  at  Pleafure;  fuppofe  it  at  G, 
and  from  that  Point  at  G  fet  off 
the  Diftance  Cx  to  the  Tranfverfe 

(as  at  E)  viz.  make  G  E  —  Cx9  and  join  the  Points  G  E  with  a 
Right  Line,  produced  fo  far  beyond  E  as  to  make  E  B  ~  NC . 
Confequently  G  B  —  TC. 

Then,  I  fay,  where-ever  the  Point  G  was  taken  between  C 
and  X)  the  Point  B  will  juft  touch  ( or  fall  in )  the  Ellipfis' $  Periphery , 


SDemonffratioir. 

Draw  the  Right  Line  B  A  perpendicular  to  TS ,  viz.  let  BA 
be  a  Semi-ordinate  rightly  apply’d  to  the  tranfverfe  Diameter  T  S  ; 
then  A  G  C  E  and  A  B  A E  will  be  alike. 
r T  C  E  :  A  E  ::E  G:E  B,  by  Theorem  13. 

CE  -j~  AE  :  AE  ::  EG-\-  E  B:EB.  Seep.iqi. 
CE+AE-CA.EGxEB—TC.  And  EB  =  NC 
CAiAE ::  TC:NC 

□  CA:  □  AE  : :  □  TC :  □  NC 

□  CAx  □  NC__  „  JJ? 

- a Tc - nAE 

n  N  C  —  □  AB~  n  AE 

□  E  B  —  □  AB  —  □  AE 

NC-  □  NC—  □  AB 

□  CAx  □  NC—  n NCx □  TC — □  abxdtc 

n  n  IT.  —  n CAsm  Nr — •  n  Aft'S  nTH 


Confequently 
1,  and 
But 
Therefore 
6,  in  □  ’s 


8  X 


But 
That  is, 

6,  7 

□,  TS 

9  + 

Analogy 

That  is 


1 

2 

3 

4 

5 

6 

7 

8 


9  uL,Axnjyc-=iQisiuxni<d--.nAJixn*^ 

I0|  □  NCx  □  TC  —  uCAxuNC—UABxqTC 
II !  □  TC:  □  NC:  :  qTC —  n  CA:U  AB 
ximtis,  12'TCxCS:  □  NC::TC-\-CAxTC — CA:  QAB 

which  is  according  to  the  common  Properties  of  the  Ellipfis :  There¬ 
fore  the  Point  B  is  truly  found.  Q.  E.  D. 


Hence 
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Hence  it  follows,  that  if  a  convenient  Number  of  fuch  Lines 
as  GE  B  be  fo  drawn  (as  above  directed)  from  the  like  Number 
of  Points  taken  between  C  and  *,  &c.  their  extream  Points  (as  at 
B)  will  be  thofe  Points  by  which  ( with  an  even  Hand)  the  Ellipfis 
may  be  truly  defcrib’d,  as  before. 

But,  if  this  be  well  undeiifood,  it  will  be  very  eafy  to  conceive 
how  to  defcribe  an  EUipfig  \ery  readily,  without  drawing  thofe 
Lines,  by  having  a  thin,  (freight,  narrow  Ruler  juft  the  Length 
of  T  C,  made  fomewhat  (harp  at  both  Ends,  upon  which,  from 
one  of  its  Ends,  fet  off  the  Length  of  N  C.  Then,  if  the  Point 
upon  the  Ruler  which  reprefents  E  be  gradually  or  eafily  moved 
along  the  Tranfverfe  T 5,  and  at  the  fame  Time  the  Point  or  End 
reprefenting  G  be  kept  Hiding  clofe  along  the  Conjugate  iV;z,  ’tis 
evident  from  the  Work  above,  that  the  End  of  the  Ruler  repre¬ 
senting  B  will,  by  that  Motion,  aflign  the  true  Periphery  of  the 
Ellipfis  required  ;  for  by  that  Motion  the  (freight  Edge  of  the  Ru¬ 
ler  doth  fupply  an  infinite  Number  of  the  aforefaid  Lines ,  as  will 
appear  very  plain  and  eafy  in  Fradtice. 


Scholium. 

Now  from  hence  was  deduced  the  firff  Invention  of  that  well- 
contrived  Injirument  for  drawing  an  Ellipjis  by  one  Motion,  com¬ 
monly  called  the  Elliptical  Compaffes ,  being  ufually  made  of  Brafs, 
and  compos’d  of  three  Parts,  two  of  which  reprefent  (or  rather 
fupply )  the  tranfverfe  and  conjugate  Diameters  fet  together  at 
Right  Angles  ;  and  the  third  Part  is  a  moveable  Ruler,  which 
performs  the  Office  of  the  laff-mentioned  thin  Ruler.  But  becaufe 
the  making  of  it  is  fo  well  known  to  moff  Mathematical  Inffru- 
ment-makers,  efpecially  to  that  accurate  and  ingenious  Artijl  Mr 
JOHN  ROWLEY,  Mathematical  Injlrument-maker ,  under  St. 
Dunftan’r  Church  in  Fleet- ftreet,  London  ;  who ,  for  his  great 
Skill  in  contriving ,  framings  and  graduating  all  kind  of  Mathema¬ 
tical  InJ}rumentsy  may ,  1  believe ,  be  jufly  called  one  of  the  beft 
Workmen  of  his  Trade  in  Europe;  I  think  it  needlefs  therefore  to 
give  a  particular  Defcription  of  that  lnftru?nent. 

Alfo  from  hence  came  that  ingenious  Invention  of  making  Engines 
for  turning  all  Sorts  of  elliptical  or  oval  Work,  as  oval  Boxes, 
Pidture-Frames,  &c. 
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Se£t.  5.  Any  Ellipfis  being  given,  to  find  its  SErsuftClfC 

and  Conjugate  Diameters. 

Suppofe  the  given  Ellipfis  to  be  T  N  S  n  (in  the  annexed 
Scheme)  in  which  Jet  it  be  required  to  find  the  tranfverfe  Dia¬ 
meter  7  S  and  its  Conjugate  N  n.  Drkw  within  the  Ellipfis  any 
two  Right  Lines  parallel  to  each 
other  as  H  h  and  M  ?n,  and  bifedt 
thofe  Lines,  viz.  find  the  Middle 
Point  of  each,  as  at  K  and  P  ; 
then  thro’  thofe  Points  K  and  P 
draw  a  Right  Line,  as  D  A,  and  it 
will  be  a  Diameter  ;  for  it  will 
divide  the  Ellipfis  into  two  equal 
Parts,  [See  Defin.  1,  Page  363.]  confequently  the  Middle  of  D  A 
will  be  the  true  Middle  or  common  Center  of  the  Ellipfis,  as 
at  C. 

For  9 tis  the  Nature  and  Property  ofi all  Diameters,  howfioever  they 
are  drawn  in  any  Ellipfis  ( as  ’tis  in  a  Circle)  to  cut  or  crofis  one  a - 
nother  in  the  common  Center  or  Middle  ofi  the  Figure,  as  at  C. 

Upon  the  Point  C  deferibe  an  Arch  of  any  Circle  that  will  cut 
the  Ellipfis’s  Periphery  in  two  Points,  as  at  B  and  b ;  then  join 
thofe  Points  B  b  with  a  Right  Line ,  and  it  will  be  an  Ordinate , 
thro’  whofe  Middle  (as  at  a)  and  the  common  Center  C,  the 
tranfverfe  Diameter  TS  muft  pafs.  For  BS  —  S  b,  and  B  a  is  at 
Right  Angles  with  T  S ;  therefore  the  Line  B  b  is  an  Ordinate 
rightly  apply’d  to  TS  the  tranfverfe  Diameter.  And  if  thro’  the 
Point  C  there  be  drawn  the  Right  Line  Nn  parallel  to  B  b,  it  will 
become  the  Conjugate ;  as  was  requir’d. 

Sett.  6.  To  draw  a  STsngCllt,  or  Right  Line  that  may 
touch  the  Ellipfis’ s  Periphery  in  any  afifigned  Point. 

^  .  1  1  i 

The  Drawing  of  Tangents  to  or  from  any  afifigned  Point  in  the 
Ellipfis’s  Periphery,  admits  of  three  Cafes. 

■  Cafie  1.  If  it  be  requir’d  to  draw  a  Tangent  that  may  touch  the 
Ellipfis  in  either  of  the  extream  Points  of  its  tranfverfe  Diameter, 
as  at  T  or  S ,  it  is  plain  the  Tangent  muft  be  drawn  parallel  to  the 
conjugate  Diameter  Nn,  as  H K  in  the  following  Figure  is  fup^ 
pos’d  to  be. 

Cafie 


1 
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.  v  Cafe  2.  Or,  if  the  Tangent  muft  be  drawn  to  touch  the  Ellipfes 
in  either  of  the  extream  Points  of  its  Conjugate  Diameter ,  as  at 
N  or  n,  ’tis  as  evident  that  it  muft  be  drawn  parallel  to  the 
Tranfverfe  Diameter  T  S ,  as  K  M.  Confequently  if  that  Tangent 
and  the  Tranfverfe  were  both  in- 


never  meet. 


to  draw  a  Tangent  that  may 
touch  the  Eliipfs  in  any  other 
Point ,  as  at  B ,  &c.  Then,  if 
the  Tangent  and  the  Tranfverfe  Diameter  be  both  continu’d,  thev 
will  meet  in  fome  Pointy  as  at  P  ;  and  thofe  two  Points  (viz.  B 
and  P)  do  fo  mutually  depend  upon  each  other,  that  one  of  them 
muft  be  aftigned  order  to  find  the  other,  that  fo  the  Tangent  may 
by  them  be  truly  drawn.  Let  D  ~  T S,  y  zr  A  &,  and  z  ~ 
AP.  Then,  ify  be  given,  z  may  be  found  by  this 

Theorem  J  — - - 77  ~  z 

l  i  D  —y 

D+z  ,  r  D  -f-  ^z  _ 


Or,  if  z  be  given,  y  may  be  found  by 


Shis  Theorem 


\^±v\ 


SDntton^rattcir. 


Draw  the  Semi-ordinate  ha ,  as  in  the  Figure ;  then  will  A  BAP 
and  A  ha  P  be  alike.  Put  *  zz  A  a  the  Dijiance  between  the  two 
Semi -ordinates  (viz.  between  BA  and  ha)  which  we  fuppofe  infinite¬ 
ly  fm  ail. 


Then 
But 
That  is, 
I  in  CD’s 
Suppofe 

3,  Then 

4,  And 

6>  7 
8  ••• 

Q  -r-  2Z 

1°  + 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

1 1 


z  :  z  —  x  :  :  B  A  :  b  a,  by  Theorem  1 3. 

D  — yxy'-D  — y  *Xy  —  x  : :  □  B  A :  n  ha 
Dy — yy  :  Dy — yy-{-2Xy  —Dx — xx  : :  □  BA :  □  ha 
zz  :  zz  —  2zx  — j-  xx  :  :  □  BA  :  Q  ha 
x  —  c,  that  fo  #  may  be  every  where  reje£ted. 

Dy  —  yy  :  Dy  —  yy  -f-  2y  —  D  :  :  □  BA :  □  la 

zz  :  zz  —  2z  :  :  □  BA  :  □  ha 

Dy  — yy  :  Dy  — yy  -j-  2 y  —  D  : :  zz  :  zz  —  2Z 

2yzz  —  D zz  zz:  2 yyz  —  2  Dyz 

yz  —  \  T>z  —  yy  —  Dy 

~  Dz  —  yz  zz  Dy  —  yy 


I 


378 

Contck  SetttOttg  Part  IV. 

II  -7- 

12 

_ Dy — yy  \  $  which  is  the  iff  Theorem ,  and  gives 

Z  „*  d _ y  J  following  Analogy. 

Analogy 

r3 

\D  — y  :  y  : :  D  —  y  :  z.  Viz.  CA  :  SA  :  TA  :  AP 

10 — yz 

H 

yy  -  Dy  - yz  —  -  *  Dz 

14C  □ 

1 5 

yy  —  Dy — yz-{-^DD\-hDz-\-\zzz=z±.DD  -\-^zz 

15  m,1 

16 

y  —  \D  —  1  z  ~  1/  ±dD  — 

That  is, 

*7 

=  +  </  ±DD  4-  jaa  J  which  is  the  2d 

~  1  Tbeor.  Q.  E.  D. 

The  Geometrical  Performance  of  thefe  two  theorems  is  very 
eafy,  as  by  the  following  Figure . 


I.  Suppofe  the  Point  B  in  the  Ellipjis  Periphery  were  given, 
and  it  were  requir’d  to  find  the  Point  P,  &c. 

Make  TC  Radius ,  and  upon  the  common  Center  C  defcribe  the 
Semicircle  T  d  5,  and  join  the  Points  C  and  d  with  a  Right  Line  ; 
then  bife£f  that  Line  (by  Proh.  2,  Page  287)  and  mark  the  Point 
where  the  bifedting  Line  would  crofs  the  Tranfverfe ,  as  at  ||  e. 
Upon  that  Point  |j  e,  with  the  Radius  Ce  (or  Cd)  defcribe  another 
Semicircle ,  producing  the  Tranfverfe  Diameter  to  its  Periphery , 
and  it  will  afiign  the  Point  P. 

For  if  D  ~TS,  y  ~  AS,  z  az  A  P,  as  before. 

Then 


And 

For 

And 

But 

x,  2 


D  — y  Xy  =  □  d A 


\D 

FA 

CA 


-  y  X  z  —  □  d  A 
d  A  :  :  d  A  :  S  A 
d  A  :  :  d  A  :  A  P 
C  A  —  \D  — y,  &c. 
c  \  Dz  —  yz  —  Dy—yy 
I  as  at  the  1  ith  Step  before 


Therefore  the  Point  P  is  truly  found.  Confequently,  if  a  Right 
Line  be  drawn  through  thofe  Points  B  and  P,  it  will  be  the  Tan~ 
gent  requir’d,  according  to  the  firfi:  Theorem. 

2.  The  Converfe  of  this  is  as  eafy,  to  wit,  if  the  Point  P  be 
given,  thence  to  find  the  Point  B  in  the  ElUpfis  Periphery.  Thus, 
circumfcribe  half  the  Ellipfis  with  the  Semicircle  TdS,  as  before; 
and  bife&the  Diftance  between  the  Points  C  and  P,  as  at  e,  viz. 
Let  C  e  —  e  P.  Then  making  C  e  Radius ,  upon  the  Point  c9 
defcribe  the  Semicircle  C  d  P  ;  and  from  the  Point  where  the  twp 
Semicircles  interfe&  or  crofs  each  other,  as  at  d,  draw  the  Right 
Line  d  A  perpendicular  to  the  Tranfverfe  TS,  and  it  will  affign 
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the  Point  of  Contact  B  in  the  Ellipfis  Periphery  through  which 
the  Tangent  muft  pafs. 

But  the  Practical  Method  of  drawing  Tangents  to  any  affign’d 
Point  in  the  Ellipfis  Periphery  may  ( without  finding  the  afiorefiaid 
Point  P)  be  eafily  deduced  from  the  following  Property  of  Tangents 
•drawn  to  a  Circle ,  which  is  this: 

If  to  any  Radius  of  a  Circle ,  as  C  F, 
there  be  drawn  a  Tangent  Line  (as  HK) 
to  touch  the  Radius  at  the  Point  B  ;  the 
two  Angles ,  which  the  Tangent  makes  with 
the  Radius ,  will  always  be  two  Right  An¬ 
gles  (i6,  17,  18,  19  Euclid  3.)  that  is, 

'ST  HBC  "nT  CBK  —  90^ 

In  like  Manner  the  two  Angles ,  made  between  the  Tangent  and 
the  two  Lines  drawn  from  the  Foci  of  any  Ellipfis  to  the  Point  of 
Contact ,  will  always  be  equal,  but  not  Right  Angles ,  fave  only  at 
the  two  Ends  of  the  Tranfverfie  Diameter. 

Thefe  being  well  confider’d,  and  compar’d  with  what  hath  been 
laid  in  Page  366,  it  mult  needs  be  eafy  to  underftand  the  following 
Way  of  drawing  Tangents  to  any  ajfiign’  cl  point  in  the  Ellipfis  Peri¬ 
phery  ;  which  is  thus : 

Having  by  the  tranfverfie  and  conjugate  Diameters  found  the  two 
Foci  f  and  F,  by  SeCt.  3.  from  them  draw  two  Right  Lines  to 
meet  each  other  in  the  afiign’ d  point 
of  Contact ,  as  fib  and  Fb  (or  fiB 
and  FB )  in  the  annex’d  Figure.  Next 
fet  off  (viz.  make)  bd  zzz  b  F  (or  B  D 
"ZZ.BF)  and  join  the  Points  Fd  (or FD) 
with  a  Right  Line. 

Then,  I  fay,  if  a  Right  Line  be 
drawn  through  the  Point  of  Contact 
b  (or  B)  parallel  to  d  F,  or  D  F, 
it  will  be  the  Tangent  requir’d.  For 
it  is  plain,  that  as  the  ^  f  N  H  z=z  ^7  F N K  when  the  Tangent 
is  parallel  to  the  Tranfverfie  Diameter ,  even  fo  is  the  ^  f  b  h  zzz 
■"sT  F  B  k,  (and  f  B  H  z=i  ^  F  B  K)  and  will  be  every  where 

fo,  as  the  Point  of  Contact  b  (or  B )  and  its  Tangent  is  carried 
about  the  Ellipfis  Periphery  with  the  Lines  fb  F  (or  f  B  F). 


h 


C  c  c  2 
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c  fi  a  ?:>  in. 

Concerning  the  Chief  Properties  of  every  parabola. 

‘OT E,  in  every  Parabola,  the  intercepted  Diameter,  or  that 
Part  of  its  Axis,  which  is  between  the  Vertex  and  that  Ordi- 
nafe  which  limits  its  Length,  as  Sa  or  S  A ,  &c.  is  call’d  an  Abfcifla. 
Sedf.  i.  The  Plain  or  Figure  of  every  Parabola  is  proportion’d  by 
its  Ordinates  and  AbfcilPe,  as  in  the  following  Theorem : 

r  As  any  one  Abfcifa  :  is  to  the  Square  of  its  Semi- 
Theorem  )  ordinate  :  :  fo  is  any  other  Abfcijfa  :  to  the  Square  of 
t  its  Semi-ordinate. 


That  is,  if  we  fuppofe  the  annex'd  Fi¬ 
gure  to  be  a  Parabola ,  wherein  S  a ,  and 
S  A ,  are  Abfcijfa ,  and  b  a  b,  B  A  B, 
Ordinates  rightly  apply’d,  it  will 


,  n  ,  c  A  r-n  T>  1  f  Whe T t\ OC VCI 

he  Sa  :  □  ba  ::  o  A :  D  B  A  \  ,  ,,  ■ 

c>  04  j  _  th e  Points  a> 

or  Sa  :  SJ: :  □  Fa  :  O  B/ij  ^aretakei), 

And  fo  for  any  other  Abfcijfa ,  &c. 

SDEmonUratfoit. 

Let  the  following  Figure  PI  EG  reprefent  a  Right  Cone  cut  in¬ 
to  two  Parts  by  the  Right  Line  S  A ,  parallel  to  its  Side  V PP. 
Then  the  Plain  of  that  Sedtion,  viz.  Bb  SbB ,  will  be  a  Parabola, 
by  6V<f/.  4.  Page  364.  wherein  let  us  fuppofe  S  A  to  be  its  Axis, 
and  bah ,  BAB  to  be  Ordinates  rightly  apply’d  to  that  Axis . 
Again,  imagine  the  CW  to  be  cut  by  the  hg  parallel 

to  its  Bafe  PIG.  Then  will  hg  be  the  Diameter  of  a  Circle ,  by 
Sedf.  2.  Ptf£*  363.  and  A  Sag  like  to  A  SAG. 


Therefore 


2X* 


a 


But 

Andj 

3’  4?  5’ 

6f  Analogy 


4 

5 

6 

7 


Sa  :  ag  :  :  S  A :  AG 
By  Theorem  1  3. 

)<  AG  no.  S  A  x  ag 
$  SaxAGxhaznS AxagXha 
l  By  Axiom  3. 

5  PL  A  ~  ha ,  becaufe  5  vf 
\  is  parallel  to  V IT 

□  BA—jGxPPA  l  ByLem. 

□  ba  zz  ag  X  ha  )  P.  363 

By  Axiom  5. 

:  □  ba  : :  SzL  □  BA 


V 


1 


V ide  Page  194. 


Qi  E.  D. 


Thefe 
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Thefe  Proportions  being  prov’d  to  be  the  common  Property  of 
every  Parabola ,  all  that  is  farther  requir’d  about  that  Se£iiony  or 
Figure ,  may  from  thence  eafily  be  deduced. 

Sett.  2.  To  find  the  flatus  Kecfum  or  Right  parameter 

of  any  Parabola. 

The  Latus  Refium  of  a  Parabola  hath  the  fame  Ratio  or  Pro¬ 
portion  to  any  Abfcijfiay  and  its  Semi-Ordinate ,  as  the  Latus  Reftum 
of  any  Ellipfis  hath  to  its  Tranfverfe  and  Conjugate  Diameters ,  and 
may  be  found  by  this  Theorem, 

_  5  As  any  Abfcijfia  :  is  in  Proportion  to  its  Semi-ordinate 

heore i»i  I  :  :  fo  is  that  Semi-ordinate  :  to  the  Latus  Return. 


Then 

And 


5  X 


Analogy 

Step  of  the 


1 

2 


5 

6 


Let  L  zn  the  Latus  Reftum, 

S  a  :  ba  :  :  b  a  :  L\  \  where-ever  the  Points  a ,  and 
SA :  BA :  :  BA :  L  )  l  Ay  are  taken  in  the  Axis . 

aba  =  L:  Or  SaxLznQba 

S  a 

^JA-L-.Ot  SJxL-  □  BA 
□  5/^  -q-£b  d  .  .  nbac 

- -  = - i  er  Axiom  c.  —  — — 

SA  dm  0  Set 


Sax  \3  B  A  •=.  S  A  X  □  b  ay  which  gives  this 
S  a  :  □  b  a  :  :  S  A  :  □  B  Ay  the  fame  as  at  the  7th 
aft  Procefs ;  therefore  L  (thus  found )  is  the  true  Latus 
Reftum,  by  which  all  the  Ordinates  may  be  regulated  and  found, 
according  to  its  Definition  in  Section  4,  Page  364.  For  by  the 
third  Step  S  a  x  L  ~  □  bay  and  by  the  4th  Step  S  A  x  L  —  □ 

B  A.  Confequently  4 /  S ax  C  ~  ba  and  4/  S  A  X  L  — BA ? 
and  fo  for  any  other  Ordinate. 

Or  if  the  Ordinates  are  given,  to  find  their  Abfcijftf  ;  then  it 
will  be,  L  :  b  a  :  :  b  a  :  S  ay  and  L  :  BA :  :  BA  :  SAy  &c. 


Confequently 


D  ba  n  ,  □  B  a  vac 
- zzz  S  ay  and  - - zzz  S  Ay  See, 


From  the  Confideration  of  thefe  Proportions ,  it  will  be  eafiy  to 
conceive  how  to  find  the  Latus  Re  Hum  Geometrically ,  thus : 


Part  IV. 


382 


Comcfe  ©ertfaiig 


Join  the  vertical  Point  S  of  the  Axis,  and  either  extream  Point 
of  any  Ordinate  as  B  (or  b )  with  a  Right  Line ,  viz.  S  B  (or  Sb) 
and  bifedt  that  Line  (by  Problem  2. 

Page  287.)  marking  the  Point  where 
the  bife&ing  Line  doth  interfedf  or  crofs 
the  Axis,  as  at  E  (or  e)  and  with  the 
Radius  S  E  (or  S  e)  upon  the  Point  E 
(or  e)  deferibe  a  Circle ;  (as  in  the  an¬ 
nex’d  Figure)  then  will  the  Diftance 
between  the  Ordinate  and  that  Point 
where  the  Circle’s  Periphery  cuts  the 
Axis ,  viz.  A  R  (or  a  r)  be  the  true  La - 
tus  Re5fum  required. 


For  S  A  :  BA:;  B  A:  AR,  and  Sa  ;ba  :  :  ba  :  or,  by  Theor.  13. 
therefore  A  R  —  L.  And  ar  —  L ,  by  the  ift  and  2d  Steps  above. 

Confe  diary. 

From  thefe  Proportions  of  finding  the  Latus  Reftum,  it  will  be 
eafy  to  deduce  and  demonftrate  the  following  Theorem  ; 

c  As  the  Latus  Redfum  :  is  to  the  Sum  of  any  two  Semi - 
Theorem  <  ordinates  :  :fo  is  the  Difference  of  thofe  two  Semi -or- 
l  di nates  :  to  the  Difference  of  their  Abfcijpz. 

Suppofe  any  Right  Line  drawn  within  the  Parabola,  as  b  D9 
parallel  to  its  Axis  S  A ;  then  will  that  Line  (viz.  b  D)  be  a  Dia¬ 
meter  (by  Def.  5,  Page  365)  which  will  make  E  D  —  A B  ab9 
D  B  —  A  B  —  ab,  and  b  D  vzi  S  A  —  S  a .  Then  it  will  be 
L  :  E  D  :  :  D  B  :  b  D,  according  to  the  Theorem. 

SDemonfifcattoiT. 


Firft 


And 


i  —  2 

3  X  L 
But 

4’  — ■  5’  6 

Analogy 

Or, 


2 


SA  —  D  y-~,  by  Step  2. 

JLj 

of  the  laft  Procefs. 

:  illAf  by  Step  1. 


(of  i 


the  laft:  Procefs. 
SA-Sa  =  2l±l2±l 


E 


4 

5 

6 


SA  —  Say^L—  □  BA —  □  ba 


S 


Which  gives 


□  BA—  Uba  —  BA-\-baxBA— ba  \  the  following 

SA—  SaxL—BA  +  baxBJ—bz  ’  AnaloZy • 

L  :  B  A  4-  ba  :  :  B  A  —  ba  :  S  A  ■ 


Sa 


8.L  :  ED:  :  DB;bD 


Thia 
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This  peculiar  Property  of  the  Parabola  was  firfl:  publifh’d,  Anns 
1684,  by  one  Mr.  Thomas  Baker ,  Redtor  of  Biflicp  Nympton  in 
Devon/hire ,  in  a  Treatife  entitled,  The  Geometrical  Key  :  Or,  the 
Gate  of  /Equations  unlock'd ;  wherein  he  hath  (hew’d  the  Geome¬ 
trical  Conftrudtion  and  Solution  of  all  Cubick  and  Biquadratick 
Adfedted  ./Equations  by  one  general  Method,  which  he  calls  a  Cen¬ 
tral  Rule ,  deduced  from  this  peculiar  Property  of  the  Parabola. 

Se<5t.  3.  To  find  the  ifocns  of  any  Parabola . 

The  Focus  of  every  Parabola  is  that  Point  in  its  Axis  through 
which  the  Latus  Reffum  doth  pafs.  (See  Definition  3.  Set 7.  4. 
Page  359.)  "T  herefore  its  Diftance  from  the  Vertex  of  the  Para¬ 
bola  may  be  eafily  found,  either  by  the  Latus  Rcttum  itfelf,  or  by 
any  other  Ordinate ,  and  its  Abfciffa , 

Thus,  fuppofe  the  Point  at  F  to  be  the  Focus ,  S  the  Vertex  y  th® 
Ordinate  R  F  R  ozz  L  the  Latus 
Reftum,  and  b  a  b  any  other  Or¬ 


dinate.  Then  will  S  F  z=z  l  L. 


Or  SF  — 


□  ba 
4 


tDfmonCrafictT. 


Firft 

I 

SFxL 

And 

2 

FR  =  i 

2 

3 

n  fr  - 

G  =  3 

4 

SFxL 

4  +L 

5 

S  F—' 

4 

Again 

6 

11 

□  °° 

Confeq. 

7 

*  □ 

ii 

V  1  T 

rs  z  " 


1  Ly  &c,  as  above. 


Q.  E.  D. 


Sedl.  4.  To  tefmbc,  or  draw  a  Parabola  fever al  Ways. 

Note ,  There  are  two  or  three  Ways  of  drawing  a  Parabola  in- 
flrumcntally  at  one  Motion  ;  but  becaufe  thofe  Inftruments  or  Ma¬ 
chines  are  not  only  too  perplex’d  for  a  Learner  to  manage,  but 
alfo  a  little  fubjedf  to  Error,  I  have  therefore  chofen  to  fhew-hovr 
that  Figure  may  be  (the  heft)  drawn  by  a  Convenient  Number  of 
Points,  viz.  Ordinates  found,  either  Numerically  or  Geometri¬ 
cally,  according  to  the  Data  ;  which  if  the  Work  of  the  three 
laft  Sedfions  be  well  confider’d,  mull  needs  be  very  eafy. 

r  I.  if 
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Part  IV. 


1.  If  any  Ordinate  and  its  Abfcijfa  are  given,  there  may  by 
them  be  found  as  many  Ordinates  as  you  pleafe  to  aflign  or  take 
Points  in  the  Parabola’s  Axis ;  (by  SeSl.  (.  Page  380)  and  the 
Curve  of  the  Parabola  may  be  drawn  by  the  extream  Points  of 
thofe  Ordinates ,  as  the  Ellipfis  was  Page  373. 

2.  If  the  Latus  ReEium ,  and  either  any  Ordinate ,  or  its  Abfcijfa , 
are  given,  then  any  aflign’d  Number  of  Ordinates  may  by  them 
be  found  (by  SeEl.  2.  Page  381)  either  Numerically  or  Geometri¬ 
cally^  he. 

3.  If  only  the  Diflance  of  the  Focus  from  the  Vertex  of  the  Pa¬ 
rabola  be  given,  any  affign’d  Number  of  Ordinates  may  be  found 
by  it.  For  S  F  =  \  L  the  Latus  ReElum,  and  \L  F R  as  in 
the  laft  Section  ;  and  it  will  be,  as  S  F :  is  to  □  FR  :  :  fo  is  any 
other  Abfcijfa ,  viz.  (Sa  or  SA ,  &c.)  :  to  the  Square  of  its  Semi- 
erdinate  (viz.  □  b  a,  or  □  BA)  according  to  the  common  Pro¬ 
perty  of  the  Parabola. 

Altho’  any  of  thefe  Ways  of  finding  the  Ordinates  are  eafy 
enough,  yet  that  Way  which  may  be  deduced  from  the  follow¬ 
ing  Propofition  will  be  found  much  more  eafy  and  ready  in 
Practice. 


r  Tie  Sum  of  any  Abfcijfa  and  focal  Diflance  from 
p  )  the  Vertex ,  will  be  equal  to  the  Diflance  from 

v  ;  1  *  I  the  Focus  to  the  extream  Point  of  the  Ordinate * 

L  which  cuts  off  that  Abfcijfa . 

For  Inftance,  fuppofe  S  to  be  the  Vertex  of 
any  Parabola ,  the  Point  F  to  be  its  Focus ,  and 
A  B  any  Semi-ordinate  rightly  apply ’d  to  its 
Axis  S  A  :  Then,  I  fay,  where-ever  the  Point 
A  is  taken  in  the  Axis,  it  will  be  S  A  -j-  S  F 
—  F B.  Confequentlv,  if  Sf  —  S  F,  it  will 
befA  =  FB. 

©cnicnfrratton. 


Firft 

Ergo 

2  <gv2 

Again 

4  X  L 
Ergo 

7  - —  6 
But 
Ergo 
9  uw~ 


1 

2 

3 

4 

5 

6 

*7 

/ 

8 

9 

10 


S  F  ~  4  L  by  the  7  th  Step ,  Seft.  3, 
f  A  ~  FA  -~j-  i  L  by  ConJlrvMion  above. 

Uf  An z  n  FA  -f  FAx  L  -f  ILL 
S  A  ~  FA  -f-  ~  L  by  the  Suppofition  and  Figure. 

S  Ax  L  v^FAxL  -\-\LL,  but  5  AxLz=  □  AB 

□  AB  =  FAx  L  4 -iLL 

□  f A—  □  AB—  □  FA,  confe.  ufA =  □  FA+  □  AB 

□  F A m-\-  O  AB  ^  D  F B,  by  Theorem  11. 

□  fa  —  O  FB 

fA-FB  '  Q.E.  D.  . 

- - Thk 
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This  Propofition  being  well  underftood,  ’twill  be  very  eafily  ap¬ 
ply  *d  to  Practice ,  fuppofing  the  Focal  Dijlance  given,  or  any  other 
Data  by  which  it  may  be  found.  Thus  draw  any  Right  Line  to 
reprefent  the  Parabola's  Axis ,  and  from  hs  vertical  Point,  asatS, 
fet  off  the  Focal  Di/lance  both  upwards  and  downwards,  viz .  make 
Sf—SF,  the  Diftance  of  the  given  Focus  from  the  Vertex ;  as 
in  the  Scheme:  Then  by  the  Propofition  ’tis  evident,  that,  if  never 
fo  many  Lines  be  drawn  Ordinately  at  Right  Angles  to  the  Axis,  the 
true  Diftance  between  the  Point  /  out  of  the  Parabola ,  and  any  of 
thofe  Lines  (or  Ordinates)  being  meafur’d  or  fet  off  from  the  Focus 
F  to  the  fame  Line  or  Ordinate,  ’twill  affign  the  true  Point  in 
that  Line  through  which  the  Curve  muft  pafs ;  that  is,  it  will 
(hew  the  true  Limits  or  Length  of  that  Ordinate ;  as  at  B  in  the 
laft  Scheme. 

Proceeding  on  in  the  very  fame  Manner  from  Ordinate  to  Ordi¬ 
nate,  vou  may  with  great  Expedition  and  Exadtnefs  find  as  many 
Ordinates  (or  rather  their  Points  only ,  like  B)  as  may  be  thought 
convenient,  which,  being  all  join’d  together  with  an  even  Hand, 
will  form  the  Parabola  requir’d. 

N.  B.  "the  more  Ordinates  (or  their  Points)  there  are  founds 
and  the  nearer  they  are  to  one  another ,  the  eafier  and  exapter  may  the 
Curve  of  the  Parabola  be  drawn .  The  fame  is  to  be  obferv'd  when  any 
other  Curve  is  requir’d  to  be  drawn  by  Points. 

Seft.  5.  To  draw  a  SCangenf  to  any  given  Point  in  the 

Curve  of  a  Parabola. 

Tangents  are  very  eafily  drawn  to  the  Curve  of  any  Parabola  ; 
For,  fuppofing  S  to  be  its  Vertex ,  B 
the  Point  of  ContaPt  (viz,  the  Point 
where  the  Tangent  muft  touch  the 
Curve)  and  P  the  Point  where  the 
Tangent  will  interfeft  (or  meet  with) 
the  Parabola's  Axis  produced  :  T  hen 
if  from  the  Point  of  ContaPt  B  there 
be  drawn  the  Semi- ordinate  B  A  at 
Right  Angles  to  the  Axis  S  A ,  wherefoever  the  Point  A  falls  in  the 
Axis,  ’twill  be  S  P  m  S  A* 

JDemonffraticn. 

Draw  the  S emi- ordinate  b  a  (as  in  the  Figure)  then  will  the 
AB  A  P  and  Aba  P  be  alike.  Let  y  zz  A  S  the  Abfcijfa , 

D  d  d  and 
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3 

4 

5 
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andzzzSPj  put  x'zzAa  the  Diftance  between  the  two  Semi* 
erdinatesy  which  we  fuppofe  to  be  infinitely  near  each  other,  as  in 
the  EllipfiSy  Page  377. 

y  4~ z  :  B  A :  :  y  4" z  *4“  *  ^  ha,  Per  theorem  13, 
y  -\~z :  y  4“  z  +  *  :  *•  B  A  :b a.  See  Page  192. 
y  :  □  BA :  :  y  +  *  •  □  b  per  Theorem  Page  380. 
y  *.  y  -|~  at  :  :  D5//:  □ 

5  yy  +  2yz  +  zz  •  yy  4*  2y  z-J-  2y  #  4-  zz  -J~ 

f  2%x-\-xx : :  D  BA :  □ 

(yiy-}-*:  :  yy  +  2y  z  4-  zz  :yy-|~  2yz  4" 

1  2yx  4“  z  z  “H  zx  4“ 
lyy  4*  2y%4*7*  4"zz“b2z*4* 

yy-\-2yz.-\-2yx-\-zz-\~2Zx-\‘XX. 

- - ~y  x  xx,  confequently - ~y-\-x 

y  y 


Then 
I,  Or 

Again 

3>  °r 

2  in  □  *» 

4»  5 


That  is, 
Suppofe 
Then 


10 


8 

9 

10 

11 


zzx 

y 


x  =z  0  and  rejected,  as  in  the  Ellipfis,  Page  377* 


z  z 

y 


~y,  confequently  zz  zzyy 


s  =y,  that  is,  SPzzSA 


Ch  E.  EK 


C  H  A  P.  IV. 

Concerning  the  chief  Properties  of  the  I^pperbola. 

Y  0  T E,  any  Part  of  the  Axis  of  an  Hyperbola ,  which  is  inter- 
^  cepted  between  its  Vertex  and  any  Ordinate  (viz.  any  inter-* 
cepted  Diameter)  is  call'd  an  Abfeijfa  y  as  in  the  Parabola . 

j+'  *  J  *  ,  *  -  |  - 

&?#.  1. 


'*he  Plain  of  every  Hyperbola  is  proportion'd  by  this  general 

Theorem. 


Theorem 


As  the  Sum  of  the  Tran fverfe  and  any  Abfciffa  mul~ 
tiply'd  into  that  Abjcijj'a  :  is  to  the  Square  of  its  Se¬ 
mi-ordinate  :  :  fo  is  the  Sum  of  the  Tranfverfe  and 
any  other  Abfciffa  multiply’d  into  that  Abfeijfa  :  to 
•the  Square  oi  its  Semi  ordinate. 


That 
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That  is,  if  TS  be  the  T ranfverfe  Diameter, 
A  ,  5  $  d  AbfcifTae. 

nd  Lba,  BA  Semi* ordinates. 

.$TazzTS+Sa 
Then  is  j  rj—TS  -f  SA 

And  it  will  be 

T aX$  a  :  □  b  a  ::  T  A  x$  A :  □  B  A. 

That  is. 


i 


TS+SaXSa  1 D  bn  \  1  TS ~\~S A x$A O  BA  « 

&c. 

SDemonftraticn. 


c 

_  "*  * 

\r 

\fc 

/  a 

V 

A 

B 


Let  the  following  Figure  HVG  reprefent  a  Right  Cone  cut  into 
two  Parts  by  the  Right  Line  S  A ;  then  will  the  Plain  of  that 
Section  be  an  Hyperbola  (by  Setf.  5,  Chap .  1.)  in  which  let  SA 
he  its  Axis,  or  intercepted  Diameter,  bab  and  BAB  Ordinates 
rightly  apply’d  (as  before  in  the  Parabola )  and  TS  its  Tranfverfe 
Diameter.  Again,  if  the  Cone  is  fuppos’d  to  be  cut  by  hgy  paral¬ 
lel  to  its  Bafe  HG*  it  will  alfo  be  the  Diameter  of  a  Circle,  &V. 
as  in  the  Ellipfis  and  Parabola.  7'hen  will  the  A$ga  and  ASGA 
be  alike  ;  alfo  the  A T a  h  and  A  T AH 
will  be  alike  ;  therefore  it 


will  be 

1 

S  a  :  a  g  :  :  S  A  :  AG 

And 

2 

T  a  :  a  h  ::  T  A  :  A  H 

I 

3 

S  ax  AG  zz  S  Ax#g 

2  V 

4 

TaxAH=TAxah 

3X4 

j 

C  SaxTaxAGx  A Hzz 

5 

t  SAx.TJxagX.ah 

But 

6 

agXah  ~  □  ah 

And 

4  AGxAH —  Q  AE 

7 

\  per  Lemma  Page  363. 

r«  ■ 

j  1 

cSaxT  aXC\AB  — 

5>  6,  7 

8. 

j  S  AxT  AxOab 

(_  which  give  the  following 

8,  Anal 

9 

S  a  XTa  :  G  ab::  SAxTA 

CU  E.  D. 
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Thefe  Proportions  are  the  common  Property  of  every  Hyper - 
lola>  and  do  only  differ  from  thofe  of  the  Ellipfis  in  the  Signs  -j- 

and — -j  as  plainly  appears  in  the  fol- 


pofe  T  S  the  Tranfverfe  Diameter  com¬ 
mon  to  both  Se£tions  ( viz.  both  the  Ellipfis 
and  Hyperbola )  as  in  the  annexed  Scheme  : 

then  in  the  Ellipfis  it  will  be  TS  —  Sa 

xSa:  □  ab'.'.TS—SAxS  A:  □  AB 
as  by  Sett.  1,  Chap.  2.  and  in  the  Hyper¬ 
bola  it  is  TS  -j-  Sa  X  Sa  :  □  ab : :  T S-\-SA 
X  S  A :  □  A  By  as  above.  Therefore  all, 
that  is  farther  requir’d  in  the  Hyperbola , 
may  (in  a  manner)  be  found  as  in  the  El - 
lipfin ,  due  Regard  being  had  to  changing  of 
the  Sine 


A 

\  ■ 

/  a 

>/ 

A 

-  ' 

Se&.  2.  ¥0  find  the  3Uttt$  Hecfum,  or  parameter* 

of  any  Hyperbola . 

From  the  laft  Proportion  take  either  of  the  Antecedents  and  its 
Confequent,  viz .  either  TaxS  a  :  □  a  b.  Or  TAxS  A  :  □  AB, 
to  them  bring  in  the  Tranfverfe  T S  for  a  third  Term,  and  by 
thofe  three  find  a  fourth  Proportional  (as  in  the  Ellipfis)  and  that 
will  be  the  Latus  ReElum* 

WaxSa-.  aab-.:TS:-!^fi£fiL  =  the  Latus 

II  1  a\ba 

t  Reftum,  which  call  L  (as  in  the  Parabola.) 

Then  2  TS  :  L::  TaX  S  a:  n  ab. 

But  3  T  a%S  a  a  b\\T  A  A  \  d  A  By  therefore 

2,  3  4  TS:  L::TAxSA:  p  AB,  &c. 


Thus 


Confequently  L  is  the  true  Latus  Reflum,  or  right  Parameter, 
by  which  all  the  Ordinates  may  be  found,  according  to  its  Defi¬ 
nition  in  Chap .  1.  And  becaufe  TS-\-  S a~Ta,  let  it  be  TS-^ 

Sa  inflead  of  Ta,  then  it  will  be  ^ =  L  and  in  the 
EUitfi,  it  would  be  LR=L' 
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Scft.3.  ’To  find  the  jfocus  of  any  Hyperbola. 

The  Focus  being  that  Point  in  the  Hyperbola's  Axis  through 
which  the  Latus  Reftum  muft  pafs  ( as  in  the  Ellipfis  and  Parabola) 
“t  may  be  found  by  this  Theorem : 

!To  the  Re  fl angle  made  of  half  the  Tranfverfe  into 
half  the  Latus  Re£tum,  add  the  Square  of  half  the 
Tranfverfe ;  the  Square  Root  of  that  Sum  will  be  the 
Di/lance  of  the  Focus  from  the  Center  of  the  Hy¬ 
perbola. 

JSDononff  ration. 

Suppofe  the  Point  at  F,  in  the  annex’d  Scheme,  to  be  the  Focus 
fought;  then  will  FR  L.  Let  TCzz 
C  S  behalf  the  Tranfverfe;  then  is  the  Point 
C  call’d  the  Center  of  the  Hyperbola  ( for  a  Rea- 
fon  that  {hall  be  hereafter  fhew’d.)  Again  ;  let 
CS-d.zn&SF—a 


Then 
That  is, 
I  v 

3  \dd 
4 

Or  5,— d 


2d:  L  : :  2d-\-aXn  :  i  LL 
TS:L :  :  TS+SFxFS  :  □  FR 
\dL~2da-\-  aa 
dd-\-\dL-=z dd-\-2da  -\-aa 
\/  dd-\-\dL—d  + a  —  FC 

s/dd+idL  —d  —  a  —  SF 


In  the  Ellipfis  ’tis,  2d:  L::  zd — aXa:\LL.  that  is,  \dL  zz 
2 da  —  a  a>  See. 

The  Geometrical  EfFe&ion  of  the  laft  Theorem  is  very  eafily 
perform?d,  thus:  make  Sxz=zj;L9  viz.  half  the  Latus  Rettum\ 
and  let  CSzzd ,  as  above.  Upon  Cx  (as  a  Diameter)  deferibe  a 
Circle,  and  at  S  the  Vertex  of  the  Hy¬ 
perbola  draw  the  Right  Line  n  S  N  at 
Right  Angles  to  C  x ;  then  join  the 
Points  C  N  with  a  Right  Line,  and 
few  ill  be  CN  zz  d  ~\-a  =  FC, 


For  1 
That  is,  2 
2  V  3 
But  4 

3>  4  5 

5  -  [6 


CS  :  SN: :  S  N:  Sx ,  per  Fig . 
d :  SN:  :  S  N:  i  L. 
±dL=Q  SN 
dd+  □  S  N=  □  CN 
dd+idL—  □  CN 
y/ du-\-\d L~C Nzz d\ a9 


// 

Jy 

T  ♦ 

^  V. 

* 

A 

a  * 

#» 

y  i 

A  s 

\  •  K4 

\  *  ♦ 

-  Vat 

hyt 

I / y x 

A 

Now 
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Now  here  is  not  only  found  the  Diftance  of  the  Hyperbola's  Fo¬ 
cus ,  either  from  its  Center  C,  or  Vertex  S9  but  here  is  alfo  found 
that  Right  Line  ufually  call’d  its  Conjugate  Diameter,  viz.  the 
Line  »  SZV,  which  bears  the  fame  Proportion  to  the  Tranlverfe 
and  Latus  Return  of  the  Hyperbola ,  as  the  Conjugate  Diameter  of 
the  Ellipfts.  doth  to  its  Tranfverfe  and  Latus  Rettum.  For  in  the 
PUipfis  TS :  Nn  : :  N n  :  L  R.  per  Sett.  2,  Pag.  363.  Confequent- 
fy  i  TS  :  i  Nn: :  iN.n:{  LR.  But  %TS=zd%  \Nn~SN, 
and  £  Z  jR  zz  f;  Z.  Therefore  d  :  S  N: :  S  N:  ~  L.  As  at  the 
2d  Step,  above. 

What  Ufe  the  afbrefaid  Line  n  S  N  is  of,  in  Relation  to  the 
Hyperbola ,  will  appear  farther  on. 

Se£t.  4.  To  defer  He  an  Hyperbola  in  Plano. 

In  order  to  the  eafy  Defcribing  of  an  Hyperbola  in  Plano ,  it  will 
be  convenient  to  premife  the  following  Propofnion,  which  differs 
from  that  of  th eEllipfis  in  Sett.  3,  Chap.  2,  only  in  the  Signs. 

r  If  from  the  Foci  of  an  Hyperbola  there  be  drawn 
\  two  Right  Lines 9  fo  as  to  meet  each  other  in  any 
Proposition.  ^  Point  of  /^Hyperbola’*  Curves  the.  Difference  of 

I  thofe  Lines  (in  the  Ellipfis  ’tis  their  Sum)  will  be 
equal  to  the  Tranfverfe  Diameter , 

That  is,  if  Fbe  the  Focusy  and  it  be  mad eC/  z=iC  F( as  in 
the  laft  Scheme)  then  the  Point  f  is  faid  to  be  a  Focus  out  of  the 
Se& ion  (or  rather  of  the  oppolite  Se&ion)  and  it  will  be  f  B  — • 

FB^TS.  r  ,  '  *  ;V:.  . 


tDemonttrafion. 

Suppofe  f  C9  or  C  F  zz  z,  and  SA  =  x,  let  CS ,  or  TC  zz  dy 
as  before;  then  will  f  Az^d-\-x  +  z»  and  F  A  zr d -f- x  —  z. 
Again,  let  F  B  zz  h%  and  f  Bzzb>  then  2 dz=z  h  — b9  by  the 
Propoftion . 

From  thefe  fubjlitutcd  Letters  it  follows, 


-  That 
And 
But 
Per  4th  ) 

pf  l<lft  $ 


1  dd  -f*  2 dx  -f-  idz  2zx  "f”  zz  —  O/  A 

2  dd  -f-  2dx  . —  2dz  -{-xx  —  2zx  +  zz  ~  Q  F  A 
□  f  A+Q AB=  OJB, and  □ fA- |- □  AB—  p FB 


3  dd-{-{d L  —id -{-2da-{-aa  —  □  FC  —  zz. 


3  —dd 


\ 


tmm 
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3  —dd 

4  -r-M 

Again 

5*  6 
7  ••• 

1  “J*  8 

2  +  8 

9  4-  *7 

10  ydd 

11 


iu/ 


i2i«r 

*3-r^ 

lAt  ~  d 
t6>,  or 

.  15-17 


4 

5 

6 

7 

8 
9 

10 

11 

12 

*3 

J4 

*5 

.16 

*7 

18 


zz — dd  zz'dL 


zz —  dd 


U 


=  L 


2d :  L:  :  27+*  X*  •  □  AB,  by  common  Properties. 

„  ,  zz  —  dd  "  '  ,  _  ^  D 

:  - — j - : :  idx  -f-  :  □  A  B 

zd~  ■ ,  ,  •  ■  . 

2dzzx  -f-  zz^  —  2 dddx  —  77y* 


=  n  ab 


C  dd-\-2dxAc2dz+ xx-{-2zx-\-zz-\- 
]  2dzzx  -\-zzxx — 2 d^x — ddxx 


dd 


nfA+QABzzbh 


C  dd-\-2dx — tdz-\~xx- — 2 zx-^z  4- 
j  'idzzx+zzxx—2d'x-ddxx__nF Aj^uABz=zhh 

v*  nn 


dJt-\-2d'z-{~2ddzxA^ddzz-\-2dzzx-\-zzxx  zzddhh 
d + — 2  7?Z — a^z.v+^zz-j-  idzzx-fzzxx  —  ddbb 


dd-\-dz~\-zx~db 
dd — dz—zx—db 

zx  , 


| — 2S  — |- 


d 


£ _ z _ Zr  __  ^ 

d 

Z+™L—d±zb 

d 

2d  nr  h —  b 


f  Alt  ho'  the  ^Equation  at  the 
16th  Step  he  in  itfelf  irnpojji- 
hie ,  becaufe  z  zV  greater  than 
d  (by  the  tyth  Step)  yet  from 
thence  it  will  be  eafy  to  con - 
4  elude,  that  the  Difference  be - 

7!»X 

tween  d  and  z  -|“  wz// give 

the  true  Value  of  b,  as  in  the 
Ayth  Step. 


Bat  becaufe  I  would  leave  no  Room  for  the  Learner  to  doubt 
about  changing  the  /Equation,  d — z —  —  zi  b  into  that  of 


ZX1  *  •  « 

z  +  - - d  rz  b,  it  may  be  convenient  to  iliuftrate  the  whole 

d  r 

Procefs  in  Numbers,  whereby  (I  prefame)  ’twill  plainly  appear 
that£ — b  z=.T S.  i 

In  order  to  that,  let  the  Tranfverfe  TSz=z  id=.  12,  then7zz6 
fuppofe  the  Abfcifla  5  A  zz  x ~  4,  and  the  Semi-ordinate  AB  —  $ 


Firft 
I,  viz. 
Again 
viz. 
Then 
And 


TS+S  AXS  A  :  □  AB  ::TS  :  L,  per  Seft  2. 
1 2  -j-  4  X  4  =  64  :  9  : :  12  :  1,6875  =.£ 

\f  dd- 1~  \dL  ~d-\~a~CF,  per  Se£i  3. 

\f  364”5?o62  5^  6,408  —  C F zz.  z 
d-\-x-{-zz=z 6+4  4-^,408 —  16,408  ~  f  A 
d-\-x~~zzzz6 +4 — 6,408=  3,592  rr  FA 


s 


u 


392 

(EontCfi  ^EfUOtI0-  Part  IV. 

5 

7 

269,2224  ~Of  A 

6 

8 

12,9024—  □  FA 

But 

9 

9  zr  Q  A  B,  for  A  B  —  3  by  Suppofition. 

7+9 

10 

278,2224  =  a  fA+  qjb  —  a/s 

«  +  9 

11 

21,9024—  uFA-f  UABzzoFB 

JO  LtL’Z 

12 

16,68=/  B 

II  uu* 

J3 

4,681 -FB 

12—13 

14 

1 2,00  z=zfB  — FB  —  TS.  Which  was  to  be  prov’d. 

s| 


r-K 


,  If  this  Proportion  be  truly  underftood,  it  muft  needs  be  eafy  to 
conceive  how  to  defcribe  the  Curve  of  any  Hyperbola  very  readily 
by  Points ,  when  the  Tranfverfe  Diameter  and  the  Focus  are  given 
(or  any  other  Data  by  which  they  may  be  found,  as  in  the  pre¬ 
cedent  Rules)  thus : 

Draw  any  (freight  Line  at  Pleafure,  and  on  it  fet  off  the  Length 
of  the  given  Tranfverfe  T  S ,  and  from  c 

its  extreme  Points  or  Limits,  viz .  TS ,  fet  •ff 

o ft  Tf  ■=.  S  F>  the  Diftance  of  the  giv-  j 

en  Focus  (viz.  the  Point  f  without ,  and  F 
within  the  Seftion,  as  before )  :  that  done, 
upon  the  Point  f  (as  a  Center )  with  any 
aflum’d  Radius  greater  than  T  S ,  defcribe 
an  Arch  of  a  Circle  ;  then  from  that  Ra¬ 
dius  take  the  Tranfverfe  T  £,  making 
their  Difference  a  fecond  Radius  with 
which,  upon  the  Point  F  within  the 
Se&ion,  defcribe  another  Arch  to  cut  or 
crofs  the  firft  Arch,  as  at  B ;  then  will  that  Point  B  be  in  the 
Curve  of  the  Hyperbola ,  by  the  laft  Proportion*  And  therefore 
*tis  plain,  that,  proceeding  on  in  this  Manner,  you  may  find  as 
many  Points  (like  B)  as  may  be  thought  convenient  (the  more 
there  are,  and  nearer  they  are  together,  the  better)  which  being  all 
join’d  together  with  an  even  Hand  (as  in  the  Parabola)  will  form 
the  Hyperbola  requir’d. 

There  are  feveral  other  Ways  of  delineating  an  Hyperbola  in 
Plano:  One  Way  is,  by  finding  a  competent  Number  of  Ordinate s% 
as  by  Sedtion  I,  &c*  but  I  think  none  fo  eafy  and  expeditious  as  this 
mechanical  Way :  I  fhall  therefore,  for  Brevity’s  Sake,  pafs  over 
the  reft,  and  leave  them  to  the  Learner’s  Practice,  as  being  eafily 
deduced  from  what  hath  been  already  faid, 


\ 


$ 
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Sefb.  5.  To  draw  a  SCangCltf  to  any  given  Point  in  the 

Curve  of  an  ^ppsrfeoltl. 

/ 

The  drawing  of  a  Tangent ,  that  will  touch  any  given  Point  in 
the  Curve  of  an  Hyperbola ,  may  be  eafily  perform’d  by  Help  of  a 
Theorem  ;  as  in  the  Ellipfis ,  Se£t.  6,  Chap.  2. 

,  JDz=zTS  the  Tranfuerfe  Diameter. 

Let  )  Is  the  Latus  Re  Plum, 
f  y  =  S  A  the  Abfcifid . 

{-the  Diftance  between  the 

-  ,  _  j  p  \  Ordinate  and  that  Point 

n  Z  yin  the  Tranfuerfe  cut  by 

tithe  Tangent . 

Then,  if  y  be  given,  %  may  be  found  by 

this  Theorems^  —  \  z  [which  differs 

H  D-j-y 

from  that  in  the  Ellipfis  only  in  Signs.  Vide 
Page  371.] 


Or,  if  z  be  given,  then  y  may  be  found  by  this  Theorem  : 

Clieo^cm.  \/DD+  ** :  ■ 

4 


J  D  =s 

a 


JK 


©rmonUtattcm 

Draw  the  Semi-ordinate  b  as  in  the  Figure,  aria 

_  .  J  an  infinite  fmall  Space  between  the  two  Semi-ordi - 

put  y.  ■—  a  £  naies  .  as  before  in  the  Ellipfis ,  &c. 


Then 
That  is, 

1 

Again 
That  is, 

•4  V 

Per  Figure 
7  in  D ’s 


\/  1 


0 


4 

5 

6 

7 

8 


Z):  L  : :  Dy  -f-yy  ;  □  A  B 
TS  :  L  :  :  TSfi-S  Ax  S  A:  □  A  B 
D  y  L-\-y  y  L__  j  g 
U 

D  :  L  : :  Dy  4-yy —  2yv  —  Dx-\-xx  :  □  a  b 
T  S  :  L  : :  TS  -±  S  a  X  s  a  :  dab 
Dy  LAyyL  —  2y  x  L  —  D  x  L  A~xx  L 

'  T)  1  ~Qal 

z  :  A  B  : :  />,  viz.  Pyf :  A  B  :  :  P  a  :  a  b 


z  :  □  :  :  sss — -2  :  □  tf  £ 

Suppofe  ]  9  :  v— 0  and  every  where  reje&ed  (as  in  the  Ellipfis) 

DyL+yyL  .  .  *  .  Q  a  h 


Then  3,  9  10 

|  ' 

10  vjii 


u 


D  y  Lx  *fi-y  y  Lx  x — 2  D  v  L  ~ — 0  v  v  F 


E  e  e 


— 


6.  1 1 


/w 
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6,  Ii 


12 


12  reduced  13 


13  Analogy 
I  y~iDAy 
13  —  z  y 

16  □  C 

17  wi 

18  4- 


H 

15 

16 
37 

18 

x9 


r-  £>y  L\y  y  L — 2  y  £_  D  Z_ 

)  ~D 

)  DyLzz-fyyLzz — 2DyLz—2yyLz 

u  D  zz 

D  z-\-zy=Dy~ 1  yy 

D  4;V  :  v  : :  D+y  :  *,  viz.  :  :TA:AP 

*  =  which  is  the  firft  Theorem . 

y  y-\-Dy — *y=  {-  D  z 

yy+Dy—Xy  £>Z+Z  Z_D  D  4-  gg 

rH  V— 1 — 

_  4 

_<//)4-g«._i_,  __,D  f  which  is  the  fe- 
V  ^  ’  ‘  *  2  t  cond  Theorem . 

— — - „ —  Q.  E.  D. 


7 


4 


•  #  •  «  \ 
*.  rr*;  ~ 


The  Geometrical  Effe&ion  of  the  firft  of  thefe  Theorems  is 
very  eafy ;  for,  by  the  14th  Step,  ’tis  evident  that  there  are  three 
Lines  given  to  find  a  fourth  proportional  Line.  [By  Problem  3, 
Page  308.] 

Scholium. 

From  the  Comparifons,  which  have  been  all-along  made  in  this 
Chapter,  between  the  Hyperbola  and  the  Ellipfis ,  ’twill  be  eafy 
(even  for  a  Learner)  to  perceive  the 
Coherence  that  is  in  (or  between)  thofe 
two  Figures ;  but,  for  the  better  under-  V\\  :  //>’ 

ftanding  of  what  is  meant  by  the  Center 
and  Ajymptotes  of  an  Hyperbola ,  confi- 
der  the  annex’d  Scheme ,  wherein  it  is 
evident  (even  by  Infpedfion)  that  the 
oppofite  Hyperbola's  will  always  be  alike, 
bccaufe  they  will  always  have  the  fame 
Tranfverfe  Diameter  common  to  both,  (5 fa 
(fee  Sett,  r,  of  this  Chap.)  Alfo,  that  the 
middle  Point,  or  common  Center  of  the 
Ellipfis ,  is  the  common  Center  to  all  the 
four  conjugal  Hyperbola's. 

And  the  two  Diagonals  of  the  Right-angled  Parallelogram , 
winch  circumfcribes  the  Ellipfis  (or  is  infcrib’d  to  the  four  //v- 
perbolus)  being  continued,  will  be  fuch  Ajymptotes  to  thofe  Hypes  • 
j>o As  a?  are  defined  Chap,  i.  Sett.  5,  Defn,  4. 

Sedl. 


♦  •  •  »  •  •  •  • 

** 

•*  0* 

*  # 

•  » 

•  # 

\  •  . 

\  * 

\  \  * 

\  \  * 

\  \  • 
x\*' 

\v» 

Chap,  4. 


concerning  the 


395 


Sett.  6.  ¥0  draw  the  3ifptptote0  of  any  ^ppcrbola,  &c. 

Having  found  the  Latus  ‘Return  (by  Sect.  2.)  and  the  Conju¬ 
gate  Diameter  in  n  S  Win  its  true  Pojition ,  by  Sedt.  3.  Then,  thro* 
the  Center  C  of  the  Hyperbola ,  and  the  extream  Points  n  N  of 
its  Conjugate  Diameter,  draw  two  Right  Lines ,  as  C  N  and  C  n, 
infinitely  continued  (as  in  the  following  Figure)  and  they  will 
be  the  Afyrnptotes  required.  That  is,  they  are  two  fuch  Right 
Lines  as,  being  infinitely  extended,  will  continually  incline  to  the 
Sides  of  the  Hyperbola ,  but  never  touch  them. 


S)cmonffrafton. 

Suppofe  the  Se?ni-ordinates  a  b  and  A  B  to  be  rightly  apply ’d 
to  the  Axis  T  A ;  and  produced  both  Ways  to  the  Afyrnptotes ,  as 
at  f  g  and  F  G  ;  then  will  ' the  a  C  S  A  C a  g,  and  .A  C  A  G  be 
alike. 

Let  d  =  C  S  =  T  C .  And  L  ss  the  Latus  Re  Chan  ;  as  before. 

Put  =  the  AiM«-  Then  {  Vfy-ll 

Then 
I  in  □  ’s 
But 

2,3  V 

J  .1 

Again 

5  v 

4  — •  6 

3 


1 

2 

3 

4 


d  :  S  N: :  d  -\-  e  :  a  g.  viz.  C  S  :  S  N: :  C  a  :  a  g 
d  d:  Q  S  N:  :  d  d  1  d  e e  e :  Q  a  g 
d  L  —  Q  S  N.  per  Se£t.  3. 
ddL-y%  4,eL-\-eeL  _  n  a 
2  d 


5  2  d:  A  :  :  2  d  e  -f-  e  e  :  □  a  b,  jper  Se££.  2, 

2  d  e  L  — j—  e  e  L, _  » 

—  □  a  b  <1 


7 

8 
9 


8  X  9  10 
7,  10  11 

Again  [  12 
That  is, 


2  d 


dL 


n/~ 


3’ 12  V 

But 

14  v 


13 

15 


=  □  □  ah 

z 

asJr^  =  bf\Fi 
a  g  —  a  b  — •  bg  J 

a  ag-nab-bf^bg 

bfXbg~dL 
dd :  □  SN:  ’.dd-fidyA-yy:  Q AG  r 
QCS:  qSN:  :  □ 

^  Ld-'idy  L  -4-  yyL _  _  ^  ^  t 

2  d  r  J  ^ 

2d’.  L  ::  2 dy-\-yy:  □  ABy  per  Se£l.  2, 
idy  yi'L__  q  jg 


J.O 

'/ 


,c 

/|\ 

-?l  \v 


\ 

t'T 

\ 


zd 


E  e  e  2 


13— *5 


v 
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?3  “ 

15 1 

l6 

d  L~  □  A  G 
2 

—  □  AB 

Alfo 

17 

18 

AG-\-  A  B- 
A  G—AB  = 

BF\  _ 

B  Gf  Per  F* 

>7  X 

l8 

1 9 

a  ag  —  a  ab—bf-x  bg 

1 6 

I? 

20 

B  F  x BG  = 

-  Id  L 

1 1,&20 

* 

21 

1! 

*^1 

1  J  T 

And5G=2-fir 
a  b 

From  the  laft  Step  ’tis  evident,  that  the  Afymptotes  are  nearer 
the  Hyperbola  Tit  G  than  at  g,  and  confequently  will  continually 
approach  to  its  Curve  :  For  B  F)  \  d  L  (=  B  G  is  lefs  than  b  f) 
v  d  L  (  —  b  g9  becaufe  the  Divifor  B  F  is  greater  than  the  Divi¬ 
for  b  f ;  and  it  mult  needs  be  To  where-ever  the  Ordinates  arc 
produc’d  to  the  Afymptotes ,  from  the  Nature  of  the  Triangles. 

Again  ;  From  the  7th  and  16th  Steps  ’tis  evident,  that  the 
Afymptotes  can  never  really  meet  and  be  co- incident  with  the 
Curve  of  the  Hyperbola ,  altho’  both  were  infinitely  extended,  be* 
caufe-  d  L  will  always  be  the  Difference  between  the  Square  of 
any  Semi- ordinate  and  the  Square  of  that  Semi- ordinal  e>  when ’tis 
produc’d  to  the  Ajymptote . 

? 

Confeftary. 

From  hence  it  follows,  that  every  Right  Line  which  paffes  thro* 
the  Center  and  falls  within  the  Afymptotes ,  will  cut  the  Hyper - 
bola  ;  and  all  fuch  Lines  are  call’d  Diameters  (as 'in  the  Ellipfis) 
becaufe  the  Properties  of  the  Hyperbola  and  Ellipfis  are  the  fame. 

Note.  Every  Diameter,  both  in  the  Ellipfis ,  Parabola ,  and 
Hyperbola ,  hath  its  particular  Laius  Re  Bum  and  Ordinates  ; 
which  (fliould  they  be  diftindfly  handled,  and  the  EffeCtion  of  all 
fuch  Lines  as  relate  to  them,  as  alfo  the  Nature  and  Properties  of 
fuch  Figures  as  may  be  infcribed  and  circumfcribed  to  all  the  Secti¬ 
ons,  with  the  various  Habitudes  or  Proportions  of  one  Hyperbola 
to  another,  csV.)  would  afford  Matter  Efficient  to  fill  a  large  Vo¬ 
lume.  But  thus  much  may  fuff  ce  by  way  of  Introduction  ;  I  fhall 
therefore  defift  purfuing  them  any  further,  being  fully  finished, 
that,  if  what  1  have  already  done  be  well  underftood,  the  reft 
muft  needs  be  very  eafy  to  any  one  that  intends  to  proceed  far¬ 
ther  on  that  Subject* 


AN 
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Mathematicks. 


PART  V. 


TH  E  Method  of  finding  out  any  particular  Quantity  [viz. 

either  any  iUne,  or  by  a  regular 

Progreflion,  or  Series  of  Quantities  continually  approach¬ 
ing  to  it,  which,  being  infinitely  continued,  would  then  become 
perfectly  equal  to  itj  is  what  is  commonly  call’d  Arithmetick  of 
Infinites  ;  which  I  fhall  briefly  deliver  in  the  following  Lemma’ s, 
and  apply  them  to  Practice  in  finding  the  fuperficial  and  folid 
Contents  of  Geometrical  Figures  farther  on. 

LEMMA  I. 

If  any  Series  of  equal  Numbers  (reprefenting  Lines  or  other 
Quantities)  as,  i.  i.  I.  I.  &c.  or  2.  2.  2.  2.  &c.  or 
3*  3*  3*  3*  iF one  of  the  Terms  be  multiply Jd  into  the 

Number  of  Terms,  the  Produdt  will  be  the  Sum  of  all  the 
Terms  in  the  Series. 

This  is  fo  very  plain,  and  eafy  to  be  underftood,  that  it  needs 
no  Example. 

LEMMA  II. 

If  the  Series  of  Numbers  in  Arithmetick  Progreflion  begin  with  a 
Cypher,  and  the  common  Difference  be  I  ;  as,  o.  I.  2.  3.  4.  &c. 
(reprefenting  a  Series  of  Lines  or  Roots  beginning  with  a  Point) 
if  the  laft  Term  be  multiply’d  into  the  Number  of  Terms,  the 
Produdl  will  be  double  the  Sum  of  all  the  Series. 

That  is,  putting  L=  the  laft  Term,  N the  Number  of 
Terms,  and  S  _z  the  Sum  of  all  the  Series  : 


Then 


398  Tfo  arttymertcft  g/ Slnftniteg  Party. 

Then  will  NL  =  2  S.  Confequently,  f  N  L  zzz  S. 
viz.  one  Half  of  fo  many  times  the  greateft  Term  as  there  are 
Number  of  Terms  in  the  Series. 


0+1  -L-  2 +3-1-4  10  =2  the  Sum  of  the  Series  \  N  L, 


Thus - - - ; - 1 —  —  —  ,  r 

4~~4 1~  4+4+4  20  —  A  A. 

And  this  will  always  be  fo,  how  many  Terms  foever  there  are, 

by  Confeft.  I,  Page  185. 


LEMMA  III. 

If  a  Series  of  Squares  whofe  Sides  or  Roots  are,  in  Arithmetick 
Progrellion,  beginning  with  a  Cypher,  (as  in  the  laft  Lem¬ 
ma)  be  infinitely  continued  ;  the  laft  Term  being  multiply^  in¬ 
to  the  Number  of  Terms  will  be  Triple  to  the  Sum  of  all  the 
Series,  viz.  NL  L  ~  3 S,  or  |  NL  L  ==  S. 

That  is,  the  Sum  of  fuch  a  Series  will  be  one  Third  of  the  laft 
or  greateft  Term,  fo  many  times  repeated  as  is  the  Number  of 
Terms  in  the  Series. 


Ihflances  in  Square  Numbers 

Q0-H+4  5  i  1 

C 4+4+4  12  3  12 

0+1+4+9  14  7  11 


49+9  +9+9  3°  18  3  18 

^0+14-4+9  +  16  30  3  91  1 

'  /16+16+16+16  80  8  24  3  24 

From  thefe  Inftances  ’tis  evident,  that,  as  the  Number  of  Terms 
in  the  Series  does  encreafe,  the  Fraction  or  Excefs  above  jr  does 

decreafe,  the  faid  Excefs  always  being  /  ■—  which,  if  we  fup- 

pofe  the  Series  to  be  infinitely  continued,  will  then  become  infi¬ 
nitely  finall,  viz.  in  Effect  nothing  at  all.  Confequently,  NLL 
may  be  taken  for  the  true  or  perfect  Sum  of  fuch  an  infinite 
Series  of  Squares. 

LEMMA  IV. 

If  a  Series  of  Cubes  whofe  Roots  are  in  Arithmetick  Progreftion, 
beginning  with  a  Cypher,  &c.  (as  above )  be  infinitely  continu’d, 
the  Sum  of  all  the  Series  will  be  4  NLLL  =  S. 

That  is,  one  Fourth  of  the  laft  or  greateft  Term  fo  many  times 
repeated  as  is  the  Number  of  Terms. 


Injlances 


-  .  '■  ' 


apply' d  to  Superficies  and  SollDS-  399 


Then  i 


Inflames  in  Cube  Numbers. 
if  o  .  I  .  2  .  3  .  &c.  be  the  Roots  of  the  Cubes. 
o-f-  i+  8 d-27  36  4  i  1 


i. 


-\-2J  +27  108  12  4  12 

o-f-  i+  8+27-1-64  100  10  5  I 


3' 


64+64+64+64+64  320  32  16  4  16 

8+  27+  64+125^225^  45^  3^  6^*  i 

'125+125  +  125+125+125+125  750  150  10  20  4  20 

From  thefe  Examples  it  plainly  appears,  that,  as  the  Number  of 
Terms  in  the  Series  encreafes,  the  Fraction  or  Excefs  above  ^  de- 

creafes,  the  Excefs  being  always which,  if  we  fuppofe 

the  Series  to  be  infinitely  continued,  will  become  infinitely  finally 
or  rather  nothing  ;  as  in  the  laft  Lemma.  Confequently,  *  NL 
LL  may  be  taken  for  the  true  and  perfeft  Sum  of  all  the  Terms 
in  fuch  an  infinite  Series  of  Cubes. 

LEMMA  V. 

If  a  Series  of  Biquadrates,  whofe  Roots  are  in  Arithmetick  Pro- 
grefiion,  beginning  with  a  Cypher,  &c.  (as  before)  be  infinitely 
continued,  the  Sum  of  all  the  Terms  in  fuch  a  Series  will  be 
jrNL\ 

The  Truth  of  this  may  be  manifefted  by  the  like  Procefs  as  in 
the  foregoing  Lemma\,  and  fo  on  for  higher  Powers.  But  if  any 
one  defires  a  farther  Demonftration  of  thefe  Series,  he  may  (I  pre¬ 
fume)  meet  with  ample  Satisfaction  in  Dr.  JVallis  s  Hift.  of  Alge¬ 
bra,  Chap.  78  2c  79,  within  the  Dr.  concludes  with  thefe  Words  : 

“  Thus  having  fliew’d,  that  in  a  Progreffion  of  Laterals  (or 
<c  Arithmetical  Proportionals)  beginning  at  o.the  Sum  of  2.  3*  -4* 

M  6  Terms,  is  always  equal  to  hall  offo  many  times  the  gieat- 
«  eft ;  and  there  being  no  Pretence  of  Reafon  why  we  fhould 
then  doubt  it  in  a  Progreffion  of  7.  8.  9.  10.  &c.  we  conclude  it 
«  fo  to  be,  tho’  fuch  Number  of  Terms  be  fuppos’d  infinite. 

“  Again  ;  in  a  Progreffion  of  their  Squares  having  fhew’d,  that 
«  in  2.  3.  4.  5.  6  Terms  the  Aggregate  is  always  more  than  one 

“  Third  of  fo  many  times  the  greateft,  and  the  Excefs  always  fuch 

J  “  aliquot 
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«  aliquot  Part  of  the  greateft,  as  is  denominated  by  fix  times  the 
tc  Number  of  Terms  wanting  1.  (As,  if  the  Terms  be  2 j 
“  it  is  if  three  it  ;s  \  ;  if  45  it  is  if  5, 

“it  is  of  fo  many  times  the  greateft  Term),  and  fo  on-  ! 

<c  ward)  we  may  well  conclude  (there  being  no  Pretence  of 
“  Reafon  why  to  doubt  it  in  the  reft)  that  it  will  be  fo,  how  ma- 
«  ny  foever  be  fuch  Number  of  Terms.  And  becaufe  fuch  Excefs* 
«c  as  the  Number  of  Terms  do  increafe  will  become  infinitely 
«  fmall  (or  lefs  than  any  aflignable)  we  conclude  (from  the 
“  Method  of  Exhauftions)  that,  if  the  Number  of  Terms  be  fup- 
4C  pos’d  infinite,  fuch  Excefs  muft  be  fuppos’d  to  vanifh,  and  the 
“  Aggregate  of  fuch  infinite  Progreflion  fuppos’d  equal  to  y  of 
“  fo  many  times  the  greateft. 

“  In  like  manner  having  prov’d  that  fuch  Progreftion  of  Cubes 
“  doth  (as  the  Number  of  Terms  encreafes) approach  infinitely  near  \ 
46  to  jr  of  fo  many  times  the  greateft,  and  of  Biquadrates  tof,  and 
44  fo  of  Surfolids  to  £  of  fo  many  times  the  greateft,  and  fo  on- 
4C  wards  as  we  pleafe  to  try  ;  and  there  being  no  Pretence  ©f  Rea- 
<c  fon  why  to  doubt  it  as  to  the  reft,  we  may  take  it  as  a  fufticient 
“  Difcovery,  that  (univerfally)  the  Aggregate  of  fuch  infinite 
«  Progreflion  is  equal  (or  doth  approach  infinitely  near)  to  fuch  a 
cc  Part  of  fo  many  times  the  greateft,  as  is  denominated  by  the 
“  Exponent  (or  Number  of  Dimenfions)  of  fuch  Power  (as  is 
46  that  according  to  which  the  Progreflion  is  made)  encreas’d  by 
4C  1.  namely,  of  Laterals  y  ;  of  Squares  ±  ;  of  Cubes  4  ;  of  Bi-  , 
46  quadrates  f ;  (of  fo  many  times  the  greateft)  and  fo  onwards 
“  infinitely. 

This  Difcourfe  of  the  DoSfor* s  I  thought  convenient  to  infert, 
fuppofing  it  may  give  fome  Satisfaction  to  the  Learner,  to  hear  fo 
Great  a  Man  as  Dr.  TValliis  Argument  about  the  Truth  of  thefe 
Series,  which  I  have  briefly  deliver’d  in  the  ’foregoing  Letnma'si 

LEMMA  VI. 

If  any  two  Series  or  Ranks  of  Proportionals  have  the  fame  Num¬ 
ber  of  Terms  (whether  Finite  or  Infinite)  it  will  always 
r  As  the  firft  Term  of  one  Series  :  is  to  the  firft  Term  of  the 
be  <  other  Series  :  :  fo  is  the  Sum  of  all  the  Terms  in  the  one  Se- 
t  ries  :  to  the  Sum  of  all  the  T erms  in  the  other  Series. 

(12.  e.  5) 


...  ..i'YiI 


apply  d  to  ©UperftctCS  and 

thefe  Numbers*  3 

6  Or  thefe  Numbers 

>  4 

5 

2 

6 

12 

15 

'  3 

9 

3^ 

45 

4 

1 2 

108 

J35 

5 

1 5 

324 

405 

6 

18 

972 

1215 

That  is,  i  :  3  :  :  21:63  And  4  :  5  :  i  1456  :182c)  &V* 

The  Application  of  thefe  Lemma's  to  Geometrical  Quantities* 
•viz.  to  Lines,  Superficies,  and  Solids,  wholly  depends  upon  grant¬ 
ing  the  following  Hypothefes . 

The 

1.  That  every  Line  is  fuppos’d  to  confifl:  (oi*  be  composed)  of 
an  infinite  Series  of  equidiftant  Points. 

2.  A  Surface  (viz.  the  Area  of  any  Figure)  to  confift  of  an  in¬ 
finite  Series  of  Lines,  either  {freight  or  crooked,  according  as  the 
Figure  requires. 

3.  A  Solid  to  confifl:  of  an  infinite  Series  of  Plains,  or  Superfi¬ 
cies,  according  as  its  Figure  requires. 

Not  that  we  fuppofe  Lines,  which  have  really  no  Breadth,  can 
fill  a  Space  or  Superficies  5  or  that  Plains,  which  have  not  any 
Thicknefs,  can  conftitute  a  Solid  :  But  by  what  we  here  call  Lines 
are  to  be  underftood  fmall  Parallelograms  (or  other  Superficies) 
infinitely  narrow,  yet  fo  as  that  their  Breadths,  being  all  taken 
and  put  together,  mud  be  equal  to  the  Figure  they  are  fuppos’d  to 
fill  up.  And  thofe  Plains  or  Superficies,  which  are  here  faid  to 
conftitute  a  Solid,  are  to  be  underftood  infinitely  thin  ;  yet  fo  as 
that  their  Depths  or  Thicknefles  (which  ate  hereafter  alfo  called 
Lines)  being  all  taken  together,  muft  be  equal  to  the  Height  of 
the  propos’d  Solid.  Now,  in  order  to  render  this  Hypothefis  as 
eafy  for  a  Learner  to  underftand’as  I  can,  I  {hall  here  propofe  a 
very  plain  and  familiar  Example  ;  Viz.  Let  us  fuppofe  any  Book 
to  be  compos’d  (or  made  up)'  of  100,  260,  300  (more  or  lefs) 
Leaves  of  fine  Paper  ;  fuch  a  Book,  being. clofe  put  together,  will 
have  Length,  Breadth,  and  Depth  or  Thicknefs,  and  therefore 
may  (not  improperly)  be  called  a  Solid  ;  and  each  of  its  FdgeS 
(being  evenly  cut)  will  be  a  Superficies  compos’d  of  a  Series  of 
fmall  Parallelograms,  every  one  of  their  Breadths  being  only  the 
Edge  of  a  fingle  Leaf  of  Paper  ;  and  if  we  conceive  the  Thick- 
■ftefs  0?  every  one  oh  thofe  Leaves  to  be  divided  into  10$  or 

F  f  f  '  *-00, 


XiBg 


402  The  Sntlmicttcfi  of  infinite#.  Part  v. 

■■  ■— *  ———■■■■  ■■■- -  ■■  ■■■  -  ■  ■—  «  —  . .  '  ■  1/ 

fco,  or  1000,  &c.  they  will  then  become  fuch  a  Series  of  infi¬ 
nitely  fmall  Lines  as  are  (by  the  Hypothefis)  Laid  to  compofe  ot 
fill  up  a  Superficies.  And  all  the  Superficies  of  thofe  infinitely  thin 
or  divided  Leaves  of  Paper  will  become  fuch  a  Series  of  Plains* 
or  Superficies,  as  are  Paid  to  conftitute  a  Solid,  viz.  fuch  a  Solid 
as  the  Bignefs  and  Figure  of  that  Book. 

Now  according  to  this  Idea  of  Lines,  Superficies,  and  Solids, 
one  may,  without  the  lead  Prejudice  to  any  De  monfir  at  ion  y  admic 
©f  the  following  Definitions  and  Theorem 

^Definitions. 

i  The  Area’s  of  Squares,  and  all  other  Parallelograms,  are  confr- 
pos’d  or  fill’d  up  with  an  infinite  Series  of  equal  Right  Lines. 

II.  The  Area  of  every  plain  Triangle  is  compos’d  of  an  infinite 
Series  of  Right  Lines  parallel  to  its  B&fe,  and  equally  decreafing 
until  they  terminate  in  a  Point  at  the  vertical  Angle. 

III.  The  Area  of  a  Circle  may  be  compofed  either  of  an  infinite 
Series  of  concentric^  or  parallel  Circles,  or  of  an-  infinite  Series  of 
Chord  Lines  parallel  to  its  Diameter,  or  of  an  innumerable  Muh* . 
titude  of  Sectors. 

IV.  The  Area  of  an  Ellipfis  may  be  compos’d  either  of  an  in¬ 
finite  Series  of  Ordinates  rightly  apply’d,  or  of  an  infinite  Series 
of  Right  Lines  parallel  to  its  Tranfvcrfe  Diameter* 

V.  The  Area’s  of  the  Parabola  and  Hyperbola  are  compos’d  6$ 
an  infinite  Series  of  Ordinates ;  or  may  alfo  he  compos’d  of  Righc 
Lines  parallel  to  its  Axis,  Cdc. 

VI.  A  Prifm  is  a  Pol  id  Body  contain’d  or  included  within  feve- 
ral  equal  Parallelograms,  having  its  Bafts  or  Ends  equal  and  alike  * 
and  it  is  generally  nam’d  according  to  the  Figure  of  its  Bale  : 
That  is, 

VI T.  A  Cube  (or  Solid  Fike  a  Dye)  is  a  Prifm  bounded  or  in¬ 
cluded  with  fix  equal  fquare  Plains. 

VIII,  A  Parallelopipedon  is  a  Prifm  that  hath  ifs  Sides  bounded 
'Or  included  within  four  equal  Parallelograms  and  two  fquare  Bafes 
or  Ends. 

IX.  A  Cylinder  (or  Solid,  like  a  Rolling-ftone  in  a  Garden)  is 
only  a  round  Prifm,  having  its  Bafes  or  Ends  a  perfect  Circle. 


X.  The 
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X.  The  Solidity  of  every  Prifm  is  composed  of  an  infinite  Se¬ 
ries  of  equal  Plains,  parallel  and  alike  to  that  of  its  Bafe. 

XI.  A  Pyramid  is  a  Solid  bounded  or  in  eluded  within  feveral 
plain  Triangles  let  upon  any  Polygonous  Bafe,  (having;  their  verti¬ 
cal  Angles  all  meeting  together  in  a  Point,  called  the  Vertex,  and 
takes  its  Name  from  the  Figure  of  its  Bale,  viz.  if  it  has  a  fquare 
Bafe,  ’tis  call’d  a  fquare  Pyramid  9  if  a  triangular  Bafe,  T is  call’d 
a  triangular  Pyramid, 

XII.  A  Cone  is  only  a  round  Pyramid,  which  hath  been  already 
defined  in  Page  355, 

XIII.  The  Solidity  of  every  Pyramid  is  compos’d  or  conflituted 
*of  an  infinite  Series  of  Plains,  parallel  and  alike  to  that  of  its  Bafe, 
equally  deoreafing  until  they  terminate  in  a  Point  at  the  Vertex. 

XIV.  A  Sphere  or  Globe,  (viz.  a  Ball)  is  a  Solid  bounded  or 
included  within  one  regular  Superficies,  being  form’d  or  gene¬ 
rated  by  the  Rotation  of  a  Semi- circle  about  its  Diameter  (call’d 
the  Axis  of  a  Sphere)  and  its  Solidity  is  compos’d  or  conflituted 
of  an  infinite  Series  of  concentriclc  Circles,  whofe  Diameters  are 
the  Chords  of  that  Circle  by  which  it  was  form’d. 

XV.  A  Spheroid  (or  Egg-like  Figure)  is  a  Solid  bounded  with 
one  regular  Superficies,  fornvd  by  the  Rotation  of  a  Semi-ellipfis 
about  its  Tranfverfe  Diameter  (call’d  the  Axis  of  the  Spheroid) 
and  its  Solidity  is  conflituted  of  an  infinite  Series  of  cancentrick 
Circles,  whofe  Diameters  are  the  Ordinates  of  that  Ellipfis  by 
which  it  was  form’d. 

X  VI.  There  Is  another  Sort  of  Solid  call’d  an  Oblate  Spheroid , 
being  formed  by  the  Rotation  of  an  Ellipfis  about  its  Conjugate 
Diameter,  and  it  is  like  a  fiat  Turnep. 

XVII.  If  a  Semi-parabola  be  turn’d  about  its  Axis,  ’twill  form 
a  Solid  call’d  a  Parabolick  Conoid ,  being  compos’d  or  conflituted 
of  an  infinite  Series  of  Circles,  whofe  D-iameters  are  the  Ordinates 
of  a  Parabola* 

XVIII.  If  a  Parabola  be  turn’d  about  its  Bafe,  or  greatefl  Or¬ 
dinate,  ’twill  form  a  Solid  call’d  a  Pyramidoid ,  but  mofl  com¬ 
monly  a  Parabolick  Spindle ,  which  will  be  conflituted  of  an  infi¬ 
nite  Series  of  Circles,  whofe  Diameters  are  Right  Lines  parallel  to 
the  Parabola’s  Axis. 

XIX.  If  an  Hyperbola  be  turn’d  about  its  Axis,  ’twill  form  a 
Solid  call’d  an  Hyperbolick  Conoid ,  being  conftituted  of  an  infinite 
Series  of  Circles,  whofe  Diameters  are  the  Ordinates  of  the  Hy¬ 
perbola. 

XX.  The 
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XX.  The  curve  Superficies  of  all  circular  Solids  (viz.  Cylin¬ 
ders,  Cones,  Spheres,  &c.)  are  compos’d  of  an  infinite  Series  of 
the  Peripheries  of  thofe  Circles  which  conftitute  their  Solidities. 


Upon  thefe  Definitions  are  grounded  all  the  following  Theorems  ; 
and  therefore,  if  they  were  diligently  compar’d  with  their  re- 
fpe<Stive  Figures,  it  muft  needs  be  of  great  Help  to  the  Learner, 
gad  would  render  all  that  follows  very  eafy  ;  wherein  I  (hall  begin 
with  what  hath  been  already  demonftrated,  by  way  of  introducing 
the  reft. 

THEOREM  I, 


The  Area  of  every  Right-angled  Parallelogram  is  obtain'd  by  multU 

plying  the  Length  into  its  Breadth. 


That  is,  BDxTB":  the  Area  of  the  Parallelogram  BDFG , 
by  Lemma  i,  compar’d  with  De-  p 
finition  i. 


Example , 

Suppofe  B  D  z=z  26,  and  F  B  =r.  9, 
then  26  X  9  =  234  the  Area. 
See  Prob ,  j.  Page  339. 


B 


D 


theore  m  ir. 

The  Area  of  every  plain  Triangle  is  equal  to  half  the  Area  of  its 
.  circumfcribing  Parallelogram.  That  is,  SJ9*9d  —  the  Area  f 
&BCD,  in  the  following  Figure, 


Spemonttrattom 


Suppofe  the  Perpendicular  C  A  to  be  divided  into  an  infinity 
Number  of  equal  Parts,  as  at  the 
points  a,  a,  a *  &c.  and  through 
thofe  Points  there  were  drawn 
Right  Lines  parallel  to  the  Bafe 
BD  ;  (viz.  bad,  bad,  bad,  Stc:) 
then  will  thofe  Lines  be  a  Series, 
of  Terms  in  Arithmetick  Progref- 
fion  beginning  at  the  Point  C  (viz. 


O,  b  d,  2  b  d,  2  b  d,  See.  as  is  evident  by  the  Figure,  wherein  B  If 
the  greateft  Term  ==  L>  and  C  A  the  Number  of  Terms  = 

3  But 
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But  I  NL~S,  by  Lemma  2.  And  5z=the  Triangle’s  Area 
by  Definition  2.  Q.  E.  D. 

Exa?nple.  Let  B  D  zzz  26,  and  C  A  zzl  9,  as  above  ;  then 
—  —  —117,  or  6lX9  =  1 17.  Or  thus,  26  x  1  ==  117,  the 
Area  requir’d.  [See  Problem  3,  Page  330.] 

THEOREM  III. 

The  Peripheries  of  Circles  are  in  Proportion  one  to  another  as  their 

Diameters  (ire* 


£>cmonGraftoir. 


Let  the  Periphery  of  a  Circle  be  divided  into  any  Number  of 
equal  Arches  by  Right  Lines  drawn  from 
the  Center  ( viz.  Radii )  fuppofe  ’em  8, 
as  in  the  annexed  Figure,  wherein  A  B 
is  one  of  them  ;  then,  if  thro’  any  Point 
in  the  Radius  there  be  drawn  a  concen- 
trick  or  parallel  Circle,  its  Periphery 
will  alfo  be  divided  into  8  equal  Arches 
by  thofe  Radii ,  one  whereof  will  be  a  b , 
and  the  A  Cab  will  be  like  to  AC  A  B, 

Therefore  C  a  :  a  b  :  :  C  A  :  A  5,  or  C  a  :  C  A  ::  a  b  :  A  B9 
confequently  2  C  a  :  2  C  A  ::  8  a  b  :  8  A  B.  But  2  C  a  da 
the  Diameter  of  the  Circle,  whofe  Periphery  is  8  a  b  ;  and  2  C  A 
=  D  A,  the  Diameter  of  the  Circle,  whofe  Periphery  is  SAB . 
Therefore,  &c,  as  by  the  Theorem .  E.  D. 


Example * 

In  Chapter  6,  Part  III,  it  was  found,  that,  if  the  Diameter  of 
a  Circle  be  2,  its  Periphery  will  be  6,2831853,  &V.  Therefore, 
2  :  6,2831853,  &c.  ::  i  :  3,14159265,  &c,  the  Periphery  of 
the  Circle  whofe  Diameter  is  1. 

Corollary* 

Hence  it  follows,  that  becaufe  Unity,  or  I,  may  be  made  the 
firftTerm  in  the  Proportion,  therefore  3,14159265,  &c.  may  be 
made  a  conftant  or  fettled  Fa&or  5  which,  being  multiply’d  into 
any  propos’d  Diameter,  will  produce  the  Periphery  of  that  Circle. 

ffote,  Inftead  of  3514159265,  &c*  It  may  be  fufficient  to  take 
only  3,1416. 

Or, 
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Or,  in  whole  Numbers,  the  Proportion  may  be,  ' 

a  t^-  a  •  u  ^  f  thefe  Numbers  may  ferve. 

As  7  :  22  :  :  Diam.  :  Periphery  (  \  ,  r  ,  /  9 

rj  • ri  J  t  <  and  are  often  ufed  in  com- 

Or  1 13  :  355  : :  D.am.  :  Periphery  J  ^  mQn  praaicc> 

THEOREM  IV. 

The  Area  of  any  Se£tor  of  a  Circle  is  equal  to  half  the  Redangle 

C  A  v  A  B 

.  of  the  Radius  into  its  Arch .  That  is,  - - -  —  the  Area 

Of  A  CP.  ...  ^ 

SDemonffratton. 


C 


Suppofe  the  Radius  C  A  to  be  divided  into  an  infinite  Series  of 
equidiftant  Points,  as  a ,  e,  y>  See.  and 
thro’  thofe  Points  there  were  drawn  concen- 
trick  or  parallel  Arches,  as  a  b,  e  d,  y  f  Sec. 
then  they  will  be  a  Series  of  Arches  in 
Arithmetick  Progrefiion,  beginning  at  the 
Point  C  (viz.  o,  i,  2,  3,  idc.)  as  plainly  ap¬ 
pears  by  the  Figure,  wherein  the  greateft 
Term  is  AB  zz  L>  and  Number  of  Terms  is 
C  A  =  AT.  But  \  N  LzzS,  the  Sum  of  all 
the  Series,  by  Lemma  2,  and  S  zz  the  Senior’s 
Area,  by  Definition  3.  Q.  E.  D; 


& 


Let  the  Radius  C  A  =  12,  and  the  Arch  A  B  zz  8,  then 


12x8 


=  48.  Or  -f  X  8  =r  48.  Or  I  x  12  =:  48,  the  Area  of  the 
Senior  A  CB. 

THEOREM  V. 

The  Area  of  every  Circle  is  equal  to  half  the  Rectangle  of  the  Radius 
into  its  Periphery.  That  is ,  according  to  Archimedes,  a  Circle 
is  equal  to  a  RJght-angled  Triangle ,  whofe  Sides  containing  the 
Right- angle  are  equal ,  one  to  the  Radius,  and  the  other  to  the 
Perimeter  of  that  Circle Pro.  1.  de  Dimenfione  Circuli. 

The  Truth  of  this  Theorem  may  be  eafily  deduced  from  the 
laft,  thus :  If  we  fuppofe  the  laft  Setftor  to  be  one  Eighth-part  of  a 

Circle,  then  it  follows,  that  ~  ^  zz  4  A  B  x  C  A  will  be 

t 

the  Area  of  the  whole  Circle.  But  4  AB  zz  half  the  Circle’s  Pe¬ 
riphery,  and  C  A  zs.  half  its  Diameter;  therefore,  &c.  as  per 
Theorer%  Q.  E.  D. 

Example. 


+*m . -  -  "  ■  '  -■*  "  ■  '*  ""  1 - -  «■■■  ■  •  -  -■  ... 
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Example . 

If  the  Diameter  be  Unity,  or  i,  the  Periphery  will  be  3,14159263 
by  Theorem  3.  Then  3ll4i.59.ffi5  ^  1.  —  0,78539816, 

ts'c.  (or  0,7854  for  common  Ufe)  will  be  the  Area  of  that  Circle. 

Scholium. 

From  hence  naturally  flows  the  following  Proportion  between 
the  Square  and  its  infcrib’d  Circle. 

f  As  the  Perimeter  ( viz.  the  Sum  of  the  four  Sides) 
Proportion.  <  of  any  Square  :  is  to  its  Area  : :  fo  is  the  Peri- 

L  phery  of  the  infcrib’d  Circle  :  to  its  Area. 

That  is,  fuppofing  A  B  =  D  =  the  Side  of  the  Square,  and 
the  Diameter  of  its  infcrib’d  Circle  ; 
then  4  D  zr  the  Perimeter,  D  D  =  the 
Area  of  the  Square,  and  3,1416  D  zz  the 
Periphery  of  the  Circle,  by  Theorem  3. 

But  4  D :  DD  : :  3,1416  D  :  0,7854  DD 
the  Circle’s  Area.  And  if  D  n  1* 
then  4^  =  4,  and  D  D  =  1  x  1  =  I, 
and  the  Periphery  will  be  3,1416.  Then 
4:1:11:  0,7854  &c.  as  in  the  Exa?nple 
above.  And  from  hence  may  be  eafily 
deduced  the  following  Theorems. 


THEORE  M  VI. 

The  Area’s  of  all  Circles  are  in  Proportion  one  to  another  as  tha 
Squares  of  their  Diameters .  (2.  e,  12.) 

For  i (  Dz=z  the  Diameter  of  one  Circle,  and  d  =  the  Diameter 
of  another  Circle,  then  will  0,7854  DD  be  the  Area  of  one 
Circle,  and  0,7854  dd  will  be  the  Area  of  the  other  Circle;  as 
above.  But  0,7854  DD  :  0,7854  dd: :  DD  :  dd*  Or  thus,  let  D 
the  Diameter,  and  P  ~  the  Periphery  of  one  Circle ;  d  ~  the 
Diameter,  and  p  ~  the  Periphery  of  another  Circle  ; 

Then  1 
And  2 

*  X  4 


l  D  x  1  P  D  P  r=  A,  the  Area  of  one  Circle. 
idx\p  p~a>  the  Area  of  the  other  Circle. 

dh 


DP  —  \A 


(per  laft  Theorem. 
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4  -r-  a 

But 

5>  6,  7 
8 

9,  Analogy 


6  /> 


7 

8 

9 

io 


4  <2 


P  :  p  : :  D  :  d,  per  Theorem  3. 

D:d::  5-d. :  — 

D  </ 

4.  D  D  a  •=.  s±dd A,  that  is,  D  D  azuddA 
D  D  :  A  : :  dd :  a>  or  A :  a  ::  D  D  :  dd 
- — —  E.  D. 


Corollary . 

Hence  it  follows,  that  becaufe  the  Square  of  1  is  1  (viz, 
iX!  =  i)  and  0,78539816,  &c.  or  0,7854  is  the  Area  of  the 
Circle  whofe  Diameter  is  1  (as  before)  therefore  it  will  be 
>  :  0.7854  ::  fo  is  the  Square  of  any  Circle’s  Diameter  :  to  its 
Area.  And  becaufe  1  is  the  firft  Term  in  the  Proportion,  there¬ 
fore  0,7854  may  be  made  a  conftant  Fa&or  ;  which,  being  mul- 
tiply’d  into  the  Square  of  any  propos’d  Diameter,  will  produce  the 
Area  of  that  Circle. 


Note ,  The  four  laft  Theorems  do  plainly  {hew  the  Reafon  of 
all  the  common  or  pra&ical  Problems  about  a  Circle,  which,  for 
the  Learner’s  farther  Satisfaction,  I  have  here  inferted  together, 
Suppofing  as  before, 

C  D  =  the  Diameter 
That  <  P  —  the  Periphery 
t  A  ~  the  Area 


\ 


of  any  propofed  Circle. 


Then  1 
1  •.*  2 

Examp 


3 


Examp. 

Then 


2 


And 


■* 


Probl.  1.  D  being  given ,  to  find  P. 

1  :  3,1416  : :  D  :  P.  per  Theorem  3. 

3,1416  D  zz  P. 

i  SuppofeZ>zz32.  Then 3,1416x32  r:lC0j53t2 
1  the  Periphery . 

Probl.  2.  D  being  given ,  to  find  A. 

1  :  0,7854  : :  D  D  :  A ,  per  Theorem  6. 

0,7854  DD  —  A 
Suppofe  D  =  32  (as  before) 

D 1)  ~  32  X  32  =:  1024 

O57854X  1024  =  804,2496,  the  Area  requir’d. 

_ ...  M  -  — — ~  ■>.  !„■,  a, 

Probl.  3.  P  being  given ,  to  find  D. 

n  _  P  Inf  becaufe  T.rirt  =  o. 3 > 8 3 
“  3,1416$^ {therefore  0,3183  P  =  !}. 

This,  being  only  Converfe  to  the  firft,  needs  no  Exanii. 


2  2 
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apply' d  to  §s»uperftnes  and  Solti®. 


2  &z 
6  ~r* 

4  + 

For 

7,8 

f  x  See. 

8  wA 


iox&c. 

12  iw2 


6 

7 

8 


9 

io 


1 1 


12 


*3 


Prob.  4.  P  being  given,  to  find  A . 
9,86965  D  D  z=z  P  P 
PP 

,  or  0,10132  ?P  zz  D  Z) 


F>F>  = 


9,86965^ 


F>F> 


0,7854 


,  or  1,2732  vf  =  DD 


0  1  7  8  5?  T2/32 

PP  ^ 


or  0,10132  PP  =  1,2732  2? 


9,86965  0,7854 

PP 

— _  =  A*  or  0,07957  P  P—  A 
12,5664 


Prob.  5.  7/  being  given,  to  find  D . 

D  —\/  —4- — ,  orDz/ 1,2732 
0,7854 


Prob.  6.  being  given,  to  find  P. 

PP  =  12,5664^,  or  PP  =  ^ 


P  —  y/  12,5664  2/,  or  P  =  ^ 


0,07957 
A 


o, 07957 


Thefe  fix  Problems  contain  all  the  Variety  that  can  be  pro- 
pofed  about  finding  the  Periphery,  Diameter,  and  Area  of  any 
Circle. 

But  if  it  be  required  to  find  the  Area  of  any  Segment,  or  Part 
of  a  Circle  cut  off  by  a  Chord,  that  Work  will  require  a  farther 
Confideration. 

F/r/?,  As  to  the  Data ,  there  mud  always  be  given  the  Diame¬ 
ter  5  or,  either  the  Periphery  or  Area  of  the  Circle ,  in  order  to 
find  the  Diameter. 

Secondly ,  There  mud  alfo  be  given,  either  the  Chord ,  which 
is  the  Bafe  of  the  Segment ,  or  the  verfed  Sine ,  which  is  the  Height 
of  the  Segment.  That  is,  either  PC,  or  A  P,  in  the  following 
Scheme ,  mad  be  given,  that  fo  the  Area  of  the  A  BCG  may  be 
found.  Then  it’s  evident  (by  the  Figure)  that,  if  the  Area  of  the 
A  P  CG  be  taken  from  the  Area  of  the  Senior  C  B  A  G>  the  Re¬ 
mainder  will  be  the  Area  of  the  Segment  B  A  G.  And  if  the  Area 
of  the  Segment  BAG  be  taken  from  the  whole  Area  of  the  Circle , 
the  Remainder  will  be  the  Area  of  the  other  Segment  DBG. 


G 


a 


fc> 


cr 

S> 


Exam ? 
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Examples  in  Numbers . 


Let  there  he  given  Di-  32.  as  in 
Prob.  1.  and  the  verfed Sine  AF  =  6; 
then  ~D  A  —  BG  —  C  A  =  16,  and 
C// — AF—CF—  to.  But  a 
• —  □  C  F  —  n  B  F.  Confequently 

V  □  BC —  □  CF—BF ,  156  zz 

12,49  ~B  F. 

Then,  by  the  Do&rine  of  plane  Tri¬ 
angles ,  the  jfrfA  BA—  JLBC  A  may 
be  found  in  Degrees  and  Decimal  Parts, 


Thus  B  C  :  Radius  : : 
And  then  it  will  al- 


B  F :  Sine  L.  B  C  F  ~  5 1,31  Degrees, 
ways  hold  in  this  Proportion  j 

As  the  Circle  s  Periphery  in  Degrees  :  is  to  its  Periphery  in 

Viz  equal  Part!  (according  to  the  Dimenfions  taken)  :  :  So  is 
the  Arch  in  Degrees  (viz.  A  B  CA)  :  to  the  fame  Arch 
-  in  equal  Parts . 

That  is,  360°  :  100,5312  :  :  51,31°  :  14,3284  -  BA* 
Then  14,3284x16=:  229,2544,  the  Area  of  the  Sefior  BCAG  5 
and  12,49  Kio=  124,9  the  Area  of  the  A  B  CG.  Their  Dif¬ 
ference  104,3544  =  ^e  Area  of  the  Segm.  BAG. 

Or  the  Area  of  any  Segment  may  be  otherwife  found  (as  moft 
ufually  it  is)  by  a  Table  of  the  Segments  of  a  Circle,  whofe  Area  is 
Unity,  or  1.  The  Conjiruftion  or  making  of  fuch  a  Table  is  very 
well  laid  down  in  Mr.  Dories  Book  of  Gauging ,  Chap .  9,  which 
he  performs  in  this  Problem. 

PROBLEM. 

In  a  Circle  whofe  Area  is  Unity ,  and  it's  Diameter  cut  by  Chord  Lines 
into,  1000  equal  Parts ,  to  find  the  Segment  to  any  verfed  Sine  pro¬ 
pos'd,  not  exceeding  500  of  thofe  equal  Parts . 

1  •  Multiply  the  verfed  Sine  propos’d  by  0,002,  and  fubtrad  the 
Product  from  an  Unit,  or  1. 

2.  This  Remainder  you  fhall  feek  in  the  common  Table  of  Na¬ 
tural  Sines ,  (the  Arch  being  divided  into  Degrees  and  Centefirnals) 
which  being  found,  let  its  Co-arch  be  doubled,  and  called  A. 

3-  ^  muff  find  the  cert  efpsndent  Sine  to  A ;  which  Sine  bein^ 
found,  you  may  call  S,  and  then  it  holds  6,2831853)  0,0174.  c? 
2925  A-—  b  (zz  the  Segment  required. 

Now 


apply  ’d  to  giuprcfictess  and  4 1 i 

^Now  this  Segment  being  thus  found,  if  you  fubduft  it  from  an 
Unit,  you  have  the  Co-figment ,  &c. 

Note,  Notwithftanding  what  has  been  faid  in  the  fecond  Precept 
of  this  Problem ,  it  very  often  falls  out  that  the  Remainder  there 
fpoken  of  cannot  be  truly  found  in  the  Table  of  Natural  Sines; 
therefore  in  this  Cafe  my  Advice  is,  that  you  make  two  Opera¬ 
tions,  one  with  a  Sine  the  next  greater,  and  one  with  a  Sine  the 
next  lefs  ;  and  in  fo  doing  you  will  be  fure  to  have  the  Segment 
required  bounded  between  the  Refults  of  thofe  two  Operations, 

Example.  Let  it  be  prop  of ed  to  find  the  correfpondent  Segment  to  the 

verfed  Sine  263. 

Firjl,  263  X  0,002  =  0,526,  and  t  —  0,526  =  0,474,  its 
Arch  is  28,29°  being  lefs  than  juft;  its  Complement  is  61,71°, 
which  being  doubled  is  123,42  =  A . 

Then  >0174533  A  —  2,154086286 

~  0,8346556  =  S  the  Sine  of  A . 

6,2831853)  z±  1,319430686  (0,209993  the  Segment, 

Now  I  ?nake  a  fecond  Work. 

263  being  multiplied  with  0,002  is  0,526.  and  1 — 52 6 “0,474.  its 
Arch  is  28,30°  being  greater  than  juft  ;  and  its  Complement  is 
61,70°,  which  being  doubled  is  123,4=  A. 

Then  0,0174533  A=  2,1  537372 

—  0,8348478  —  S  the  Sine  of  A. 

6,2831853)  1,3188894  (0,209907  the  Segment. 

So  you  fee  by  thefe  two  Operations  that  the  Segment  is  bounded, 
and  ’tis  very  probable  it  may  be  0,20995. 

But  to  abbreviate  this  large  Faff  or,  and  this  large  Divifor ,  I 
{hall  here  infert  two  Tables  of  them,  which  will  be  ready  for 
Ufe,  and  exa£t  enough  too. 


Divifor. 

6,2832 

I 

Fa  PI  or. 

>0174533 

I 

12,5664 

9 

,0349066 

2 

18,8495 

3 

>0523599 

3 

25>'327 

4 

,0698132 

4 

31^159 

5 

,0872665 

5 

37’699 1 

6 

,1047197 

6 

43*9823 

7 

,1221730 

7 

50,2655 

8 

,1396263 

8 

56>5487. 

9 

>i57°796! 

9 

Thus  far  Mr.  Darie ,  which  I 
have  here  inferted  to  (hew  the 
Learner  how,  by  the  Help  of 
thefe  two  Tables,  and  a  Table 
of  Natural  Sines ,  he  may  eafily 
make  a  Table  of  Segments ,  whole 
Ufe  fir  all  be  fhewed  farther  on, 
viz.  when  I  come  to  treat  of 
pra&ical  Gauging.  In  the  mean 
Time  I  {hall  here  lay  down  ano¬ 
ther  Method  to  find  the  Area  of 
G  g  g  2  any 


s 
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any  Segment  of  a  Circle  (very  near)  by  a  new  Theorem ,  without 
the  Help  either  of  a  Table  of  Sines  or  Segments,  having  the  fame 
Data  as  before  in  Page  404. 

f  R~  the  Radius ,  or  ~  Diameter  of  the  given  Circle. 

Viz.  Lerj  d  =  the  Difference  between  the  verfed  Sine  and  Radius. 
L  C=  half  the  Chord  of  the  Segment’s  Bafe. 

'Sljcojein.  {  x  c—  s> the  Area  of  the  s^m' 

Example.  Suppofe  R  —  B  C  —  16,  d  z=.  FC  ==  10,  and 
C  “  B  F~  12,49  >  as  before. 

Then  2.4  =597,3333.  14^=213,3333.  dd  =  100 

—  3i  3^3333  —  ij^+  dd 

1  4  R  +  d—  34)  284,0000  (8,3529.  Laftly,  8,3529  x  1249 
zz  104,3276  the  Area  of  the  Segment  B  A  G,  as  before, 

THEOREM  VII, 


As  Squares  are  to  the  Area’s  of  their  infcribed  Circles ,  fo  are  Pa¬ 
rallelograms  to  the  Area’s  of  their  infcribed  Ellipfes. 

C  As  the  Square  of  the  Diameter  of  any  Circle  :  is  to  its 
That  is,^  Area  :  :  fo  is  the  Rectangle  of  the  Tranfverfe  and  Con- 
t  jugate  Diameters  of  any  Ellipfis :  to  its  Area . 

SDtmonttratfoiw 


T 


Circumfcribe  any  Ellipfis  with  a  Circle ;  and  fuppofe  an  infinite 
Number  of  Chord  Lines  drawn  therein,  all  parallel  to  the  Con¬ 
jugate  Diameter ,  as  thofe  in  the  annexed  Figure  5  then  it  will 

{As  (DA)  the  Diameter  of  the  Circle  :  Is  to  (Nn)  the 
Conjugate  Diameter  of  the  Ellipfes  :  :  fo  is  (B  a  B)  any 
Chord  in  the  Circle  :  (b  a  b)  its  rejpeftive  Ordinate  in  the 
Ellipfis. 

For  according  to  the  Property  of  the  Circle , 

x  »  it  is  1  TS  —  T a  X  T  a  ~  n  B  a 
And 

it  is 
I,  2 
3,  Hence 
Confeq. 

That  is 
Put 
Then 


TS  —  Ta  X  T  a 
by  the  Property  of  the  Ellipfis 

□  TO.  □  NC::TS~-^TaxTa\  □  ba 

□  PC :  n NC  : :  □  BA:  □  ba 
TC.NC:  :  Ba:  ba 
2  TC  :  iNC:  :  2  Baiiba 
E  A :  Nn  :  :  B  a  B  :  b  a  b 
D  —  2  T C,  and  d~  2  NC 
Did::  Chord  Ba  B  :  Ordinate  b  a  b,  &c. 


But 
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apply' d.  to  SUperfiCiCS  and  SOfitlg, 

But  the  Sum  of  an  infinite  Series  of  fuch  Chords ,  as  B  a  B,  do 
conftitute  the  Area  of  the  Circle ,  by  Definition  3  :  and  the  Sum  of 
the  like  Series  of  their  refpedfive  Ordinates ,  as  b  a  b,  do  conftitut* 
the  Ellipfis’s  Area ,  by  Definition  4.  Therefore  D  :  d:  :  Circle’s  Area : 
Ellipfis’s  Area,  by  Lemma  6.  But  D  :d:  :  D  D  :  D  d.  Whence 
it  follows,  that  D  D  :  Circle’s  Area  ::Dd:  Ellipfis’s  Area.  Q.  E.  D. 
Confequently,  as  1  :  is  to  0,7854  :  :  fo  is  the  Re  ft  angle  or  Produft 
of  the  Tranfverfe  and  Conjugate  Diameters  of  any  Ellipfis  :  to  its 
Area. 

Example.  Suppofe  7^=36.  and  Afo— 16;  then  36  x  16  —  576, 
and  576  x  0,7854  zz  452,3904  the  Area  of  the  Ellipfis. 

Corollaries. 

1.  Hence  it  is  eafy  to  conceive,  that  the  fquare  Root  of  the 
Refta?igle  or  Produft  of  the  Tranfverfe  and  Conjugate  Diameters 
will  be  the  Diameter  of  a  Circle  whofe  Area  will  be  equal  to  the 
Ellipfis’s  Area ,  viz.  f  576  rr  24  the  Diameter  of  a  Circle  zzz  to 
the  Ellipfis. 

2.  Ail  Segments  of  an  Ellipfis  and  its  cir  cim fir  thing  Circle  (whole 
Bafes  are  parallel  to  the  Conjugate  Diameter ,  and  of  the  fame  Height) 
are  in  Proportion  one  to  'another,  as  their  Bafes  are.  That  is, 
B  a  B  :  h  a  b  :  :  Area  Segment  B  N  B  :  Area  Segment  h  N  h ;  or 
TS  :  Nn  :  :  Area  Segment  B  N  B  :  Area  Segment  b  N  b. 

THEOREM  VIII. 

The  Area  of  every  Ellipfis  is  a  mean  Proportional  between  the  Piters 
of  its  circumfcribing  and  inferibed  Circles. 

The  Truth  of  this  Tfoeorem  may  beeafily  deduced  from  the  lafl  ; 
for  fuppofing  D  =  TS,  and  d  ~  Nn, 
as  before ;  then  it  is  already  proved, 
that  D  D  :  D  d  :  :  circumfcribing 
Circle’s  Area  :  Ellipfis’s  Area.  But 
D  D  :  D  d  :  :  D  d  :  d  d.  Therefore 
Ellipfis' s  Area  :  inferibed  Circle’s  A~ 
rea  :  :  D  d  :  d  d.  By  Theorem  6. 


Example.  Let  T  S  ~  D  —  36.  and  Nn  ~  d  zz  16,  as  before  ; 
then  D  D  ~  1296,  and  d d"  256. 


The11 
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f  ;u  t  1296x0,7854=  1017,8784  the  great  Circle's  Area. 

Wl  l  256x0,7854=  201,0624  the  leder  Circle's  Area. 

Suppofe  Azu  the  Ellipfts' s  5  then,  according  to  the  Theo- 

fetti,,  it  will  be,  1017,8784  :  A  :  :  A  :  201,0624.  isrjv?  AA~ 
1017*8784  x  201,0624  =  204657,07401216.  Confequently 

204657,07401216  —  452,3904  =  the  Area  of  the  Ellip- 
Jss ,  as  before  in  the  lad  Example. 

Corollary. 

From  hence  it  follows,  that  all  Segments  of  an  Ellipfts  and  its 
iiifcribed  Circle ,  whofe  BaJ'es  are  parallel  to  the  Tranfverfe  Diame¬ 
ter,  and  have  the  fame  Height,  are  in  Proportion  one  to  another 
as  the  Area’s  of  the  Ellipfts  and  Circle  are.  That  is,  Area  of  Cir¬ 
cle  :  Area  of  Ellipfts  :  :  Segment  b  N  b  :  Segment  B  N  B.  Or, 
Nti  :TS  :  :  Area  Segment  b  N b  :  Area  Segment  B  N B. 

THEOREM  IX. 


The  Solid  Content  of  any  Prifm  (what  Figure  foever  its  Bafe  is 
of)  is  obtain'd  by  multiplying  the  Area  of  its  Bafe  into  its 
Height. 


Z>, 


V 


For  inftance,  a  Parallelopipedon  (or  fquare  Prifm )  is  condituted 
Of  an  infinite  Series  of  equal  Squares ;  that  of 
its  Bafe  BA  being  one  of  the  Terms ,  and  its 
Height  D  B,  or  G  A ,  the  Number  of  all  the 
Terms.  Confequently,  the  Area  of  B  A  ba  x 
D  B  =  the  Sum  of  all  the  Series  (by  Lemma  1.) 

Which  is  the  Solidity  of  the  Parallelopipedon  D B 
G  A,  by  Definition  10. 


Example.  Suppofe  the  Side  of  the  Bafe  B  A 
16  and  the  Height  DB  —  42;  then  will 
l6  x  i6  =  256  be  the  Area  of  the  Bafe,  and 
256  x  42  10752  the  Solid  Content  of  the 

Parallelopipedon  D  BG A. 


B 


a 


A 


b 


In  this  Manner  you  may  find  the  Solidity  of  all  regular  Polygon 
nous  Prifms ,  whofe  Bafes  (or  Ends)  are  parallel  2nd  alike,  what 
Form  foever  they  are  of,  that  is,  whether  their  Bafes  are  Triangles^ 

Pentagons ,  Hexagons ,  or  Octagons,  &c. 


1 
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THEOREM  X. 

Every  Pyramid  is  the  third  Part  of  the  Prifm ,  that  hath  the  fame 
Bafe  and  Height  with  it .  (7.  jg.) 

That  is,  the  Solid  Content  of  the  Pyramid  B  VA  (in  the  :la$ 
Figure)  is  one  Third  of  its  circumfcribing  Prifm  DBG  A. 

9Dnnonffrattotn 

For  every  Pyramid  that  hath  a  fquare  Bafe  (as  BAh  a ,  in  the  laft 
Figure)  is  conftituted  of  an  infinite  Series  of  Squares ,  wliofe  Sides 
or  Roots  are  continually  increafing  in  Arithrnetick  Progrcfiiony  ber- 
ginning  at  the  Vertex  or  Point  V  (See  Theor.  2.)  its  Bafe  B  A  B  a , 
being  the  greateft  Term ,  ~LL  ;  and  its  perpendicular  Height  VC^oe 

DB,  the  Number  of  all  the  Terms ,  —  A7";  but  S  the  Sum 

.  3 

of  all  the  Series ,  by  Lemma  3,  and  S  =  the  Content  of  th? 
Pyramid  B  V A,  by  Definition  13. 

Example.  Suppofe  the  Side  of  a  Pyramid’s  Bafe  be  BA  =  1(6, 
and  its  Height  be  Z7  C  =  42.  Then  16  x  16  =  256  the  Area  qf 

its  Bafe  BAB  and  m  3584,  or  x  42  =  35,84 

or  thus,  256  x  4y  s=  3584,  is  the  Solidity  of  that  Pyramid B  VA. 

Corollary. 

From  hence  it  will  be  eafy  to  conceive,  that  every  Pyramid 
is  y  of  its  circumfcribing  Prifm ,  what  Form  foever  its  Bafe  is  of, 
viz.  whether  it  be  a  Square ,  Triangle ,  Pentagon ,  &c. 

T  H  E  O  R  E  M  XI.  , 

The  Solid  Content  of  every  Cylinder  is  obtain’ d  by  multiplying  the  Area 

of  its  Bafe  into  its  Height . 

For  every  ic/VZ>r  Cylinder  is  only  a  round 
Prifm ,  being  conftituted  of  an  infinite  Series 
of  equal  Circles ;  that  of  its  Ba(e  or  End  be¬ 
ing  one  of  the  Termss  and  its  Height  B  D  is  the 
Number  of  all  the  Terms.  Therefore  the  Area 
of  its  Bafe  B  A,  being  multiply’d  into  D  B> 
will  be  its  Solidity ,  by  Lemma  1.  viz.  Let  D  zz 
B.A ,  and  H ~G A.  Then  0,7854  D  D  x  H 
rzz  its  Solidity. 


Example, 
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Example.  Let  the  Diameter  of  its  Bafe  be  D  —  16,  and  its 
Height  H~  42.  Then  1  :  0,7854  :  :  16  x  16  =  256  :  201,0624 
the  Area  of  its  Bafe.  And  201,0624  x  42  z  8444,6208  the 

Solid  Content  of  that  Cylinder  DBG  A. 

- 

'  ...  1  *  ,  « 

Corollary . 

Hence  it  is  evident,  that  every  fquare  Parallelopipedon  is  to  its 
infcribed  Cylinder ,  as  1  :  is  to  0,7854.  Or  in  whole  Numbers ,  as 
452  :  to  355  very  near.  And  that  all  Prifms  are  in  Proportion  to 
their  infcribed  Cylinders ,  as  the  Area's  of  their  Safes  are.  1 

THEOREM  XII.  i 

* 

The  Curve  Superficies  of  every  Bight  Cylinder  is  equal  to  the  Rect¬ 
angle  made  of  its  Height  into  the  Periphery  of  its  Bafe. 

That  is,  DB,  multiply’d  into  the  Periphery  of  th e  Diameter 
B  A,  will  produce  the  Curve  Superficies  of  the  laft 'Cylinder  D  B 
G  A.  For  the  Cylinder  is  conftituted  of  an  infinite  Series  of  equal 
Circles  (according  to  the  laft  Theorem.)  Therefore  its  Curve  Su¬ 
perficies  is  compos’d  of  the  Peripheries  of  thofe  Circles ,  by  Definition 
20.  But  the  Periphery  of  its  Bafe  B  A  is  one  of  the  Terms ,  and 
its  Height  D  B  is  the  Number  of  Terms.  Therefore,  &c.  as  by 
Lemma  1.  To  which  if  there  be  added  the  Area's  of  both  its 
Ends  (or  Bafes)  the  Sum  will  be  the  Superficies  of  the  whole  Cy¬ 
linder. 

Example.  Suppofe  the  Diameter  of  its  Bafe  to  be  BA—  16, 
and  its  Height  D  B  zz  42,  as  before  ;  then  1  :  3,1416  :  :  16: 
50,2656  the  Periphery  of  its  Bafe.  Again,  1  10,7854  :  :  16  X  16 
—  256  :  201,0624  the  Area  of  each  End  or  Bafe. 

Then  50,2656  x  42  z  2111,1552  the  Curve  Superficies,  to  - 
which  add  201,0264  x  2  =  402,0528  both  the  End  Area's. 

The  Sum  zz  2513,2080  is  the  Superficies  of  the 

whole  Cylinder. 

THEOREM  XIII. 

Every  Cone  is  the  third  Part  of  a  Cylinder ,  having  the  fame  Bafe 
with  it j  and  their  Altitudes  equal.  (10.  e.  1 2.) 

1 


SDnnotis 
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2Dcntonffmton. 

The  Truth  of  this  Theorem  may  be  eafily  conceiv’d  by  only 
confidering  a  Cone  as  a  round  Pyramid ,  and  therefore  it  mull 
needs  have  the  fame  Ratio  to  its  circumfcribing  Cylinder  as 
the  fquare  Pyramid  hath  to  its  circumfcribing  Parallelopipedon ,  viz. 
as  1  :  to  3.  However,  to  make  it  yet  clearer,  let  it  be  farther 
confidered,  that  every  Right  Cone  is  conftituted 
of  an  infinite  Series  of  Circles ,  whofe  Diameters 
do  continually  increafe  in  Arithmetick  Progref- 
Jhny  beginning  at  the  Vertex  or  Point  V ,  the  Area 
of  its  Bafe  B  A  being  the  greateft  Term ,  and 
its  perpendicular  Height  VC  the  Number  of 
all  the  Terms  ;  therefore  the  Area  of  the  Cir¬ 
cle  B  A  x  4  VC  will  be  the  Sum  of  all  the  Se¬ 
ries ,  by  Lemma  3,  which  is  the  Cone’s  Solidity . 

Example.  Let  the  Diameter  of  its  Bafe  be  B 
BA  zz  16,  and  its  Height  VC  zr  42 ;  Then 
1  :  0,7854  :  :  16  x  16  z  256  :  201*0624  the  Area  of  the  Bafe  ; 

and  ?OII.°621*42  =  2814,8736  the  Solidity  of  the  Cons  BVA. 
3 

Gr  thus,  201,0624  X  Y  =  2814,8736,  &V. 

Corollary . 

Hence  it  follows,  that  every  fquare  Pyramid  is  to  its  infcrib’d 
Cone,  as  1  :  0,7854.  (Or  as  452  :  35 5}  confeqUently,  that  all 
Pyramids  have  the  fame  Ratio  to  their  inlcrib’d  Cones  as  the  Areas 
of  their  Bafes  have. 

THEOREM  XIV. 

The  Curve  Superficies  of  every  Right  Cone  is  equal  to  half  the  Re£f- 

angle  of  the  Periphery  of  its  Bafe  into  the  Length  of  its  Side. 

The  Truth  of  this  Theorem  is  felf-evident  from  the  Definition 
of  a  Cone,  Chap.  1.  Part  IV.  where  it  appears  that  the  Curve 
Superficies  of  every  Right  Cone  (as  BVA)  is  equal  to  the  Area  of  a 
Settor  of  that  Circle  whofe  Radius  is  the  Side  of  the, Cone  ( VB) 
and  its  Arch  equal  to  the  Periphery  of  the  Cone’s  Bafe  ( BA).  But 
the  Area  of  any  .Senior  is  equal  to  half  the  Rectangle  of  the  Radius 
into  its  Arch ,  by  Theorem  4.  Therefore,  & c . 

H  h  h 


Exam- 


_ The  antljmetick  of  3!nfinttcg  Fare  V. 

Example .  Suppofe  the  Length  of  the  Cone’s  Side  V  Br  or 
VA~  42,755 1,  and  the  Diameter  of  its  Bafe,  viz.  B  A  rr  16 
(as  before)  then  will  50,2656  be  the  Periphery  of  its  Bafe,  and 

55 1  — .  1074,5553,  the  Curve  of  the  Super - 
2 

jfo/Vr ;  to  which  if  there  be  added  the  Area  of  its  Bafe,  the 
Sum  will  be  the  Superficies  of  the  whole  (viz.  all  the)  Cone. 

That  is  1074,5553 

4-  201,0624  the  Area  of  the  Bafe. 

Sum  1275,6177  is  the  total  Superficies ,  &e. 

Note,  The  Truth  of  this  Theorem  may  be  proved  from  the  Confi- 
deration  of  the  lajl  Theorem,  and  Definition  20. 

Scholium . 


From  the  10th  and  13th  Theorems  may  be  eafdy  deduced  feveral 
Theorems  for  finding  the  J'olid  Content  of  any  Fruftum  or  Part  ei¬ 
ther  of  a  Pyramid  or  Cone,  cut  by  a  Plane  parallel  to  its  Bafe . 


V 


Suppofe  a  fquare  Pyramid,  as  BVA ,  to  be 
cut  by  a  Plane  at  a  b ,  parallel  to  its  Bafe 
BA,  and  it  were  requir’d  to  find  the  Solidi¬ 
ty  of  the  Fruftum  or  Part  ab  A  B  ;  let  there 
be  given  D  zr  BA  the  Side  of  the  greater 
Bale,  d  =  b  a  the  Side  of  the  lefler  Bafe, 
H  =  CP  the  perpendicular  Height. 


4 


Firfl, 

Then 

And 
Viz.  1,  2 
And  r,  3 

4  —  5 

6  Reduc. 


D  —  d  :  H :  :d: 


dH 


3 

4 

5 

6 


zz  VC  bv  the  Figure. 


1 


D—d 

D Dx  =  the  whole  Pyramid  B  V A. 


By  Theorem  10.  .. 

dd.X  y  VC  —  the  Pyramid  a  V  b  cut  off. 

{  P  ^  —  the  whole  Pyramid  BVA. 
L  ?D — -id  . 

ddd  H 


the  Pyramid  a  V b. 

3D— 3d  ; 

DDD  H— ddd  H  ,  v  a  ,  JD 

—  zr  the  r  ruirum  a  b  AB. 


3  D  — %d 


D  D  -j-  D  d  -f-  del  x  i-  II  —  the  Fruftum  a  b  A  B. 
Vv  bich  in  Words  gives  this  following  Theorem. 


T  H  E  O 
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THE  O^R  E  M  XV. 

7 0  the  Reft  angle  of  the  Sides  of  the  two  Bafes,  add  the  Sum  of  their 
Squares  ;  that  Sum ,  being  multiply  d  into  one  third  of  the  Fruf- 
tum’i  Height ,  will  give  its  Solidity . 

Example.  Suppofe  the  Side  of  the  greater  Bafe  BA  =  16  and 
the  Side  of  the  lefler  Bafe  (or  Top)  ab  —  \  2  the  Height  CP  —  9. 
Then  16x12=  192.  16  X  16  =  256.  and  12x12  =  144. 

Nat  ,,1  +  256  +  1,4  =  S9>.  ud  S22S=  .776.  Or  592 

X  £  =  1776  the  Content  of  the  Frujlum  of  a  fquare  Pyramid . 

And  if  it  were  the  like  Frujlum  of  a  Right  Cone ,  it  may  be 
found  by  the  fame  Theorem.  Suppofing  D  —  the  Diameter  of  the 
greater  Bafe,  d  =  the  Diameter  of  the  lefler,  and  H  —  the 
Height  of  the  Frujlum ,  then  the  Sum  of  all  the  Squares  which 
conftitute  the  Frujlum  of  a  fquare  Pyramid ,  are  to  the  Sum  of  all 
the  Circles  which  conftitute  the  like  Frujlum  of  a  right  Cone,  in 
the  Ratio  of  1  ;  to  0,7854  (or  of  452  :  to  355)  therefore  it  will 

be  1  :  0.7854  :  :  D  D  4-  D  d  ^  d  d  x  4  H  ;  0,7854  jj  D  -f. 

0,7854  D  d-\-  0,7854  dd  x  4  H  —  the  Cone’s  Frujlum ,  that  is, 
in  the  la  {{Example,  1  :  0,7854  :  :  1776  :  1394,8704  the  like 
Frujlum  of  a  right  Cone.  Or,  becaufe  -ovr^-  =  1,273236,  fsV. 

Therefore  it  may  be  made  1,273236)  D  D  -j-  D  d  -f-  dd  X  4  H 
(  =  the  fame  Frujlum  ;  that  is,  1,273236)  1776(1394,87,  ts'c.  as 
before.  And  if  you  take  the  Triple  of  this  Divifor,  viz.  1,273236 

X  3,  it  will  be  3,8197)  DD  4-  Dd  +  dd:  x  H  (=  the  Frujlum , 

&c. 

Again, 


Suppofe 

Then 

1  ©-  2 

2  —  3 


1 

2 

3 

4 


x  =  D  —  */,  and  F  =  the  Frujlum 

DD  -\-  Dd  +  dd  =  by  the  7th  Step  the  laft 

x  x  ~  D  D  —  2  D  d  d  d 
3  D  d=  iL  —  xx 


4-^-3 
5  X  // 


5 

6 


D  d  =  ~  —  J  xx,  or  D  d  4-  l  xx  =~ 
H  3  ^  4  H 


Dd  4-  -j  xx  X  //n  f'’  the  Frujlum  ab  A  B. 

Hence  we  have  another  eafy  Theorem  for  finding  the  fame 
Frujlum r 


H  h  h  2 
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THEOREM  XVI. 

To  the  Rectangle  of  the  Sides  of  the  two  Bafes ,  add  one  third  Tart 
of  the  Square  of  their  Difference  ;  that  Sumy  being  multiply  d  into 
the  Height ,  will  produce  the  Solidity . 

Example .  Let  D  z=z  16.  d  =  12.  and  H  —  9,  as  before; 


then  D  d  ~  192.  £)  —  ^  4  =  #. 


XV 


-.4X4 


=  5>3333>and 


192  4-  5*333.3  ~  I97>3333-  La%  *97>3333  x  9  =  *775> 

9997  the  Solidity  of  the  Fruflum  of  the  fquare  Pyramid,  as  before. 
And  3,81968)  1775,9997  (1394,87  &c.  the  like  Frujlum  of  a 
right  Cone,  as  before. 

Either  of  the  two  laft  "Theorems  (being  rightly  apply’d)  will 
produce  the  true  Solid  Content  of  all  Frujlums  of  any  kind  of  Py¬ 
ramids,  that  are  intercepted  between  two  parallel  and  alike  Planes 
or  Bafcs :  As  above. 

But  if  fuch  Frujlums  are  cut  through  the  Extremities  of  both 

Bafes  by  a  Diagonal  Plano  (as  A  b  in  the  dt _ 

annexed  Figure)  into  two  Parts,  Aab 
and  A  Bb,  call’d  Hoofs ;  then  the  Soli¬ 
dity  of  thofe  Hoofs  is  ufually  found  by 
dividing  the  middle  Term  D  d  of  the 
/ Equation  D  D  +  Dd  +  dd  into  two 
Parts,  and  adding  one  of  thofe  Parts  to  the  /{ 

Square  of  each  Bafe.  Thus,  D  D  -f-  4  D  d  X  *  H~  the  greater 
Hoof  A  B  by  and  dd-\-TDdx^Hzz  the  leiler  Hoof  Aab  of 
he  Fruflum  of  any  fquare  Pyramid.  Then  3,8197)  DD  +  \-Ddx 

H(~)  the  greater  Hoof  of  a  Cone.  And  3,8197)  dd-\-  -D  d  X 
i/  (ir )  the  leffer  Hoof  &c.  J 

Thefe  are  the  Theorems  made  Ufe  of  by  Mr.  Dane,  in  his  Book 
of  Gauging,  and  are  pretty  near  the  Truth,  but  not  exa&ly  fo  ;  for 
they  give  the  Solidity  of  the  upper  Hoof  A  a  b  a  fmall  Matter  too 
big,  and  the  lower  Hoof  ABb  as  much  too  little. 

Now,  in  order  to  reaify  that  fmall  Error,  I  (hall  here  propofe 
the  two  following  Theorems,  which  are  exadly  true,  and  are 

more  eafily  perform’d  than  thofe  propofed  in  any  former  Imbreffon 
of  this  Book .  •  • .  ' 


Fir  ft. 
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Firft,  2  D  -J-  d  x  will  be  the  Solidity  of  the  greater 


Hoof  ABb, 


Secondly,  2  d  -(-  D  X 


3 

dx  H 


will  give  the  Solidity  of  the  Idler 


Hoof  Aab ,  of  the  Frujlum  of  any  fquare  Pyramid. 

And  for  the  like  Hoofs  of  the  Frujlum  of  any  right  Cone ,  it  will  be 

Thus  ,2618)  DD — df  Dd  x  -  ^  ^  .  *  (—  the  greater  Hoof, 


,2618)  £>  x  y /Dd —  dd  x 


3  x  D  —  d 
d  x  H 


(  =  the  Idler  Hoof. 


3  x  D  —  d 

Note,  In  order  to  avoid  many  Words  in  the following  Demonftra- 
tions,  let  @  fignify  any  Circle  in  general ;  and  if  any  two  Letters  be 
joined  to  it ,  thus ,  @  B  A,  See.  it  then  denotes  the  Area  of  fuch  a 
Circle  as  thoje  two  Letters  reprefent  the  Radius  of 

THEOREM  XVII. 

The  Superficies  of  every  Sphere  (or  Globe)  is  equal  to  four  Times 

the  Area  of  its  greatejl  Circle . 

That  is,  of  a  Circle  whofe  Diameter  is  the  Axis  of  the  Sphere. 

SDmonftranon* 

If  any  Semicircle  (as  A  TG)  be  turned  or  moved  about  its 


will  be  conftituted  of  an  infinite  Se¬ 
ries  of  concentrick  or  parallel  Circles , 
whofe  Diameters  are  Chords,  viz.  ® 
ab,  ®  e  d)  ®  efi  & c.  by  Definition  14. 
Confequently,  the  Superficies  of  the  % 
Sphere  will  be  compos'd  of  the  Peri¬ 
pheries  of  thofe  Circles  which  confti- 
tute  its  Solidity ,  by  Definition  20. 

Let  D  zz  T  S,  the  Axis  of  any 
Sphere .  Then,  according  to  the  Pro¬ 
perty  of  a  Circle,  it 

will  be 


«■ 

(IS 

* 

i 

c . . 

j 

si . 

C 

A* 


That  is, 
Therefore 


D — T  bxTb  •=  U  a  b 
D  xTb —  nTb=  Dab 
D*Tb  —  CM  T,  for  □  a  b-\z  □  Tb  +  □  a  T. 
DxTd—UeT 
DxTf—  □  yT,  &c. 

*  All  former  Errors  in  the  Theorems  for  mea  Turing  Haft  are  by  the  above  Rules 
entirely  corrected. 

Hence 


And 


j 
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Hence  Vis  evident,  that  the  Series  □  a  T,  □  e  T,  □  y  T,  &c. 
are  in  the  fame  Ratio  with  Tb ,  Td ,  Tf,  See.  viz.  in  Arithmetick 
ProgreJJion :  Whence  it  follows,  that  the  ©  a  T zz  the  Sum  of  all 
the  Circle’s  Peripheries  between  T  and  b>  and  ®  e  T=  the  Sum  of 
all  the  Circle’s  Peripheries  between  Tand  d ,  Sc c.  Confequently,  that 
the  o  AT~  the  Sum  of  all  the  Circle’s  Peripheries  included  between 
Tand  C ;  that  is,  ®  AT  —  the  Superficies  of  the  He?ni-fphere.  And 
becaufe  O  AC  4-  □  TC  zz  □  A  T>  and  □  AC  ~ z  □  7 *C; 
Therefore  ®  AT  zz  2  ®  AC  is  the  Superficies  of  the  Hemi-fphcre. 
Confequently,  4  ®  A  C  will  be  the  Superficies  of  the  whole  Sphere. 
Q.  E.  D. 

Example.  Suppofe  the  Axis  TSzzDzz  16.  Then  £>£>=256. 
And  1  :  0,7854  :  :  256  :  201,0624  =  Q  AC,  fori.  £)  —  AC. 
Then  201,0624  X  4  -  804,2496,  the  Superficies  of  the  whole 
Sphere.  Or,  becaufe  3,1416  is  four  times  0,7854,  therefore  it 
will  always  be  1  :  3,1416  :  :  D  D  :  3,1416  £)£>,  the  Superficies  of 
the  Sphere  (as  before) ;  and  it  is  equal  to  th t  curve  Superficies  of  the 
right  Cylinder ,  whole  Diameter  and  Height  are  each  =  D  the  Axis 
of  the  Sphere.  For  3,1416  D  the  Periphery  of  the  Cylinder's 
Bafe,  and  that,  multiply’d  with  £>its  Height,  will  be  3,1416  D  D 
the  curve  Superficies  of  the  Cylinder ,  by  Theore?n  12.  And  if  to  this 
there  be  added  the  Area  of  its  two  Bafes  (or  Ends)  viz .  1,5708 
D  £>,  then  ’tis  evident,  that  the  whole  Superficies  of  the  Cylinder 
will  be  to  that  of  the  Sphere  in  the  Proportion  of  3  to  2. 

Scholium . 

From  the  Method  here  ufed  in  proving  the  laft  Theorem  ’twill 
be  eafy  to  find  the  curve  Superficies  of  any  Segment  or  Part  of  a 
Sphere  that  is  cut  off  by  a  Right  Line  or  Plane,  viz .  fuch  as  the 
Segment  a  T  m  in  the  laft  Scheme ,  whole  curve  Superficies  is 
0  a  T  (as  above).  Therefore  (becaufe  □  a  b -\-  □  T h  =  □  a  T) 
it  will  be0tf£-f-©T*£  =  the  curve  Superficies  of  that  Seg¬ 
ment. 

But  if  the  Axis  T 5,  and  Height  T b ,  of  the  Segment  are  given, 
then  will  it  be  T S  x  Tb  ==  □  a  T;  as  in  the  third  Step  above. 
Which  gives  this  Proportion  or  Theorem  j 
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f  As  the  Axis  of  the  Sphere  :  is  to  the  whole  Superficies  of  the 
Viz.  j  Sphere  :  :  fo  is  the  Height  of  any  Segment  :  to  its  curve 
L  Superficies. 

To  which  if  there  be  added  the  Area  of  the  Segment’s  Bafe,  the 
Sum  will  be  the  Superficies  of  the  whole  Segment. 

THEOREM  XVIII. 

Every  Sphere  is  equal  to  two  Thirds  of  its  circumfcribing  Cylinder, 

That  is,  of  a  Cylinder  whofe  Height  and  Diameter  of  its  Bafe 
are  each  equal  to  the  Axis  of  the  Sphere. 

SDemonfftatfon* 

According  to  the  Work  in  the  laft  Theorem  it  appears,  that 
0  a  h,  ®  e  d,  ®  yf  See,  do  conftitute  the  T 

Solidity  of  the  Sphere;  and  therefore  if 
the  indefinitely  fmall  equal  Parts  Cf,fd9 
d  b ,  Sc c.  into  which  C  T  is  fuppofed  to  be 

divided,  be  each  called  x ,  and r or"?  be  put 

2 

for  the  Radius  of  the  generating  Circle,  we 
fhall  have  rr — xx ,  rr  —  4.x  x,  rr  — 

9  *  xy  See,  for  the  refpe&ive  Squares  of 
C  yy  Cey  Cay  See,  But,  by  Lemma  3.  the 
Sum  of  rr  —  xx-\-rr ■> — 4 xx-\-rr  —  9**,  &c.  where  the 
Number  of  Terms  is  reprefented  by  T C  or  r,  is  exprefled  by  D  — 

**  or  x  being  expounded  by  Unity  ;  therefore 

3  3  3 

is  the  Solidity  of  the  Hemi-fphere  AT G,  and  confequently  ,7854 

2  Dl 

x  - that  of  the  whole  Sphere. 


Again,  0  TCx\  T Czz  0,7854  DD  x 4  D  =  0,1309 DDDy 
then  0,3927  DDD — o,i3Q9DD2)  — 0,261 8  DDD  the  Solidity  of 
the  Semi-fpbere  A 7~G,  confequently,  0,2618  DDD  x  2:1:0,5236 
DDD  will  be  the  folid  Content  of  the  whole  Sphere ,  which  is  equal 
to  two  Thirds  of  the  Cylinder  whofe  Diameter  of  its  Bafe  and 
Height  =  D.  For  0,7854  DDD  the  Solidity  of  the  Cylinder, 
by  Theorem  11.  But i of  0,7854  DDD~  0,5236  DDD',  as  be» 
fore.  Therefore,  &c,  as  by  Theorem . 


Exam • 
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Example.  Suppofe  the  Axis  D  ~  16,  then  D DD  =4096,  and 
I  :  0,5236  :  :  4096  :  2144,6656  the  folid  Content  of  that  Sphere. 

Corollaries. 

1.  Hence  it  appears,  that  the  folid  Content  of  every  Sphere  is 
equal  to  its  Superficies  multiply’d  into  one  fixth  Part  of  its  Axis. 
For  its  Superficies  is  3,1416  D  Z>,  by  Theorem  17.  But  3,1416  X 
£  D  —  0,5236  D DD  the  folid  Content,  as  before. 

2.  And  hence  ’tis  alfo  evident,  that  there  is  the  like  Ratio  or 
Habitude  between  the  Cube  and  its  infcrib’d  Sphere ,  as  is  betwixt 
the  Square  and  its  infcrib'd  Circle ;  and  that  is,  as  the  Superficies  of 
any  Cube  :  is  to  the  Superficies  of  its  infcrib’d  Sphere  :  :  fo  is  the 
folid  Content  of  that  Cube  :  to  the  folid  Content  of  th e  Sphere.  [See 
the  Circle’s  Proportion,  Page  407.]  For  if  D  =  the  Side  of  the 
Cubey  then  6  DD  =  its  Superficies,  and  DD  D  —  its  Solidity;  and 
3,1416  DD  =  the  Sphere’s  Superficies.  But  6  D  D  :  3,1416  DD 
;  ;  DDD  :  0,5236  D  D  D  the  Solidity  of  the  Sphere as  above. 

Scholium. 


From  the  Proof  of  this  Theorem  ’twill  be  eafy  to  deduce  or 
raife  Theorems  for  finding  the  folid  Content  of  any  Frujlum  or  Seg¬ 
ment  of  a  Sphere  ;  as  a  T m  in  the  laft  Figure.  For  we  there  fup- 
pofe  the  Segment  a  T  m  to  be  conftituted  of  an  infinite  Series  of 
Circles,  which  have  the  fame  Ratio  with  all  thofe  Circles  that  con- 
llitute  the  Semi-fphere.  Therefore  it  follows,  that  ©  at  x  ~T  b 
—  ©  b  T  x  4-  Tb  will  be  the  Sum  of  all  the  Circles  intercepted 
between  T  and  b.  Confequently  ’twill  be  the  Solidity  of  that  Seg¬ 
ment.  And  becaufe  □  a  b  -}-  □  T  b  =  O  a  T  :  therefore 

©  a  b  +  0  T  b  X  \Tb  — ■©  T  b  x  ~b  =  the  fame  Solidity. 

■  Let  c-rz  a  b  half  the  Seg?ne?it’s  Bafe  ;  h  —  Tb  its  Height;  and 
5=  the  Solidity  of  the  Segment  or  Fruflum  :  Then  ©  ab  zzz  3,14 
16  cc9  and  ©  Tb  ~  3,141 6  Confequently, 
3±U6f±+,3^i6W  _  3l£4i6iM  _  g  whkh bei  reduced 

2 _ ;  3 

will  become  %ccb-± hbh x 0,5 236  =  S.  Or  1,909855)  3 cch  -4-  hhh 
(  —  S.  for  0,5236)  1,0000  (1,909855.  Which  is  one  Theorem 
for  finding  the  Fruflum  s  Solidity. 


3  > 


Note , 
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apply' d  to  Superficies  and  SOUPS. 

■  ■,  „«  w .  „  ■  «.  ,  , 

Note ,  Here  we  fuppofe  the  Height  of  the  Segment,  and  the 

Diameter  of  its  Bafe  to  be  given  ;  but  if  the  Axis  of  the  Sphere, 

and  the  Height  of  the  Segment  be  given,  then  putting  D  =  the 

Sphere’s  Axis,  h  —  the  Segment’s  Height,  and  c  as  before,  ’twill 

be  D  —  h  x  h  rr  rr,  viz.  Dh — hhz=cc.  Therefore  3  Dbh — 2 hhh 

=  3ccb  +  h  bb.  confequently  3  Dbh —  2  hhh  x  0,5236  —  S9 
the  Frujlum\  Solidity.  Or  1,90985)  3  D  h  b  —  2  h  b  b  (  —  S9 
as,|pefore.  Which  is  a  fecond  Theorem  for  finding  the  fame  Fru- 
Jlum  aTm. 


And  if  it  be  requir’d  to  find  the  middle  Part  a  m  N ufually 
call’d  the  middle  Zone  of  a  Sphere,  then  T 

becaufe  ’tis  fuppofed  that  a  m  zr  N Ky  or 
which  is  all  one,  that  bC  —  CBy  there¬ 
fore  it  is  plain,  that,  if  twice  the  Seg¬ 
ment  aTm  be  taken  from  the  Solidity 
of  the  whole  Sphere,  there  will  remain 
the  Middle  Zone  a  m  N K.  But,  be¬ 
caufe  that  Work  is  a  little  trouble- 
lome,  I  fhall  here  fhew  how  to  raife  a 
Theorem  for  the  doing  it. 

Firft,  Becaufe  AC—  y  C  —  eC  —  aC=TC.  Therefore  it 
will  be  □  A  C — .  □  C/  =  □  y/.  □  AC —  □  Cd  =,  □  e  d. 
□  AC —  U  C  b  a  by  See.  Here  becaufe  □  A  C.  □  A  C. 

O  A  C,  Sc c.  are  a  Series  of  Equals ,  and  Cb  the  Number  of  all 
the  Terms,  therefore  □  A  C  x  C  b  —  the  Sum  of  all  that  Series, 
by  Lemma  1.  And  O  Cf .  O  C  d  .  Q  C  b.  See.  being  a  Series 
of  Squares  whofe  Roots  are  in  Arithmetic k  ProgreJJiony  beginning  at 
the  Center  or  Point  C,  viz,  o,  Cf  C  d,  C  b,  Sec .  wherein  the 
greateft  Term  is  □  Cb ,  and  Number  of  Terms  is  Cb.  Ergo  Q 
C b  x  jC  b  =  the  Sum  of  all  the  Series,  by  Lemnki  3.  Confe-. 
quently,  the  0  AC  x  Cb  —  ®  C  b  x  4  Cb  —  the  Sum  of  all 
the  Series  ®  y  f .  0  e  d  .  ©  a  b,  Sec.  which  do  conftitute  the  So¬ 
lidity  of  the  half  Zone  a  mA  G.  And  becaufe  □  AC  —  □  Cb 
=  □  a  b.  Ergo  ®  A C  —  ®  c?  £  ~  ®  Cb.  Confequently  (?)  AC 

x  q b ®AC — -C*)abxLb  —  2  x  ^  Cb  will  be  the 

3 

Solidity  of  the  half  Zone . 


Put  D  rrr  AGzz2AC.x~am.  and  H  —  b  B  =  2  C  b. 
Then  O  A  C  ~  0,7854  D  D  .  0  a  b  —  0,7854  And  if 
we  turn  the  common  Factor  0,7854  into  the  Divifor  1,27323, 

I  i  i  and 
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and  then  take  the  Triple  of  that  Divifor,  viz.  3,8197  (as  before  in 
the  Fruftums  of  Pyramids)  the  Refult  of  the  precedent  W ork  will 
produce  this  following  Theorem. 


t'HEOR.  XIX.S1 5 

t  3>Sl97  l 


the  middle  Xone  a  m 

NK. 


THEOREM  XX. 

Spheres  are  in  Proportion  one  to  another  as  the  Cubes  of  their 

Diameters.  (18.  e.  12.) 

SDemontfratiQin 

Suppofe  D  ~  the  Diameter  or  Axis  of  any  Sphere ,  and  d  =  the 
Diameter  of  another  Sphere ,  either  greater  or  lefs.  Then  is 
0,5236  D  D  D  —  the  Solidity  of  one  Sphere ,  and  0,5236  ddd  —  the 
Solidity  of  the  other  Sphere ,  by  Theorem  18.  But  D  D  D  :  ddd  : : 
0,5236  DDD  ;  0,5236  ddd. 

THEOREM  XXI, 

The  folid  Content  of  every  Spheroid  is  equal  to  two  Thirds  of  its  cir- 

cumfcribing  Cylinder. 

9Dnnonffmtotu 

Suppofe  the  Figure  NT n  S  N  in  the  annex’d  Scheme ,  to  re- 
prefent  a  Spheroid ,  form’d  by  the  Rotation  of  the  Semi-Ellipfis 
TNS ,  about  its  Tranfverfe  Axis  T  S  (as  by  Definition  15.) 

Let  D  ~T  S,  the  Length  of  the  Spheroid ,  and  the  Axis  of  its 
ciicumfcribing  Sphere  ;  and  d  rr  N n,  the  Diameter  of  the  greateft 
Circle  of  the  Spheroid.  Then  becaufe  □  T C  :  N C  :  :  □  A b  : 
□  a  by  Step  3  in  Theor.  7,  therefore  it  will  be  D  D  :  dd :  :  □  Ab 
:  O  ab  :  :  ®  Ab  :  @  a  Sc c.  But  the  Sum  of  an  infinite  Series 
of  fuch  Circles  as  0  // b  (whofe  Diameters  1 

are  Chords)  do  conifitute  the  Solidity  of 
the  Sphere ,  (as  before  at  Theoretn  18)  and 
the  Sum  of  an  infinite  Series  of  fuch  Cir¬ 
cles  as  0  a  b  (viz.  whofe  Diameters  are 
Ordinates  of  the  Ellipfis)  do  conftitute 
the  Solidity  of  the  Sphercid ,  by  Definition 
1 5.  Ergo  D  D  :  dd  :  :  0,5236  DDD  : 

0,5236  dd  D  =  the  Solidity  of  the  Sphe¬ 
roid,  by  Lemma  6. 


But 
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But  0,5236  ddD  =  of  the  Cylinder  whole  Diameter  is  =  d,  and 
Height  =  D,  by  Theorem  11.  E.  D. 


Now,  from  this  Proportion  between  the  Sphere  and  its  infcrib’d 
Spheroid ,  ’twill  be  very  eafy  to  deduce  Theorems  for  finding  the 
Solid  Content  either  of  the  Segment  or  middle  Zone  of  any  Spheroidy 
having  the  fame  Height  with  that  of  the  Sphere . 

f  As  the  Solidity  of  the  whole  Sphere  :  is  to  the  Solidity  of  the 
For  }  whole  Spheroid  : :  fo  is  any  Part  of  the  Sphere  :  to  the  like  Part 
L  of  the  Spheroidy  by  the  Converje  to  Lemma  6. 


As  for  Inftance  ;  Suppofe  it  were  requir’d  to  find  the  middle 
Zone-  of  any  Spheroid :  Let  D  zrzT  5,  and  d  —  N  »,  as  above  ;  and 
H—h  By  x  =  A  My  as  in  Theorem  19,  and  let  c  ~  a  on.  Then 

2/ED-Tx*  xy£_the  middle  Zone  of  the  Sphere.  And  0,^236  DDD 

3,8197 

,  , ,  r.  2DDA-XX  tj  iddxH  xxddx  H  . 
10,5236 ddD:: - — xH:  - - - -  =  the 


3>8i97 

middle  Zone  of  the  Spheroid. 


3,8197  3,8i97DD 

x  x  d  d 


J 7. 

of 


Again,  DD  :  dd : :  x  x :  ccy  therefore  z=cc.  confequent- 

x  Hy  which  being  taken  indead 


X  X 


dd 


H 


c  c 


Du  7,8197  3,8197 

xx  dd  x  H 


,  there  will  arife  this  following 


3,8197!)^ 

THEOREM  XXII.  j  ;  x  H=  j  thfe,mi^;  Zme 

*-3,8197  i  or  the  Spheroid, 

being  the  very  fame  with  Theorem  19. 

JSFote,  In  the  fame  Manner  you  may  raife  Theorems  for  finding  the 
Segment  of  a  Spheroid,  cut  off  at  either  of  its  finds,  &<;. 


THEOREM  XXIIL 

The  Area  of  every  Parabola  is  equal  to  tzvo  Thirds  of  its  circum- 

fcribing  Parallelogram. 

jDetnondmfotL 

♦ 

Let  the  Figure  SAB  reprefent  half  a  Parabola.  Make  D  B 
parallel  to  the  Axis  S  A,  and  Sd  parallel  to  the  Semi-  Ordi¬ 
nate  A  By  and  fuppofe  Sd  to  be  divided  into  an  infinite 

lit?  x  b<rtts 
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Parc  V. 


Series  of  equidiftant  Points ,  as  f,  g ,  h,  &c.  and  from  thofe  Points 
imagine  a  Series  of  Parallels  to  the  Axis  SA ,  viz.  f  m,  gn,  hp ,  See. 
drawn  to  the  Carw  of  the  Parabola ,  and  meeting  the  Semi-ordi¬ 
nates  ma ,  »*,  yp,  &c.  Then,  according  to  the  Property  of  the 
Parabola ,  it  wilJ 


il? 


be 
But 

3> 

2, 

Ir 


5  y/  :  □  :  :  5  *  :  □  a  w 

5^/:  □  ./fi?:  :  :  □  *  « 

5i:  □  AB  :  :  Sy  :  □  y  />,  &c. 
Sa~fm.  Sezzgn .  Syzihp .  SA~dB 
Therefore  alternately  it  will  be 
□  A B  :  a  B  :  :  D  y  p  '  hp 

□  e  n  \  gn 

□  o: &c. 


□  :  dB 

□  AB  \  dB 


In  thefe  Proportions  O  aw,  Den,  □  yp,  &c.  area  Series  of 
Squares  whofe  Roots  Sf,  S  g,  Sh ,  &c.  are  in  Arithmetick  Pro - 
grejfion ,  beginning  at  the  Point  5.  And  becaufe  the  Lines  h  p , 
g  n,  f  m ,  &c.  have  the  fame  Ratio,  therefore  they  are  as  fuch  a 
jSmVr  of  Squares ,  wherein  dB  is  the  greateft  Perm,  and  5 <5?  the 

Number  of  Perms .  Confequently  —  the  of  all  thofe 

;  3 

Lines,  by  Lemma  q.  But  SAxAB  =  dB  x  S  d.  Therefore 
c  j’j  R 

- =  the  Sum  of  all  that  Series  of  Lines ;  but  all  thofe 

3 

Lines  do  conftitute  the  Area  of  the  Semi -Parabola's  Complement ,  viz. 
the  Area  of  what  half  the  Parabola  wants  of  compleating  or  filling 
up  the  Parallelogram  SdAB.  Wherefore  SA  x  AB  —  y  S  A 


X  AB  ~ 


2  S  A  x  A  B 


will  be  the  Area  of  half  the  Parabola  SAB . 


Confequently,  -J  S  A  X  b  B  will  be  the  Area  of  the  whole  Para¬ 
bola  b  S  B.  E.  D. 

Example.  Suppofe  the  Bafe ,  or  greateft  Ordinate ,  of  a  Para¬ 
bola  to  be  b  B  —  24,  and  it's  intercepted  Diameter  (or  Axis)  be 
S  A  =  33  ;  then  2  S  A  x  b  B  =  66  x  2\~  1584.  and  3)  1584 
(528  the  Area  of  that  Parabola . 


THEOREM  XXIV. 

Every  Parabolic  k  Conoid  is  equal  to  one  Half  of  its  cir cum  for  thing 

Cylinder . 


SDirnon* 
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SDmonftcation 


S 


If  any  Semi-Parabola  (as  B  S  A)  be  turn’d  or  mov’d  about  its 
Axis  (S  A)  ’twill  form  a  Parabolick  Conoid \  conftiruted  of  an 
infinite  Series  of  Circles ,  viz.  Q  b  a>  Q)  fi  ey  ®  g  y>  &c.  by  Dcfi- 
tion  17. 

Now,  according  to  the  Property  of  every  Parabola ,  it  will  be, 

S  A  :  A  B  : :  A  B  :  — — ^  =  L ,  the  Latus  Rcfium. 

SA 

C  S  a  x  L  —  □  b  a 
Then  j  SexL-=nfc 

L  S  y  x  L  —  □  g  y,  &C. 

Here  S  a  x  L,  Se  x  L,  S y  x  Z,  &c.  are 
a  Series  of  Terms  in  Arithmetick  Progrejfion  : 
therefore  □  ba,  Ofie,  □  g  y,  Szc.  are  alfo 
a  Series  of  Terms  in  the  fame  Progrejfion ,  be¬ 
ginning  at  the  Point  S ;  wherein  Q  is 
the  greateft  Term ,  and  5^/  the  Number  of  all 
the  Terms.  Therefore  □  AB  x  i-  S  A 
ries ,  by  Lemma  2.  Conlequently,  0  ABx  L.  S  A~  the  Sww  of 
all  the  Series  (?)  b  a,  ®  /V,  ®  gy,  See.  which  do  conftituie  the 
Solidity  of  the  Conoid.  And  putting  D  ~  2  A B,  and  H~  SA, 
Then  0,7854  D  D  x  \  H  ==  0,3927  D  D  H  will  be  the  folid 
Content  of  the  Conoid ,  which  is  juft  half  the  Cylinder  whofe  Bafe  ~ 
D  and  Height  =  iiZ,  [See  Theorem  il.J  CX  E.  D. 

This  being  underftood,  ’twill  be  eafy  to  raife  a  Theorem  for 
finding  the  Frujlum  of  any  Parabolick  Conoid .  p'or  fuppof- 
ing  h  —  a  A  the  Height  of  the  Frujlum ,  and  p  —  S  a  the  Height  of 
the  Part  b  S  b  cut  off  >  then  b+P  —  S  A,  the  Height  of  the 

0  ABrh-p-  0  ABxp 


whole  Conoid .  Confequently, 


the  whole  Conoid.  And  t  a  ==  the  Soli - 

2 

^/Vy  of  the  Part  cut  off. 

r®ABrh+®ABxp — Qbaxp _ 

isVg-0  1  <  2 

L  the  Solidity  of  the  Frujlum . 

But  2  £  -}f  />  :  □  zf  B  £  a 

Confeq.1  3  h  -jr  p  :  ®  A  B  ::  p  :  Q  b  a  Uf 

3V.4  ®ABxp~®baxb-\-(7)baxp 


Solidity  of 
S 


© 


3 
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4  —  ®  ba  X  p 

I  X  2 
6—5 
7  -}-  ®  b  a  X  h 

8  -r-2 


5  (•)  ABxp  —  O  baXp  —  ®  b  a  x  b 

6 

i 
8 


9 


®  y/j?  x  h  -|-  ®  ABxp  —  ®  b  a  x  p  =  2  T 
®  A  B  xh  —  2  F —  ®  ba  x  h 
®  x^+®  b  a  x  h  zz  2  T 

®  dB-\-(?)ba  x  £  =  T  the  Frujiunis  Solidity. 


Let  Dt=z  2  AB ,  as  before,  and  d  ~  2  b  a  the  Diameter  of  the 
Part  cutoff;  then  we  fhall  have  this  following 

ddxb  —  the 
fowz  requir’d. 

Or  i  ^  t^e  Frujlum ;  for  ,3927)  i,qooo  (=2,5464 

1  2,5464 

and  becaufe  2,5464  -f*  —  — =  358196  ;  therefore  it  may  be 
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made  3,8196)  D  D  -}-  ddx  4  ^  (=£  the  fame  Frujlum ,  fs’c. 


Note,  The  Reafon  why  I  have  reduced  this  Theorem  to  have  the 
fame  Divifor  with  thoje  at  the  Fruftums  of  Pyrainids ,  &c. 
it'///  />£/?  appear  farther  on ,  viz.  when  they  all  corn ?  to  he 
apply  d  to  Practice  in  Gauging. 

THEOREM  XXVI. 

Every  Parabolick  Spindle  (or  Pyramidoid)  is  equal  to  eight  Fifteenths 

of  its  circumfcribing  Cylinder . 


SDtmonftcattoit. 


If  any  acute  Parabola ,  as  b  S  5,  be  turn’d  or  mov’d  about  its 
greateft  Ordinate  b  A  B,  it  will  form  a  Solid  call’d  a  Parabolick 
Spindle ,  conftituted  of  an  infinite  Series  of  ®  m  a>  ®  n  ey  ® 

&c.  by  Definition  18. 

Let  us  fuppole  the  Line  S  d ,  parallel  and  equal  to  A  B ,  divided 
into  an  indefinite  Number  of  equal  Parts  in  the  Points  f.  g.  hf 
&c.  as  at  Theorem  23)  then  it  hath  already  been  proved,  tint 
the  Lines  f  w,  g  ;z,  h  p,  Szc.  are  a  Series  of  Squares  whofe  Roots 
are  in  Arithmetic^  Progrejfion  :  confequemly  their  Squares ,  viz. 
□  fm*  □  gn>  □  hp ,  &c.  will  be 
a  Series  of  Biquadrates ,  whofe 
will  be  in  Arithmetic k  Progrejfion  : 
which  being  premis’d,  we  may 
procee^  thus. 

1 1  S  A  — f m  ~  m  a 
2 1  S  A  — g  n  zz  n  e 

3I S  4—h}  —fy,  &e. 
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1  <&* 

2  (Q-1 

3  ©- 


4  □  £  T  —  iS  A  x  f  m  \2  f  m=z  □  m  a 

5  □  i S  A  —  2SAxgn-+-ngn=nne 

6  □  S  A  —  Q.S  Ax  hp  h  h  p  =  up  y,  Sec . 

1.  In  thefe  /Equations  the  □  S  A>  \j  S  A,  U  S  A  being  a  Series 
of  Equals ,  and  A  B  the  Number  of  all  the  Terms  ;  therefore  it  will 
be  □  S  A  X  A  B  zz  the  Sum  of  the  Series ,  by  Lemma  i. 

2.  Beeaufey'w,  g  n,  h y>,  Sec.  are  as  a  Series  of  Squares  where¬ 
in  S  A  is  the  greatefi  Term ,  and  y/  B  the  Number  of  the  Terms  ; 

.  r  2 SAaSAxAB  7uSAkAB  ,  ,  c  c  n  , 

therefore - ~ - will  be  the  o&w  of  all  that 

3  3 

by  Lemma  3. 

3.  And  the  □  fm,  Q  g  n,  □  h  />,  Sec .  will  be  a  of 

Terms  in  the  Ratio  of  Biquadrates ,  as  above;  Q  d  B  —  □  5  A 
being  the  greatejl  Term ,  and  v/ 5  the  Number  of  all  the  Terms  ; 

therefore  it  will  be  ~  the  SW  of  all  that  Series ,  by 


Lemma  5. 

Whence  it  follows,  that  □  SA  x 


2 nSAx  AB 


+ 


, _ P'g  dB 

Jr ..  — ~  the  Swaz  of  all  the  Series  of  n  m  a,  Q  n  e}  Up  y, 
5 

CV.  That  is,  —  the  S/^/tz  of  all  the  &r/Vx  of  □  m 

15 

□  n  □  bp,  n  d  B  .  Sec .  confequentlv,  ^ z=  the  iStf/zz 

'  15 

of  all  the  &r/«of  ®  m  a,  (•)  n  e,  ®  pyy  Sec.  which  do  conditute 
the  Solidity  of  half  the  Spindle ,  viz.  of  5^  i?.  Therefore  putting 
D  m  2<Syf,  and  H  —  iAB,  (viz.  bAB )  it  will  be  0,41888  DDH 
rrz  the  Solidity  of  the  whole  Parabolick  Spindle  bSB ,  being  T8T  of 
0,7854 DDH  the  Solidity  of  its  circumfcribing  Cylinder.  E.  ID. 

From  hence  we  may  alfo  raife  a  Theorem  for  finding  the  Frujlum 
SApy  of  the  lad  Figure.  For  ©  S  A  being  the  greated  Term, 
®  p y  the  lead  Term,  and  Ay  the  Number  of  all  the  Terms  or 
Circles  included  between  A  and  y, 


Therefore 


1  x  3 


(□ 

(-  of  r 


SA—*£±'h±  +  °hj  X  Ay-  7.  the  Sum 

3  ,  5 

all  the  Series  n  S  L  □  m  a,  n  n  ey  Q  p  y 


3  □  SA—  2  Sa  x  ht  4- 


r~< 


*  / 


3* 
*  „ 
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2  Ay 

3 

3D  SA  —  2SAxhp-]-3B  P  3 

5  Ay 

But 

4 

□  SA — •  2  SA  Zhpzz  □  py —  □  h p ,  by  6th  Step . 

3  —  4 

5 

2Q5^4-3dA/’  —  —  □  p  y  +  □  h  p 

5  dy 

5  "1“  ^c* 

6 

2  □  SA  +  Upy—~\ohpzz  -1-2 

Ay 

Confeq. 

7 

2  ®  SA  +  ®7>y  — ■  ~  ®  hpx~Ay  =  z,  the 

Sum  of  all  the  Series  of  ®  S  A ,  ®  in  a,  ®  n  e,  ®  p  y,  which 
do  conftitute  the  Solidity  of  the  Frujlum  S  Ap y.  Therefore  put¬ 
ting  D  —  2  S  A,  as  before,  C  =  2  py ,  *  =  2  h  p,  and  H  =  A y, 

it  will  be  1,5708  DD  4-  0,7854  CC — 0,31416  xx  x  ^  H  —  the 
Frufirm  S  A  p  y.  And  if  we  make  L  2  H.  Then 

1,5708  D  D  +  0,7854  CC  —  0,31416  xx  x  L  ~  Double  of 
that  Frujlum ,  being  the  middle  Zone,  And  by  turning  thefe  Factors 
into  one  common  Divifor,  as  in  the  Frujlum  of  the  Conoid  at  Theo- 
rem  25,  Page  430,  there  will  arife  this  following  Theorem . 

THEOREM  XXVII. 

J  3,8 196)  2  DD  -f-  CC  —  0,4-v.v  X  L  (== 
t  the  middle  Zone  of  a  Parabolick  Spindle . 

It  may  be  here  expe&ed  that  I  fhould  now  proceed  to  (hew  how 
the  Area  of  any  Hyperbola ,  and  the  Contents  of  fuch  Solids  as  may  be 
form’d  by  the  Rotation  of  that  Figure  about  its  Axis ,  &c.  may  be 
found  ;  but  becaufe  thofe  Things  cannot  be  exadfly  perform’d  by 
any  certain  or  fettled  Theorem ,  as  thefe  of  the  Circle ,  Ellipfis,  and 
Parabola  have  been,  I  have  therefore  omitted  them,  and  refer  the 
Reader  to  Dr.  Wallis' s  Algebra ,  Chap.  20,  or  to  the  Philofoph, 
TranfaCt,  Numb.  34,  wherein  he  may  find  the  Method  of  forming 
infinite  Series  relating  to  the  fquaring  of  an  Hyperbola ,  See .  which 
are  too  tedious  to  be  fully  explain’d  and  demonfirated  in  this  fmall 
Tradt,  it  being  only  intended  as  an  Introduction,  the  which  I  fhall 
here  conclude. 
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A  P  P  E  N  D  I  X 

O  F 

Practical  Gauging. 

THE  Art  of  Gauging  is  that  Branch  of  theMathematicks 
call’d  Stereometry ,  or  the  Meafuringof  Solids,  becaufe 
the  Capacities  or  Contents  of  all  forts  of  Veflels  ufed  for 
Liquors,  c.  are  computed  as  tho’  they  were  really  fo- 
lid  Bodies  ;  which  any  one  that  hath  made  himfelf  Maker  of  the 
foregoing  Parts  of  this  Treatife  may  eafily  underfland,  without 
any  farther  Directions. 

However,  becaufe  ’tis  not  to  be  fuppos’d  that  every  one,  who 
defigns  to  undertake  the  Office  or  Imployment  of  a  Gauger,  hath 
made  fo  great  a  Progrefs  in  Mathematical  Learning,  I  have  there¬ 
fore  prefented  the  young  Gauger  with  this  Appendix,  wherein  I 
have  only  inferted  fuch  Rules  as  are  ufeful  in  Gauging,  and  have, 
been  already  demonilrated  in  this  Treatife.  But  herein,  I  pre- 
fuppofe  that  he  hath  acquir’d  (or  if  not,  ’tis  very  neceffiary  he  fhould 
acquire)  a  competent  Knowledge  both  in  Arithmetick  and  Geo¬ 
metry  :  That  is, 

I.  In  Arithmetick  he  fhould  understand  the  principal  Rules  very 
well,  efpecially  Multiplication  and  Divifion,  both  in  whole  Num¬ 
bers  and  Decimal  Parts,  (which  may  be  eafily  learnt  out  of  the 
2d,  3d,  and  5th  Chapters,  of  Part  1.)  that  fo  he  may  be  ready  at 
computing  the  Contents  of  any  Veflel,  and  calling  up  his  Gauges 
by  the  Pen  only,  viz.  without  the  Help  of  thofe  Lines  of  Num-, 
bers  upon  Sliding  Rules,  fo  much  applauded,  and  but  too  much 
pra&is’d,  which  at  bell;  do  but  help  to  guefs  at  the  Truth ;  I  mean 
fuch  Pocket-Rules  as  are  but  nine  Inches  (or  a  Foot)  long,  whofe 
Radius  of  the  double  Line  of  Numbers  is  not  fix  Inches ;  and  there¬ 
fore  the  Graduations  or  Divifions  of  thofe  Lines  are  fo  very  clofe, 
that  they  cannot  be  well  dihinguilh’d.  ’Tis  true,  when  the  Rules 
are  made  two  or  three  Foot  long  (I  had  one  of  fix  Foot)  there  they 
may  be  of  fopie  Ufe,  efpecially  in  fmall  Numbers ;  akho’  even 
then  the  Operations  may  be  much  better  (and  almoft  as  foon) 
done  by  the  Pen:  For,  indeed,  the  chief  Ufe  of  Sliding  Rules  is 
only  in  taking  of  Dimenfions,  and  for  that  Purpofe  they  are  very 
convenient. 
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II.  In  Geometry  the  Gauger  fhould  underhand  not  only  how  to 
take  Dimenfions  (which  is  beft  learnt  by  Practice)  but  alfo  how 
to  divide  any  irregular  Figure  or  Superficies,  as  Brewers  Backs  or 
Coolers,  &c.  into  the  eafieft  and  Feweft  regular  Figures  they  will 
admit  of,  that  fo  their  Area’s  may  be  truly  computed  with  the  lead 
Trouble.  And  this  may  be  iearn’d  (with  a  little  Care  and  Dili¬ 
gence)  outoF  the  ill,  2d,  and  5th  Chapters  oF  Part  III,  which  the 
Gauger  fhould  be  well  acquainted  with.  AlFo  he  ought  to  have  Fo 
much  Skill  in  Solids,  as  to  be  able,  even  at  Fight  (but  this  muft  be 
acquir’d  by  Experience)  to  determine  what  Sort  of  Figure  any  Vef- 
fel  is  of  ( viz.  any  Tun,  or  cloFe  Cafk)  or  what  Figures  it  may  be 
beft  reduced  to,  Fo  that  its  Dimenfions  may  be  truly  taken,  and  the 
Content  thereoF  computed  with  the  leaf!  Error.  I  Fay,  with  the 
leaft  Error,  becauFe  ’tis  very  difficult,  if  not  impoffible,  to  do  it  ex¬ 
actly  ;  For  there  is  not  any  Tun,  or  Cafk,  &c.  Fo  regularly  made, 
as  by  the  Rules  of  Art  ’tis  requir’d  to  be. 

III.  Befides  the  aforemention’d,  the  young  Gauger  muft  know, 
that  all  Dimenfions  ufeful  in  Gauging  are  to  be  taken  in  Inches,, 
and  Decimal  Parts  of  an  Inch  ;  and  if  they  are  taken  in  any  other 
Meafures,  as  Feet,  Yards,  &c.  thofe  Meafures  muft  be  reduced  to 
Inches,  (Fee  Se£F.  4.  Pag.  42.)  becauFe  the  Contents  of  all  Sorts  of 
Veftels  (taken  notice  of  in  Gauging)  are  computed  by  the  Standard 
Gallon  of  its  Kind,  whofe  Content  is  known  to  be  a  certain  Num¬ 
ber  of  Cubick  Inches  :  That  is,  the  Beer  or  Ale  Gallon  contains 
282,  the  Wine  231,  and  the  Corn  Gallon  268,8  Cubick  Inches. 
[Seethe  five  "Fables,  &c.  in  Pages  34,  35,  36,  which  I  here  fup- 
pofe  the  Gauger  to*have  learnt  perfectly,  by  heart.]  Confequently, 
if  either  the  Superficial  or  Solid  Content  of  any  Veflel,  as  Back, 
Tun,  Cafk,  &c.  be  once  computed  in  Cubick  Inches,  ’twill  be 
eafy  to  know  how  many  Gallons,  either  of  Ale,  Wine,  or  Corn, 
that  Veflel  will  hold. 

Note,  i  have  here  faid,  the  Superficial  Content  in  Cubick  Inches, 
which  may  Feern  to  be  very  improper,  according  to  the  Definition 
given  of  a  Superficies  in  Page  279  ;  but  you  muft  know,  that,  in 
the  Bufinefs  of  Gauging,  all  Superficies  or  Area’s  are  always  under- 
ftood  to  be  one  Inch  deep,  otherwife  it  could  not  be  Faid  (as  in  the 
Gaugers  Language  it  is)  that  the  Area  of  Fuch  a  Back,  or  of  fuch 
a  Circle,  &c.  is  fo  many  Gallons. 

Thefe  Things  being  very  well  underftood,  the  young  Gauger 
will  be  fitly  prepar’d  to  underftand  the  Following  Problems ,  which 
are  Fuch  as  have  (mod  of  them)  been  already  propos’d  in  the  ’fore¬ 
going  Parts  of  this  Treatiie,  and  only  are  here  apply'd  to  Practice ; 
and  therefore  I  fhall,  For  Brevity’s  Sake,  often  refer  to  thofe  Theo¬ 
rems  and  Problems. 

Se&. 
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Seel.  i.  To  find  the  Area  of  any  right-lined  Superficies  in  Gallons. 


PROBLEM  I. 


To  find  the  Area  of  any  fquare  Tun,  Back,  or  Cooler,  bV.  either 

in  Ale,  Wine,  or  Corn  Gallons. 


"  Multiply  the  given  Length  or  Breadth  (being  here  e- 
qual)  into  itfelf,  and  the  Product  will  be  the  Area  in 
Inches  ;  then  divide  that  Area  by  282,  or  231,  or 
_  268,8  and  the  Quotient  will  be  the  Area  requir’d. 


Example.  Suppofe  the  Side  of  a  fquare  Tun,  Back,  or  Cooler 
be  124,5  Inches,  what  will  its  Area  be  in  Gallons  ? 


Firft  124,5  *  124,5:=  15500,25  the  Area  in  Inches. 

Then  282  1  f  54,96  bY.  1  C  Ale  Gallons. 

And  231  r  15500,25  ^  76,10  bV.  >the  Area  in  3  Wine  Gallons. 

Or  268,8  3  L  57,66  bV.  3  L  Corn  Gallons. 

But  if  any  one  would  rather  work  by  Multiplication  than  by 

Divifion,  he  may  turn  or  change  any  Divifor  into  a  Multiplicator, 
if  he  divide  Unity,  or  1,  by  that  Divifor.  (Vide  Probl.  3.  Pag.  402.) 

Thus  282  1  f  0,003546  1  f  Ale  Gallons. 

Amd  231  1 1,000000  <  0,004329  t  the  Multiplica.  for<  W.  Gallons. 

Or  268,8  3  t  0*003722  3  (C.  Gallons . 

Confequently  15500,25  x  0,003546  =  54,96  br.  the  Area  in 
Ale  Gallons ;  as  before  ;  and  fo  on  for  the  reft. 

PROBLEM  II. 

To  find  the  Area  of  any  Tun,  Back,  or  Cooler  in  the  Form  of  a 
Right-angled  Parallelogram  in  Ale  Gallons,  &c. 

See  the  Rule  for  finding  its  Area  in  Inches,  at  Probl.  1,  P.  339, 
then  either  divide  (or  multiply)  that  Area,  as  above,  and  you  will 
have  the  Area  in  Gallons. 

Example.  Suppofe  the  Length  of  a  Brewer’s  T un,  Back,  or 

Cooler  be  217,5  Inches,  and  its  Breadth  85,6  Inches,  what  will 

its  Area  be  in  Ale  or  Beer  Gallons,  &c  ? 

.  < 

Firft  217,5  X  85,62=18618.  Then  282)  1 86 1 8  (66,02,  bV*. 
Qr  18618  X  0,003546:2:66,02  bV.  the  Area  requir’d,  bV. 

K  k  k  2  P  R  Q- 
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PROBLEM  III. 

To  find  the  Area  of  any  Triangular  Tun,  Back,  <?r  Cooler, 

in  Ale.  Gallons,  c sV. 

See  the  Rule  for  finding  its  Area  in  Inches  at  Prob.  3,  p.  340  5 
then  divide  (or  multiply)  that  Area  as  before,  and  you  will  have 
the  Area  required. 

Example.  If  the  Length  of  the  Bafe  of  a  Triangular  Cooler 
be  86,4.  Inches,  and  its  perpendicular  Breadth  be  57  Inches,  what 
will  its  Area  be  in  Ale  Gallons  ? 

Firft,  86,4  x  y  —  2462,4.  Then  282)  2462,4  (8,73  &c. 
Or  2462,4  x  0,003546  =  8,73  the  Area  in  Ale  Gallons. 

Proceeding  thus,  you  may  eafily  find  the  Area  of  any  Tun, 
Back,  or  Cooler,  whether  it  be  in  the  Form  of  a  Rhombus,  Rhom- 
boides,  Trapezium,  or  of  any  other  Polygon,  either  regular  or 
irregular,  in  Ale  or  Beer  Gallons,  &  c.  if  you  firft  divide  it  into 
Triangles,  and  then  find  the  Area’s  of  thofe  Triangles ;  (as  in  the 
2d,  4th,  5th,  and  6th  Problems  in  Chap.  5,  Part  III.)  the  Sum 
of  thofe  Area’s  being  divided  (or  multiply ’d)  by  its  proper  Divi- 
for  (or  Multiplicator)  as  above,  will  give  the  Area  requir’d. 

Now,  the  Praclical  Way  of  dividing  any  Polygonous  Tun, 
Back,  &c.  into  Triangles,  is  by  help  of  a  chalk’d  Line,  fuch  as 
the  Carpenters  ufe,  and  may  be  thus  perform’d. 

Suppofe  any  Brewer’s  Tun,  Back,  or  Cooler,  in  the  Form  of 
the  annex’d  Figure  ABC  D  FG.  Let  one  End  of  the  chalk’d 
Line  be  faften’d  with  a  Nail  (or  otherwife)  in  any  Corner  or  An¬ 
gle  of  the  Back,- as  at  A;  then  drain¬ 
ing  it  to  the  Angle  at  C,  ftrike  the 
Diagonal  Line  AC  upon  the  Bot¬ 
tom  of  the  Back ;  and  draining  it  a- 
gain  to  the  Angle  Z>,  ftrike  another 
Diagonal  Line,  as  AD ,  and  fo  on  for 
the  Diagonal  Line  G  D,  &c.  Then 
having  mark’d  out  all  the  Diagonals, 
the  Perpendiculars  may  be  thus  found  :  Fallen  (as  before)  one  End 
of  the  chalk’d  Line  in  the  Angle  B ,  and  then,  by  moving  it  to 
and/™  upon  the  Stretch,  find  out  the  neared  Diftance  between 
the  Angle  at  B  and  the  Diagonal  Line  AC',  and  there  ftrike  a 
Line,  and  it  will  mark  out  the  Perpendicular  from  B  to  the  Line 
A  C  ;  and  fo  on  for  the  other  Perpendiculars:  WFich  being  all 
sauuik’d  out  upon  the  Bottom  of  the  Back,  meafure  them,  and  eacfi 
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Diagonal  by  a  Line  of  Inches,  &c.  and  then  the  Area  of  that 
Pack  may  be  computed  ;  as  directed  above. 

And  here,  by  the  Way,  it  may  be  obferved,  that  the  Number 
of  Triangles  will  always  be  lefs  by  two,  and  the  Number  of  the 
Diagonals  lefs  by  three,  than  the  Number  of  the  Sides  of  any 
Right-lin’d  Figure  that  is  fo  divided. 

Having  found  (as  above)  the  true  Area  of  any  Brewer’s  Back  or 
Cooler  (which,  according  to  the  Laws  of  Excife,  ought  always  to 
be  fix’d  or  immoveable)  the  next  Thing  will  be  to  find  out  the  true 
dipping  or  gauging  Place  in  that  Back,  that  fo  the  true  Quantity 
of  Worts  may  be  computed  (orcafr  up)  at  any  Depth  ;  which  may 
be  thus  done. 

1.  When  the  Bottom  of  the  Back  is  cover’d  all  over  (of  any 
Depth)  either  with  Worts  or  Liquor  (viz.  Water )  then  dip  it 
in  eight  or  ten  feveral  Places  (more  or  lefs  according  to  the  Large- 
nefs  of  the  Back)  as  remote  and  equally  aiftant  one  from  another 
as  you  well  can,  noting  down  the  wet  Inches  and  decimal  Parts 
of  every  Dip. 

2.  Divide  the  Sum  of  all  thofe  Dips  or  wet  Inches  by  the  Num¬ 
ber  of  Places  you  dipp’d  in,  and  the  Quotient  will  be  the  mean 
Wet  of  all  thofe  Dips. 

3.  Laftly,  find  out  fuch  a  Place  by  the  Side  of  the  Back  (if  you 
can)  that  juft  wets  the  fame  with  that  mean  Dip,  and  make  a 
Notch  or  Mark  there,  for  the  true  and  conftant  Dipping-place  of 
that  Back.  Then  if  any  Quantity  of  Worts  (which  do  cover  the 
whole  Back)  be  dipp’d  or  gaug’d  at  that  Place,  and  the  wet  Inches 
fo  taken  be  multiply’d  into  the  Area  of  the  Back  in  Gallons,  the 
Product  will  fhew  what  Quantity  (viz.  how  many  Gallons)  of 
Worts  are  in  that  Back  at  that  Time,  provided  the  Sides  of  the 
Back  do  ftand  at  Right  Angles  with  its  Bottom. 

Se£t.  2.  To  find  the  Area  of  ayy  Circular  and  Elliptical 

Superficies  in  Gallons, 

j.  I  have  demonftrated  in  Chap.  6,  Part  III,  and  Theorem  3,  5, 
6.  Part  V,  that  the  Periphery  of  the  Circle  whofe  Diameter  is 
Unity,  or  1,  is  3)14159265  &c.  (or  for  common  Ufe  3,1416) 
and  that  its  Area  is  0,78539816  &V.  (or  0,7854/^.,) 

2.  Alio,  that  the  Peripheries  of  all  Circles  are  in  Proportion 
one  to  another  as  their  Diameters  ace  ;  and  their  Area’s  are  in 
Proportion  to  the  Squares  of  the  Diameters.  That  is,  as 
l  :  3,1416  :  :  the  Diameter  of  any  Circle  :  to  its  Periphery.  And 
l  ;  0,7854  :  ;  the  Square  of  the  Diameter  ;  to,  the  Area. 
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Upon  thefe  two  Proportions  depend  the  Solution  of  all  the  com¬ 
mon  or  practical  Queflions  about  a  Circle.  [ See  Page  408,  409.] 

PROBLEM  IV. 

The  Diameter  of  any  Circle  being  given  in  Inches ,  to  find  the 

Periphery. 

v  5  Multiply  the  given  Diameter  with  3,1416,  and  the  Pro- 
JaUiC+  |  duft  w-]|  tke  periphery  requir’d.  [See  Prob.  1.  P.40B. 

Example,  Suppofe  the  Diameter  of  a  Circle  be  54,5  Inches, 
and  it  were  required  to  find  its  Periphery.  Then  54,5  x  3,1416 
—  171,21,  & c.  Inches  is  the  Periphery  requir’d.  The  Converfe 
of  this  is  eafy,  viz.  by  having  the  Periphery  given,  to  find  the  Di¬ 
ameter.  [ See  Prob.  3.  Page  408.] 


PROBLEM  V. 


The  Diameter  of  any  Circle  being  given  (in  Inches)  to  find  its 

Area  in  Gallons. 


mule. 


-  Multiply  the  Square  of  the  propos’d  Diameter  into 
0,7854,  and  the  Product  will  be  the  Area  in  Inches  ; 
[See  Probl.  2,  P.  408.]  that  Area  being  divided  by  282, 
-or  231,  &c.  the  Quotient  will  be  the  Area  required. 


Example .  Suppofe  the  given  Diameter  be  54,5  Inches  as  above. 
Firft  54,5  X  54,5  r=r  2970,25.  And  2970,25  X  0,7854  = 
2332,83  the  Area  in  Inches : 


Then  282  1  f  8,2724  1  f  die  or  Beer  Gallons* 

And  231  S*  2332,83  <  10,0988  >  the  Areain  <  Wine  Gallons. 

Dr  268,83  L  8,6788  j  Corn  Gallons. 


But  thefe  Area’s  in  Gallons  may  be  much  eafier  found  without 
knowing  the  Circle’s  Area  in  Inches,  as  above,  by  having  the 
Square  of  the  Diameter  of  that  Circle  whofe  Area  is  one  Gallon  3 
which  may  be  thus  found,  by  Theorem  6,  Page  407. 

0,785398  :  1  :  :  282  :  359,05  the  Square  of  the  Diameter  of  the 
Circle  whofe  Area  is  282  cubick.  Inches,  viz.  one  Ale  Gallon. 

And  from  this  Proportion  will  arife  the  following  Divifors ; 

r  282,000000  (359,05  1  f  A.G. 

fiz,  0,785398  <  231,000000(294,12  > will  be  a  Divifor  for  4  W.G. 

L  268,800000  (342*24  J  LC.G. 

If 
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If  the  Square  of  the  Diameter  of  any  Circle  be  divided  by  any 
one  of  thefe  conftant  or  fixed  Divifors,  the  Quotient  will  fhew 
that  Circle’s  Area  in  their  refpedtive  Gallons.  As  for  inftance, 
in  the  laft  Circle,  whofe  Square  of  its  Diameter  is  2970,25. 

Then  359,05!  C  8,2725!  _  CA.G.l 

And  294,12  V  2970*255  10,0988  Vthe^fmrin<  W.G.  £  as  before. 

Or  342,243  (_  8,67883  [C.  G.  J 

Now  thefe  Divifors  maybe  turn’d  into  Multiplicators  by  divi¬ 
ding  Unity  or  1,  as  in  Page  435  :  Or  rather  by  dividing  the  Area 
in  Inches  of  that  Circle  whofe  Diameter  is  1. 

That  is,  0,785398  by  282.  Or  by  231,  £sV. 

Thus  282  1  C  0,002785  1  C  Ale  Gal. 

And  231  Vo, 7853983  0,003399  V  the  Multiplicator  for  <  Wine  Gal. 
Or  268,8  3  1 0,002922  3  l  Corn  Gal! 

Thefe  Multiplicators  are  the  refpe£Hve  Area’s  of  a  Circle  whofe 
Diameter  is  1  3  and  therefore,  if  the  Square  of  the  Diameter  of 
any  Circle  be  multiply ’d  with  any  of  thefe  Numbers,  the  Produdfc 
will  be  that  Circle’s  Area  in  Gallons  of  the  fame  Name : 

Viz.  2970,25  x  0,002785  =8,2725  the  Area  in  A.  G .  as  above. 
And  2970,25  x  0,003399  =  10,0988  the  Area  in  W.  Gal .  &c. 

Thus  you  fee,  that,  if  the  Diameter  of  any  Circle  be  given  in 
Inches,  there  are  three  feveral  Ways  of  finding  its  Area  in  Gal¬ 
lons,  and  all  equally  true 3  but  that  which  is  perform’d  by  the 
conftant  Divifors  is  moft  generally  pradlis’d. 

PROBLEM  VI. 

The  Tranfuerfe  (or  longeft  Diameter)  and  the  Conjugate  (or  fhort- 
eft  Diameter)  of  any  Elliptical  Superficies  being  given,  to  find 
its  Area  in  Gallons. 


Multiply  the  two  Diameters  (viz.  the  Length  and 
Breadth)  together,  and  divide  their  Produdl  by  359,05 
l&ule. '  for  Ale  Gallons,  or  294,12  for  Wine  Gallons, 

the  Quotient  will  be  the  Area  requir’d.  [See  Theo¬ 
rem  7,  Page  412.] 

Example.  Suppofe  the  longeft  Diameter  to  be  73,5  Inches, 
and  the  fhorteft  Diameter  to  be  51,6  Inches  3  what  will  the 
Area  be  in  Ale  Gallons  ? 


Firft  73,5  *  51, 6  =  3792, 6.  Then  359,05)  3792,6(10,56 
the  Area  in  Ale  Gallons.  Or  294,12)  3792,6  (12,89  the  Area 
in  Wine  Gallons, 

Note, 
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Note.)  The  two  laft  Problems  are  of  great  Ufe  in  gauging  of 
Worts  amongft  country  Victuallers,  who  generally  brew  but  fhort 
Lengths  of  Ale  (perhaps  between  20  and  60  Gallons  at  a  Brew¬ 
ing)  and  cool  their  Worts  in  feveral  fmall  open  Veflels  or  Tubs, 
whofe  Bafes  or  Bottoms  are  either  a  Circle,  or  an  Ellipfis,  having 
their  Sides  but  low,  and  are  moft  commonly  wider  at»the  Top 
than  at  the  Bottom. 

Now  a  pra&ical  Way  of  computing  the  Quantity  of  Worts, 
that  are  at  any  Time  in  one  of  thofe  open  Tubs,  is  briefly  thus  : 
When  the  Tub  is  dry,  find  the  true  Area  of  its  Bottom  according 
to  its  Figure  (as  above)  and  either  mark  that  Area  on  theOutfide 
of  the  Tub  (which  was  the  Way  I  generally  us’d  to  order,  be- 
caufe  the  Victuallers  did  often  lend  their  cooling  Tubs  one  to  ano¬ 
ther)  or  elfe  number  the  Tub,  and  enter  its  Area  (and  its  Num¬ 
ber)  into  the  Stock-book;  then,  when  any  of  thofe  Tubs  hath 
Worts  in  it,  take  the  Diameter  of  the  Surface  or  Top  of  th« 
Worts,  and  find  that  Area,  adding  it  and  the  bottom  Area  toge¬ 
ther.  If  either  the  half  Sum  of  thofe  two  Area’s  be  multiply’d 
with  the  Depth  of  the  Worts  (taken  a3  near  the  Middle  of  the 
Tub  as  you  well  can)  or,  if  the  Sum  of  thofe  two  Area’s  be  mul¬ 
tiply’d  with  half  the  Depth  (fo  taken)  the  Product  will  fhew  thj? 
Quantity  of  thofe  Worts  very  near  the  Truth. 

PROBLEM  VII. 

The  Diameter  of  any  Circle,  and  the  verfed  Sine,  viz.  (the  Height) 
of  any  Segment ,  being  given ,  to  find  the  Area  of  that  Segment  in 
Gallons. 

In  the  410th  and  412th  Pages  you  have  two  Ways  (and  their 
Examples)  of  finding  the  Area  of  any  Segment  of  a  Circle  in 
Inches  ;  then  if  that  Area  in  Inches  be  divided  by  282,  or  231, 
idc.  the  Quotient  will  be  its  Area  in  Gallons.  But  becaufe  the 
Area  of  any  fuch  Segment  may  be  readily  found  in  Gallons  (with¬ 
out  finding  its  Area  in  Inches)  by  help  of  a  Table  of  Segments, 
whofe  ConftruCfion  is  laid  down  in  the  Problem,  Page  411,  £sV. 

I  have  here  inferred  a  Compendium  of  fuch  a  Table,  which  will 
ferve  very  well  for  common  PraSice,  not  only  to  find  the  Area 
of  any  Segment  of  a  Circle  in  Gallons,  but  alfo  to  find  theNum- 
ber  of  Gallons  that  are  either  drawn  out,  or  remaining  in  any 
Cvlmdrick  Veflel  lying  along  ;  or  of  any  clofe  Cafk  (being  firft 
reduced  to  a  Cylinder)  its  Axis  lying  parallel  to  the  Horizon,  ufu- 
ally  call’d  the  Ullage  of  a  Cafk ;  as  fliall  be  fhew’d  farther  on. 

A  Table 
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A  Table  of  the  Segments  of  a  Circle  whofe  Area  is  Unity  or  r, 
the  Diameter  being  divided  by  parallel  Chord-Lines  into  ico 
equal  Parts. 


KS. 

Segment 

v.  S. 

Segment 

v.  s 

,  Segment 

i  * 

Segment 

I 

0,0017 

26 

0,2066 

5 1 

0,5127 

76 

0,8155 

2 

0,0048 

27 

0,21  78 

5Z 

°»5  2 * * *55 

77 

0,8262 

3 

0,0087 

28 

0,2292 

53 

0,5382 

73 

0,8369 

A 

°>0134 

29 

0,2407 

54 

°>5i°9 

79 

0,8474 

5 

0,01 87 

30 

0,2523 

55 

°>5°3  5 

80 

0,8576 

6 

0,0245 

3i 

0,2640 

56 

0,5762 

81 

0,8677 

.7 

0,0308 

•32 

0,2759 

57 

0,5888 

82 

0,8776 

8 

0,0375 

33 

0,2878 

58 

0,6014 

83 

0,8873 

9 

0,0446 

34 

0,2998 

59 

0,6l40 

84 

0,8968 

IO 

0,0520 

35 

0,3119 

60 

0,6265 

85 

0,9059 

1 1 

0,0598 

36 

0,3241 

6 1 

0,6389 

86 

0,9149 

12 

0,0680 

37 

0,3364 

62 

0,6514 

87 

0,9236 

*3 

0,0764 

38 

0,3486 

63 

0,6636 

88 

0,9320 

i.4 

0,0851 

39 

0,361  I 

64 

0,6759 

89 

0,9402 

*5 

0,0941 

40 

°>3  735 

6  5 

0,688 1 

90 

0,9480 

16 

0,1032 

4* 1 

0,3860 

66 

0,7002 

91 

0,9554 

l7 

0,1127 

42 

0,3986 

67 

0,71 22 

92 

0,9625  > 

18 

0, 1 224 

43 

0,41 1 2 

68 

0,7241 

93 

0,9592 

x9 

o,i323 

44 

0,4238 

69 

0,7360 

94 

°»9755  , 

20 

0,1424 

45 

0,4365 

70 

°>7477 

95 

0,9813  , 

21 

0,1526 

46 

0,4491 

7 1 

°’7593 

96 

0,9866 

22 

0, 1 6  3  1 

47 

0,4618 

72 

0,7708 

97 

0,9913 

23 

0,1738 

48 

°>4745 

73 

0,7822 

98 

0,9952 

24 

0,1845 

49 

0,4873 

74 

o,7934 

99 

0,9983 

25 

°»I9S5 

5° 

0,5000 

75 

0,8045 

1 00 

1 ,0000 

TheUfe  of  this  Table  of  Segments  depends  upon  the  following 
Proportion,  a 

f  As  the  Diameter  of  aiiy  propos’d  Circle  :  is  to  ioo  (the 
y/z.  j  Diameter  of  the  tabular  Circle)  :  :  fo  is  the  Height  of  any 

l  Segment  of  the  propos’d  Circle  :  to  a  verfed  Sine  in  the  i  able. 

Then,  if  the  tabular  Segment,  which  ftands  againft  that  verfed 

Sine,  be  multiply’d  into  the  Circle’s  Area  (either  in  Inches  or 

Gallons)  the  Prod u 61  will  be  the  Area  of  the  Segment  requir’d 

[of  the  fame  Name]  viz.  If  the  Circle’s  Area  be  Inches,  the  Seg¬ 


ment  will  be  Inches ;  if  Gallons, 

L  1 


the  Segment  will  be  Gallons. 


xampl. 
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Example.  Let  the  Diameter  of  the  given  Circle  beD^  —  62,5 
Inches,  and  the  Height  of  the  Segment 
fought  be  FA  =  20  Inches ;  What  will 
Its  Area  be  in  Ale  Gallons  ? 

Firft,  the  Area  of  the  whole  Circle 
vtfll  be  10,8793  Ale  Gallons  (by  Pro- 
blem  5.)  and  the  Proportion  will  Hand 
thus,  62,5  :  100  :  :  20  :  32  theverfed 
Sine  of  the  Table  whofe  Segment  is 
0,2759.  Then,  10,8793  x  0,2759= 

3,0016  Ale  Gallons,  being  the  Area  of  the  Segment  BAGF ,  as 
was  requir’d.  The  like  may  be  done  for  Wine  Gallons,  Com 
Gallons,  or  Inches. 

And,  upon  Occafion,  the  like  Segments  of  any  Ellipfis  may  be 
eafily  found.  See  the  Proportions  in  the  Corollaries  to  the  7th 
and  8th  Theorems,  Page  412,  &c.  to  which  I  here,  for  Brevity’s 
Sake,  refer  the  Reader. 


Se£L  3.  To  compute  the  Contents  of  fuch  Veflels  ( viz.  Tuns, 
Backs,  &c.)  as  are  in  the  Form  of  the  following  Solids. 

Note,  Before  the  young  Gauger  proceeds  to  thefe  Computa¬ 
tions,  he  fhould  be  well  acquainted  with  fuch  Solids  as  are  defin’d 
in  P.  402  and  403,  and  then  he  may  eafily  underftand  what  Sort 
of  Figures  are  meant  in  the  following  Problems,  without  the  Re¬ 
petition  of  many  W ords. 


PROBLEM  VIII. 

'To  find,  the  Content  of  any  Prifm  whofe  Sides  are  Parallelograms, 

what  Form  foever  its  Bafe  is  of. 

That  is,  to  compute  the  Content  (in  Gallons)  of  any  Tun,  &c* 
whofe  Sides  are  Parallelograms  which  Hand  upright,  or  at  Right 
Angles  with  its  Bottom. 

Firft,  find  its  folid  Content  in  Inches,  by  Theorem  9,  Page  4145 
then  divide  that  Content  by  282,  or  231,  or  by  268,8  ;  the  Quo¬ 
tient  will  ftiew  the  Content  in  their  relpccf  ive  Gallons,  viz .  in  Ale, 
Wine,  or  Corn  Gallons. 

Or  elfe  multiply  the  Content  in  Inches  with  0,003546,  or 
0,004329,  lAc.  [Seethe  Multiplicators,  Page  435.]  thole  Pro¬ 
ducts  will  be  the  Content  in  their  refpe&ive  Gallons. 

Or  otherwife  thus  : 

Find  the  true  Area  of  the  Tun’s  Bafe  or  Bottom,  as  directed 
in  Seth  1,  P.  435;  that  Area  being  multiply’d  with  the  Tun’s 
Height  (viz.  Depth  within)  will  pioduce  the  Content  in  Gallons, 
as  before. 


I  take 
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I  take  the  Work  of  this  Problem  to  be  fo  very  eafy,  that  it 
needs  no  Example. 

PROBLEM  IX. 

To  find  the  Content  of  any  Pyramid  (in  Gallons)  whofe  Bafe  is 

bounded  with  Right  Lines . 

Every  Pyramid  is  one  Third-part  of  Its  circumfcribing  Prifm, 
by  Theorem  io,  Page  415.  Therefore,  if  the  Area  of  the  Bafe 
of  any  Pyramid,  in  Gallons,  be  multiply’d  into  one  Third  of  its 
perpendicular  Height ;  or  if  one  Third  of  that  Area  be  multiply’d 
with  the  whole  Height,  either  of  thofe  Produds  will  be  the  Con¬ 
tent  of  the  Pyramid  in  Gallons,  &c.  But  the  Content  of  any 
fquare  Pyramid  may  be  eafily  found  in  Gallons  by  this  Rule. 

[Square  the  Side  of  its  Bafe,  and  multiply  that  Square 
with  the  perpendicular  Height ;  then  divide  that  Pro¬ 
duct  by  84.6—282x3  for  Ale  Gallons,  or  by  693^:231 
X  3  for  Wine  Gallons,  or  by  806,4—268,8  x  3  for  Corn 
Gallons,  the  Quotient  will  be  the  Content  requir’d. 

Or,  if  you  multiply  the  faid  Product  with  0,001182  for  A.  G . 
or  with  0,001443  for  IV.  G.  or,  laftly,  with  0,001241  for  C.  G. 
the  Refult  will  be  the  Content  requir’d,  as  before. 

PROBLEM  X. 

To  find  the  Content  (in  Gallons)  of  the  Fruftum  of  any  fquare 
Pyramid ,  cut  ojf  by  a  Plane  parallel  to  its  Bafe. 

Firft,  Either  by  Theorem  1 5,  P.  419,  or  Theorem  16,  P.  420, 
And  the  propos’d  Fruftum’s  Solidity  in  Cubick  Inches ;  then  di¬ 
vide  that  Content  in  Cubick  Inches  by  282  or  231,  &c.  and  the 
Quotient  will  be  the  Content  of  the  Fruftum  in  their  refpa&ive 
Gallons. 

But,  from  the  forefaid  Theorem  15,  there  may  be  eafily  dedu¬ 
ced  the  following  General  Rule  for  finding  the  Content  of  the  like 
Fruftum  of  any  Pyramid,  what  Form  foeverit’s  Bafes  areof(fup- 
pofing  them  parallel)  and  being  alike  and  alike  fituated. 

To  the  Sum  of  the  Areas  of  the  Ends  or  Bafes,  add 
four  Times  the  Area  of  a  Se&ion  thereof,  by  a  Plane  in 
l&tllc*  the  Middle  betwixt  the  two  Ends,  multiply  this  laft  Sum 
by  one  Sixth  of  the  Fruftum’s  Height,  and  the  Product 
will  produce  the  Content. 

L  1  1  2  Example • 
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Example.  Suppofe  a  Tun  in  the  Form  of  the  Fruftum  of  a 
Pyramid,  whofe  Bafes  are  equilateral  Triangles  :  Let  the  Side  of 
the  Top  be  42  Inches,  the  Side  of  the  Bottom  be  63,4  Inches, 
and  its  Height  [viz.  Depth]  be  33  Inches  ;  What  v/ill  the  Con^ 
tent  of  that  Tun  be  in  Ale  Gallons  ? 

Firft,  find  the  Area  of  each  Bafe  in  Inches,  by  Probl.  7,  P.  343  ; 
then  find  what  thofe  Areas  are  in  Ale  Gallons,  by  Probl.  3.  P.  436. 
and  from  thence  the  Area  of  the  middle  Se&ion,  bV.  as  in  this 
Example. 

I  Arciis  J  CT 

X  by  4  t  is  16,97  3 


Example.  The 


Top 

Bottom 

Mean 


Ale  Gallons. 


ea 


Their  Sum  25,80 


Then  2  ",8  x  23  =  141,9.  Or  x  —  =  141,9  the  Con- 
6  3  2 


tent  required. 


PROBLEM  XI. 

Eo  find  the  Content  of  any  right  Cylinder  in  Gallons . 

That  is,  tc  compute  the  Content  of  any  round  Tun,  &c.  whofe 
Diameters  at  Top  and  Bottom  are  equal,  and  at  Right  Angles 
with  its  Sides. 

The  Content  of  luch  a  Tun  may  be  found  by  Theorem  11, 
Page  415;  or  otherwife  by  the  following  Rule. 

(Multiply  the  Square  of  the  Diameter  into  the  Height, 
and  divide  the  Produdt  by  359,05  (or  multiply  with 
0,002785)  bV.  as  in  Page  439,  that  Quotient  (or 
Product)  will  be  the  Content  required. 

Exam.  Suppofe  the  Diameter  be  42,5,  and  the  Height  31,5  Inches. 
Firft  42,5x42,5“  1806,25.  And  1 806, 25x3135  =  56896,875. 
Then  359,05)  56896,875  (158,46  the  Content  in  Ale  Gal.  bV. 

P  R  O  B  L  E  M  XII. 

__  • 

To  find  the  Content  of  any  right  Cone  or  round  Pyramid  in  Gallons, 

Becaufe  every  Cone  is  one  Third  of  its  circumfcribing  Cylin¬ 
der,  [See  Theorem  13,  Page  416]  therefore  its  Content  may  be 
truly  found  by  the  following  Rule. 

'Multiply  the  Square  of  the  Diameter  of  its  Bafe  into 
the  perpendicular  Height,  then  divide  their  Product 
U&ilU.  1  by  1077,15  =  359,05  x  3  for  Ale  Gallons,  or  by 
882,36  =  294,12  x  3  for  Wine  Gallons,  bV.  and  the 
Quotient  will  be  the  Content  required. 

Or 
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Or  if  the  faid  Product  be  multiply’d  with  0,000928  =z  P>0027^5 

3 

or  with  0,001 133  =z  thofe  Produ&s  will  be  the  Content 

3 

in  their  refpedYive  Gallons. 

Example .  Suppofe  the  Diameter  of  the  Bafe  be  42,5,  and  the 
perpendicular  Height  be  31,5  Inches,  what  will  the  Content  be 
in  Ale  Gallons  ?  ,  (as  before. 

Eirft  42,5  X  42,5—1806,25.  And  1806,25x31,5  —  56896,875 
Then  1077,1 5)  56896,875  (52,82.  Or  56896,25x0,000928 
—  52,82  the  Content  in  Ale  Gallons.  And  lb  on  for  Wine  dr 
Corn  Gallons.  . 

>  PROBLEM  XIII. 

7 0  find  the  Content  of  the  Fruftuin  of  any  Cone  in  Gallons . 

That  is,  to  compute  the  Content  of  any  round  Tun,  whole 
Diameters  at  Top  and  Bottom  are  parallel,  but  unequal. 

The  Content  of  fuch  a  Tun  may  be  found  by  the  Rule  at  Pro¬ 
blem  io;  but  from  Theorem  16,  Page  420,  ’twill  be  ealy  to 
deduce  this  following  Rule. 

{To  the  triple  Pfodudl  of  the  Top  and  Bottom  Diameters, 
add  the  Square  of  their  Difference;  multiply  that  Sum 
into  the  Height  (or  Depth)  :  then  divide  the  laft  Pro¬ 
duct  by  1077,15  for  Ale  Gallons,  or  by  882,36  for  Wine 
Gallons ;  the  Quotient  will  be  the  Content  required. 
Example.  Suppofe  the  Diameter  at  the  Top  to  be  52,4  Inches, 
the  Diameter  at  the  Bottom  44,6,  and  the  Height  30  Inches. 

Firft,  52,4X44,6  =  2337,04  ;  and  2337,04  X  3  =  701 1,12  )  .  ,  v 
AIfo,5  2,4~ 44,6=  7,8  ;  and  7,8  X  7,8  c=  60,843 

Height  30  X  7071,96=212158,8. 

*96  }  Content  vE Ale  Gallons. 

Andfoon  for  either  Wine  or  Corn  Gallons,  as  Occafion  requires. 
But  if  the  Tun  (or  VefTel)  be  not  truly  circular,  that  is,  if  its 
Top  and  Bottom  be  elliptical,  and  alike  fituated,  the  Content  of 
fuch  a  Tun  may  be  truly  found  by  the  general  Rule  at  Problem 

10. 

PROBLEM  XIV. 

‘The  Axis  or  Diameter  of  any  Sphere  or  Globe  being  given  in  Inches, 

to  find  its  Content  in  Gallons. 

Every  Sphere  is.  two  Thirds  of  its  circumfcribing  Cylinder,  bv 
Theor.  1 8,  Page  423 ;  from  whence  and  Theor.  20,  Page  426,  his 

proved. 


The 

Then  1077,15)  212158,8  (196 
Or  212158,8  xo, 000928  =  196 
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proved,  that  if  the  Cube  of  the  Axis  of  any  Sphere  (taken  in 
Inches)  be  multiply’d  into  0,5236,  the  Produff  will  be  the  Con¬ 
tent  of  that  Sphere  in  Inches.  Confequently,  if  that  Content  be 
divided  by  282,  or  by  231,  bfr.  the  Quotient  will  be  the  Content 
in  Gallons. 

But  thofe  two  Works  of  multiplying  with  0,5236,  and  then 
dividing  by  282,  or  by  231,  bV.  may  be  contracted  into  one. 

And’  }  °’5236  j  0)002266  }  wiU  bea Multiplier  for{  ^  g; 

Or  o,5236|  ”8.57  |wIU  be  a  Divi/cr  for  [  ^o'aHons. 

From  hence  arifes  this  following  Rule. 

"If  the  Cube  of  the  Axis  of  any  Sphere  be  divided  by 
538,57 ;  or  multiply’d  with  0,001856  :  or  divided  by 
441,17  ;  orelfe  multiply’d  with  0,002266;  the  Quotient 
or  Product  will  be  the  Sphere’s  Content  in  their  re- 
fpeffive  Gallons. 

Example .  Suppofe  the  Axis  or  Diameter  of  a  Sphere  or  Globe 
be  22  Inches,  how  many  Ale  Gallons  may  it  hold  \ 

Here  22  x  22  x  22=10648  ;  and  538,57)  10648  (19,76  A.  G. 
Or  10648  x  0,001856^:19,76  Ale  Gal.  the  Content  required. 
And  fo  for  either  Wine  or  Corn  Gallons,  as  Occafion  requires. 

P  R  O  B  L  E  M  XV. 

To  find  the  Content  of  a  Segment  of  a  Sphere  in  Gallons . 

In  the  Scholium,  P.  424,  there  are  two  Theorems  for  refolving 
this  Problem  according  to  the  Data. 

1.  If  the  Diameter  of  the  Segment’s  Bafe  and  its  Height  are 
given,  the  Content  may  be  found  by  the  firft  of  thofe  Theorems, 
which  gives  this  Rule  : 

i3  > 

To  the  triple  Square  of  half  the  Diameter  add  the 
Square  of  the  Height ;  then  multiply  that  Sum  into 
the  Height,  and  divide  the  Produff  by  538,57  for 
A.  G.  or  by  441,17  for  IV.  G .  &c.  as  above. 

2.  But  if  the  Axis  of  the  Sphere,  and  the  Height  of  the  Seg¬ 
ment  are  given,  the  Content  may  be  found  by  the  fecond  of  thole 

Theorems. 

From  the  triple  Produff  of  the  Axis  into  the  Height, 
fubtraff  twice  the  Square  of  the  Height ;  then  mul¬ 
tiply  the  Remainder  into  the  Height,  and  divide  that 
Produff  by  538,57,  bV.  as  in  the  Jail  Problem. 


little  1. 


Buie  2. 


Either 
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Either  of  thefe  Rules  will  produce  the  Content  of  the  Segment 
in  Gallons. 

Example.  Suppofe  the  Diameter  of  the  Segment’s  Bafe  be  28 
Inches,  and  its  Height  be  6  Inches,  what  may  it  contain  in  Al$ 
Gallons  ? 

Firft  2)  28  (14.  Then  (by  Rule  1.)  14  x  14x3  =  588. 

And  6x6—36.  Next  588  4“  36=624.  Again  624X6—3744. 
Daftly,  538,57)3744  (6,95  the  Content  required. 

Note,  This  Problem  may  be  of  Ufe  in  gauging  the  Crowiy 
of  Brewers  Coppers,  & c. 

Se<ft.  4.  The  practical  Method  of  Gauging  any  fix'd  Tun  or  Copper , 

and  making  a  Table  to  Jhew  what  it  will  hold  at  every  Inch  deep9 

ufually  call'd  Inching  of  a  Tuny  &c. 

•—  *  *  t 

Firft,  you  muft  know,  that  mod  (if  not  all)  Brewers  Tuns  are 
fo  fix’d  as  to  lean  a  little  for  Conveniency  of  cleanfing  their  Drink, 
which  is  ufually  call’d  the  Drip  or  Fall  of  the  Tun.  Now  this 
Drip  or  Fall  of  any  Tun  is  the  Hoof  of  fuch  a  Solid  as  that  Tun 
Is  fuppos’d  to  reprefent,  and  under  that  Confideration  it  may  be 
found,  as  in  Theor.  16,  P.  420  :  But  the  practical  (and  indeed 
the  beft)  Way  is,  to  meafure  into  the  Tun  (when  ’tis  dry)  fo 
much  Liquor  as  will  juft  cover  its  Bottom  ;  for  by  that  means  you 
do  not  only  find  the  true  Fall,  but  alfo  a  true  horizontal  or  level 
Plane  over  the  Bottom  of  the  Tun  $  from  which  if  the  Depth 
of  the  Tun  ( viz.  the  neareft  Diftance  from  the  Top  of  the  Tun 
to  the  Surface  of  the  Liquor)  be  fet  off  upon  every  one  of  its  Sides, 
you  will  then  have  a  true  parallel  Plane  at  the  Top  of  the  Tun 
to  that  of  the  Liquor.  Then,  if  the  Sides  of  the  Tun  are  ftreight 
from  the  Top  to  the  Bottom,  take  as  many  Dimenfions  in  the 
aforefaid  two  Planes  as  are  needful  to  find  the  true  Area  of  each  ; 
and  by  thofe  two  Areas  and  the  aforefaid  Depth  find  fo  much  of 
th?  Tun’s  Content  (by  the  general  Rule  at  Problem  X.)  as  is  be¬ 
twixt  thofe  two  Planes. 

Next,  to  inch  that  Tun,  divide  the  Difference  between  the  Top 
and  Bottom  Areas  by  the  aforefaid  Depth,  and  the  Quotient  will 
be  an  Addend  or  fixed  Number ;  which  being  added  to  the  lefler 
Area,  the  Sum  will  be  the  Area  of  the  next  Inch  ;  and,  being  ad¬ 
ded  to  that  Area,  their  Sum  will  be  the  Area  of  the  third  Inch  ; 
and  fo  on  from  Inch  to  Inch,  until  the  Area  of  every  fingle  Inch 
be  fou  id  ;  the  Sum  of  thofe  Areas  (if  the  Work  be  true)  will 
annum  (or  be  equal)  to  the  Content  found,  as  above.  And  if 

I  '  the 
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|he  Tun's  Drip  or  Fall  be  added  to  the  Sum  of  all  thofe  Areas, 
that  Sum  will  be  the  whole  or  full  Content  of  that  Tun. 

Now,  from  hence  it  muft  needs  be  eafy  to  conceive,  that  if  I, 
2,  3,  or  any  Number  of  thofe  Areas  (accounted  from  the  Bottom) 
be  added  to  the  Fall,  that  Sum  will  fhew  the  Quantity  of  Liquor 
or  Drink  that  is  in  the  Tun,  to  fuch  a  Number  of  wet  Inches 
from  the  Bottom  as  there  were  Areas  added  together.  Or,  if 
the  Sum  of  any  Number  of  thofe  Areas  (being  accounted  from 
the  Top)  be  lubtra&ed  from  the  Tun’s  whole  Content,  the  Re¬ 
mainder  will  fhew  what  Quantity  of  Liquor  or  Drink  is  in  the 
Tun,  when  there  is  fuch  a  Number  of  dry  Inches  from  the  Top  as 
there  were  Areas  fubtradted. 

This  being  well  confider’d,  it  will  be  eafy  to  make  a  Table  ei¬ 
ther  to  every  wet  or  dry  Inch  of  any  regular  Tun  ( viz.  whofe  Sides 
are  ftreight  from  Top  to  Bottom)  what  Form  foever  its  Bafes  are 
of,  and  whether  it  ftand  upon  the  greater  or  lefier  Bafe. 

But  if  the  Sides  of  the  Tun  are  irregular  ( viz.  not  ftreight  from 
its  T  op  to  the  Bottom)  then  the  beft  and  eafieft  Way  will  be  to  di¬ 
vide  or  part  the  Tun  into  feveral  Fruftums,  each  of  ten  Inches 
deep  ;  and  finding  the  Content  of  every  fingle  Fruftum,  by  taking 
the  Diameters  in  the  Middle  of  every  one  of  thofe  ten  Inches  (that 
is,  the  firft  Diameter  at  5  Inches  from  the  Top  ;  the  fecond  Dia¬ 
meter  at  15  Inches  from  the  Top,  bVJ  and  multiplying  their  re- 
fpedfive  Areas  with  10,  (which  is  done  by  only  removing  the  fepa- 
rating  Commas  one  Place  forward  to  the  right  Hand)  if  the  Sum 
of  all  thofe  Fruftums  be  added  to  the  Fall  (as  before),  that  Sum 
will  be  tTie  whole  Content  of  the  Tun. 

Nste,  If  you  take  the  Height  of  the  ’forefaid  ten  Inch  Fruftums 
in  the  Side  of  the  T un,  you  muft  allow  for  the  Difference  between 
the  flant  Height  and  the  perpendicular  Height  in  every  Fruftum. 

Laftly,  If  from  the  whole  Content  of  the  Tun  you  fubtradf  the 
mean  Area  of  the  firft  Fruftum  ten  Times,  and  from  the  Remain¬ 
der  fubtracl  the  mean  Area  of  the  fecond  Fruftum  ten  Times,  and 
from  the  laft  Remainder  fubtradl  the  mean  Area  of  the  third  Fru¬ 
ftum,  &c.  until  there  remain  nothing  but  the  Fall  or  Hoof  of  the 
Tun,  you  will  then  by  that  Means  have  a  Table  that  will  fhew 
w  hat  Quantity  of  Drink  is  in  the  Tun  to  any  Number  of  dry  Inches. 

And  this  is  alfo  the  Method  of  Gauging  and  Inching;  Brewers 
Coppers,  viz.  by  firft  meafuring  into  the  Copper  fo  much  Liquor 
as  will  juft  cover  its  Crown,  and  then  dividing  its  perpendicular 
Height  into  Fruftums,  and  its  Sides  into  four  equal  Parts,  that  fo 
croft  Diameters  may  be  taken  in  the  Middle  of  each  Fruftum  : 

But 
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but  if  the  Copper  be  much  wider  at  the  Top  than  at  the  Bottom, 
and  its  Sides  fpheroidal  or  arching,  as  generally  all  large  Coppers 
are ;  then,  inftead  of  taking  thofe  mean  Diameters  in  the  Middle 
of  every  ten  Inches,  as  above,  you  mull  take  them  in  the  Middle 
of  every  fix  Inches,  and  proceed  on  as  before. 

Now  the  Quantity  of  Liquor,  that  would  cover  the  Crown  of 
the  Copper,  may  be  found  nearly  without  meafuring  it,  as  above. 
In  order  to  that,  I  do  fuppofe  the  Crown  to  be  the  Segment  of  a 
Sphere,  and  the  lower  Part  of  the  Copper  wherein  the  Crown 
arifeth,  to  be  the  Fruftum  of  a  Parabolick  Conoid;  then,  if  the 
Diameter  at  the  Top  of  the  Crown,  and  its  perpendicular  Height 
are  given,  the  Quantity  of  Liquor  may  be  found  by  this  following 
Rule : 


{From  the  Area  of  the  Plane  at  the  Top  of  the  Crown 
fubtracff  y  of  the  Area  of  the  Crown’s  Height;  the  Re¬ 
mainder,  being  multiply’d  ijnto  half  the  Height  of  the 
Crown,  will  produce  the  Quantity  or  Number  of  Gal¬ 
lons  that  will  cover  the  Crown,  very  near. 

Th  is  Rule  is  deduced  from  Scholium ,  Page  424,  and  Theorem 
15,  Page  430. 

Sefl.  5.  To  compute  the  Content  of  any  clofe  Cafk  in  Gallons, 
viz,  of  any  Butt,  Pipe,  Hogfhead,  Barrel,  &c. 

In  order  to  perform  this  difficult  Part  of  Gauging,  the  three 
following  Dimenfions  of  the  propofed  Cafkmuft  be  truly  taken  in 
Inches,  and  Decimal  Parts  of  an  Inch.  , 

f  The  Bulge  or  Bung  Diameter  within  the  Cafk. 

Viz.  S  Either  of  the  Head  Diameters,  fuppofing  them  both  equal* 
L  And  the  Length  of  the  Cafk  within. 

Note,  In  taking  of  thefe  Dimenfions,  it  muft  be  carefully  obferv’d, 

1.  That  the  Bung-hole  be  in  the  Middle  of  the  Cafk ;  alfo  that 
the  Bung-ftaff  and  the  Staff  over-againft  the  Bung- hole  are  both 
regular  or  even  within. 

2.  That  the  Heads  of  the  Caffs  are  equal  and  truly  circular ;  if 
fo,  the  Diftance  between  the  Infide  of  the  Chine  to  the  Outfide 
of  its  oppofite  Staff  will  be  the  Head  Diameter  within  the  Caff, 
very  near. 

?.  With  a  Aiding  Pair  of  Calipers  (made  on  purpofe  for  that 
Ufe)  take  the  fhorteft  Difiance  at  Length  between  the  Outfides  of 
the  two  Heads ;  (fuppofing  them  even)  from  that  Length  fub- 
rradl  1  -1-  Inch  (more,  or  lefs,  according  to  the  Largenefs  of  the 

M  mm  ~  Caff.) 
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Cafk)  for  the  Thicknefs  of  the  two  Heads,  the  Remainder  will  be 
the  Length  of  the  Calk  within. 

Now,  by  thefe  Dimenfions,  one  would  fuppofe  the  Content  of 
the  Calk  were  perfectly  limited  ;  but  it  will  be  eafy  to  perceive, 
by  the  following  Figure,  that  the  Diameters  (abovefaid)  arid  the 
Length  of  one  Cafk  may  be  equal  to  thofe  of  another,  and  yet  one 
of  thofe  Calks  may  contain  or  hold  feveral  Gallons  more  than  the 
other. 

As  for  Infiance,  fuppofe  the  annex’d  Figure  A  B  C  D  G  F,  to 
reprefent  a  Calk  ;  then  it  is  plain,  that, 
if  the  outward  curved  Lines  ABC 
and  F  G  D  are  the  Bounds  or  Staves  of 
the  Calk,  it  muft  needs  hold  more  than 
if  the  inner  Freight  or  dotted  Lines 
were  its  Bounds  or  Staves  ;  and  yet  the 
Bung  Diameter  BG ,  Head  Diameter 
C  D  and  A  Fy  and  the  Length  L  H> 
are  the  fame  in  both  thofe  Calks. 

Whence  it  plainly  appears,  that  no  one  certain  or  general  Rule 
can  be  prefcrib’d  to  find  the  true  Content  of  all  Sorts  of  Calks, 
and  therefore  Gaugers  do  ufually  fuppofe  every  Calk  to  be  in  Form 
of  fome  one  of  thefe  following  Solids. 

!I.  The  middle  Zone  or  Frufium  of  a  Spheroid. 

II.  Fhe  middle  Zone  or  Fruftum  of  a  Parabolick  Spindle. 

III.  The  lower  Frufiums  of  two  equal  Parabolick  Conoids. 

IV.  The  lower  Fruftums  of  two  equal  Cones. 

Now  the  W ay  of  Queuing  at  the  Calk’s  Form,  and  computing 
its  Content,  according  to  its  fuppos’d  Form,  I  lhall  here  fhew  in 
their  Order. 

..  ■  \ 

I.  If  the  Staves  of  the  Calk  are  very  much  curved  or  arching 
(as  the  outward  Lines  of  the  laft  Figure)  then  the  Calk  is  fuppos’d 
to  be  in  the  Form  of  the  middle  Zone  or  Frufium  of  a  Spheroid, 
whofe  Content  may  be  computed,  by  Tbeore?n  22,  Page  427, 
which  gives  thefe  two  Rides. 

f  To  tw’ice  the  Square  of  the  Bung  Diameter  add  the 
1  Square  of  the  Head  Diameter ;  multiply  that  Sum  in- 
I.]  to  the  Length,  and  divide  the  Produdf  by  1077,15. 
I  Viz.  3,8197  x  282  for  Ale  Gallons  ;  and  by  882,36. 
^  Viz.  3,819 7  x  231  for  Wine  Gallons.  Or  thus, 

Me 
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{To  twice  the  Area  of  the  Bung  Circle,  add  the  Area 
of  the  Head  Circle;  multiply  their  Sum  into  one 
Third  of  the  Length,  and  the  Product  will  be  the 
Content  in  their  refpeTive  Gallons. 

Example  i.  Suppofe  a  Calk  in  the  Form  of  the  middle  Zone 
of  a  Spheroid,  whofe  Bung  Diameter  is  31,5,  Head  Diameter 
24,5,  and  its  Length  42  Inches. 

Firft  31,5x31,5X2=1984,5.  And  24,5x24,5  =  600,25 
Again  1984, 5  +  600, 25  =  2584,75. And  2584,75x42—108559,5 
Then  1077,15)108559,5  (100,78  the  Content  in  Ale  Gallons. 
And  *882,35)  108559,5  (123,03  the  Content  in  Wine  Gallons.  - 


Or  thus,  by  the  Second  Rule. 

Bung  Diameter  31,5  twice  its  Circle’s  Area  is  5,5270 
Head  Diameter  24,5  its  Circle’s  Area  is  1,6718 

The  Length  42  divided  by  3  is  14  7,i988  =  their  Sum. 

Then  7,i988x  14—  100,78,  the  Content  in  A.  Gallons  as  before. 
And  fo  the  Content  in  Wine  Gallons  may  be  found. 


II.  If  the  Staves  of  the  Calk  are  not  quite  fo  much  curved  or 
arching,  as  was  fuppos’d  before,  the  Calk  is  then  taken  for  the 
middle  Fruflum  of  a  Parabolick  Spindle,  and  its  Content  is  com¬ 
puted,  as  by  Theorem  27.  Page  432.  Which  gives  this  Rule. 


11  lilt. 


5 
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To  twice  the  Square  of  the  Bung  Diameter,  add  the 
Square  of  the  Head  Diameter  ;  from  their  Difference 
fubtradf  four  Tenths  of  the  Square  of  the  Difference 
of  the  Diameters ;  multiply  the  Remainder  into  the 
Length,  and  divide  the  Produdf  by  1077,15,  & c.  a? 
above. 


Example  2.  Suppofe  the  Dimenfions  the  fame  as  before.  Then 

3'>5  *  3r>5  *  2  '•  +  24,5  x  24>5  =  2584.75-  And  3r>5  — 
24,5  =  7.  Again  7x7x054=  19,6.  And  2584,75 — 19,6  x  42  = 
1  °7 7 36,3*  Then  1077,15)  107736,3(100,01  the  Cont.  in  J.G. 
&c.  for  W.  G . 

III.  When  the  Staves  of  the  Cafk  are  but  very  little  curycd  or 
arching,  then  it’s  fuppos’d  to  be  in  the  Form  of  the  Frufiumsoi 
two  equal  Parabolick  Conoids,  abutting  or  joining  together  upon 
one  common  Bafe  at  the  Bulge,  and  the  Content  may  be  found  by 
Theorem  25.  Page  430.  Whiph  gives  thefe  Rules . 

M  m  m  2  311  ale 


■v*r+~ 


452  of  practical  eauptty* 


mule  1. 


"To  the  Square  of  the  Bung  Diameter  add  the  Square 
of  the  Head  Diameter ;  multiply  their  Sum  into  the 
<  Length,  and  divide  the  Produd  by  718,08  (viz. 

2,5464  x  282)  for  Ale  Gallons  ;  or  by  588,22  ( viz? 
-  2,5464  x  231)  for  Wine  Gallons.  Or  thus, 
f  To  the  Area  of  the  Bung  Circle  add  the  Area  of  the 
s  Head  Circle ;  multiply  the  Sum  into  half  the  Lengthy 
L  and  the  Produdt  will  be  the  Content  required. 


Example  3,  With  the  fame  Dimenfions  as  before.  Then 

3i>5X3I>5+24)Sx24, 5=1592,5.  And  1592,5x42  =  66885 
And  718,08)  66885  (93j01  t^le  Content  in  Ale  Gallons. 

Or  588,22)  66885  (113,7  the  Content  in  Wine  Gallons. 

IV.  If  the  Staves  of  the  Calk  are  freight  from  the  Bulge  to  the 
Head,  as  the  inner  dotted  Lines  in  the  laft  Figure  (if  fuch  a 
Calk  can  be  made)  it  is  then  taken  for  the  lower  Fruftums  of  two 
equal  Cones,  abutting  or  joining  together  upon  one  common  Bafe 
at  the  Bulge.  And  its  Content  may  be  computed  as  at  Problem 
23.  Page  445.  ox  by  Theorem  15.  Page Thus, 

{To  the  Sum  of  the  Squares  of  the  Head  and  Bung  Dia¬ 
meters  add  their  Product;  then  multiply  that  Sum  in¬ 
to  the  Length,  and  divide  the  laft  Product  by  1077,15. 
Or  multiply  by  882,36.  The  Quotient  will  be  the  Con¬ 
tent,  OV. 


Example.  4.  With  the  fame  Dimenfions  as  before. 

Firft  3H5X3L5-P24?5^24, 5+31, 5x24, 5=2364, 25 

And  2364,25X42—99298,5.  Then  1077,15)  99298,5  (92,18 

the  Content  in  Ale  Gallons,  and  fo  on  for  Wine  Gallons. 


Thus  you  have  the  Methods  of  computing  the  true  Contents  of 
the  four  Solids,  in  whofe  Forms  all  Calks 
are  fuppos’d  to  be.  And  by  the  Exam¬ 
ples  it  appears,  that  four  fuch  Cafks  as  have 
their  Dimenfions  all  equal,  and  the  fame 
with  thofe  above-mentioned,  their  Con¬ 
tents  will  be  as  in  the  Margin. 

From  the  Difproportion  or  Inequality  of  thefe  Differences  it 
will  be  eafy  to  conceive,  that  there  may  be  feveral  Calks  whofe 
Contents  cannot  be  truly  found,  according  to  the  aforefaid  fup¬ 
pos’d  Forms;  and  therefore,  in  order  to  rectify  the  laid  Inequali¬ 
ties,  fome  Authors  (that  have  written  upon  this  Subject)  have 
)gid  down  Theorems  of  their  own  Invent  ion  (a  nd  yet  call’d  them 


Ale 

Gallons. 

I. 

100,78 

Differ. 

II. 

100,01 

0^77 

III. 

93,01 

7,00 

IV. 

92,18 

0,83 
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by  thefe  Names) ;  others  have  propos’d  Tables  for  the  fame  Pur- 
pofe.  But  lince  it  is  fo,  that  we  can  only  guefs  at  the  Truth,  the 
plained  and  eafieft  Way  is  to  be  preferr’d  in  Practice;  and  that 
is,  by  finding  inch  a  mean  Diameter  as  will  reduce  the  propos’d 
.Cafk  to  a  Cylinder. 

Multiply  the  Difference  between  the  Head  and  Bung 
Diameters,  with  0,7.  or  with  0,65.  or  with  0,6.  or 
with  0,55.  according  as  the  Staves  of  the  Cafk  are 
more  or  lefs  arching ;  add  the  Produd  to  the  Head  Dia¬ 
meter,  and  the  Sum  will  be  the  mean  Diameter  required. 
Then  find  the  Content,  as  at  Prob.  11.  page  444. 

Example .  With  the  fame  Dimenfions  as  before.  Then  the 
Bung  Diameter  lefs  the  Head  Diam.  is  21,5- 

M.  D.  A.  G. 

r  7  x  0,7  =  29,40  its  Area  2,4073x42: 


Thus, 


•24,5=7. 
Cant. 
101,10 


24>5+  * 


7  x  0,65  =:  29,05 
7  x  0,6  zz  28,70- 
7  x  0,55  =  28,35 


2,3504x42=  98,71 
2,2941x423=  96,35 
2,2385x42—  94,02 


And 

Dif. 


2.39 

2,36 

2,32 


From  thefe  it  may  be  obferv’d,  that  the  Difference  between 
each  Cafk’s  Content  is  regular,  and  very  near  equal ;  which  plain¬ 
ly  (hews,  that  there  is  not  fo  much  Room  left  for  Error  this  Way 
of  computing  their  Contents,  as  was  by  the  aforefaid  Forms. 

Now  the  firft  of  thefe  four  (viz.  with  0,7)  is  very  commonly 
ufed  amongft  Gangers  for  all  Sorts  of  Cafks ;  but  I  did  never 
gauge  any  Cafk  that  would  contain  quite  fo  much  as  that  Rule 
did  make  it*  and  the  Reafon  doth  appear  very  plain  from  Theo¬ 
rem  22,  Page  427,  being  compared  with  Theorem  19,  Page  426, 
and  the  1  aft  figure  ;  viz.  that  no  Cafk  (being  regularly  made) 
can  hold  more  than  the  middle  Fruftum  of  a  Spheroid.  But  I 
always  found  by  Experience,  that  if  the  fecond  and  third  of  thefe'- 
Rules  (viz.  with  0,65  and  0,6)  were  duly  apply’d,  they  would 
anfwer  very  near  the  Truth  amongft  the  common  Sort  of  Cafks ; 
and  the  fourth  Rule  (viz.  with  0,55)  will  come  pretty  near  the 
Truth  in  computing  the  Contents  of  Cafks,  whofe  Staves  are  almoft 
{freight  betwixt  the  Head  and  Bung,  viz.  fuch  as  Wine  Pipes,  &e. 

Seff.  6.  To  find  what  Quantity  of  Liquor  is  either  drawn  forth, 
or  remaining,  in  any  fpheroidal  Cafk,  ufually  call’d  the  Ullage 
of  a  Cafk  hath  two  Cafes.  •  x 

Cafe  1.  To  find  what  Quantity  of  Liquor  is  in  the  Cafk,  tvhen 
its  Axis  is  perpendicular  to  the  Horizon,  viz.  when  it  {lands 
upright  upon  one  of  its  Heads, 

2  In 


1 


454 


of  practical  Gauging* 


In  order  to  perform  this  the  eafieft  Way,  it  will  be  conve¬ 
nient  to  know  how  to  calculate  the  Area  of  any  Circle  betwixt  the 
Bung  and  Head,  whofe  Diftance  from  the  Bung  or  Middle  of  the 
Cafk  is  given.  Now  that  may  be  done  by  this  Proportion. 

{As  the  Square  of  half  the  Length  of  the  Cafk  :  is  to  the  Dif¬ 
ference  between  the  Bung  and  Head  Areas  : :  fo  is  the  Square 
of  any  Circle’s  Diftance  from  the  Bung  :  to  the  Difference 
between  the  Bung  Area,  and  the  Area  of  the  Circle,  viz. 
the  Area  of  the  Liquor’s  Surface. 


Let 


And 


SDemonffration* 

iP— Half  the  Length  of  the  Cafk. 
Half  the  Bung  Diameter. 

Half  the  Plead  Diameter. 

P—  the  Diftance  of  any  Circle  from 
the  Bung. 

Half  the  Diameter  of  that  Circle. 


C  H=] 

jD  = 

L  d  — 

n 


•• 

; 

. 

•• 

£3 

l 

..p '  | 

\.J.h 

a  I 

\  . 

&/ 

Then  according  to  the  common  Property  of  the  Ellipfts,  Pa 
q68,  it  will  be, 

BB  :  DD  :  :  BB—HH :  del.  And  BB  :  DD  :  BB-PP 

Ertro  1  DDHH  -BB.  And  {  -  B  B. 

X  D  D  —  dd  t  DD—aa 

„  r  ,  f  DDHH  DD  —  aa 
Confequently,  j  m~l  = 


'£* 


a  a . 


This  ^Equation,  being  brought  out  of  the  Fradfions,  will  be¬ 
come  DD  HH —  aa  HU  —  DD  PP  —  dd  PP,  which  gives  this 
Analogy  HH  :  DD  —  dd  :  :  PP  :  D  D — aa.  Then  D  D  —  aa, 
being  fub  traced  from  DD,  will  leaver  a.  But  Circle’s  Areas 
are  in  Proportion  to  the  Squares  of  their  Diameters,  by  Theorem 
6.  Page 407.  Therefore,  &c.  Q.  E.  D.  Then,  from  the  Eung 
Area  fubtradf  one  third  Part  of  the  aforefaid  Difference,  viz.  be¬ 
tween  the  Bung  Area  and  the  Area  of  the  Liquor’s  Surface ;  mul¬ 
tiply  the  Remainder  with  the  Liquor’s  Diftance  from  the  Bung, 
and  the  Product  will  fhew  what  Quantity  of  Liquor  is  either 
above  or  under  half  the  Content  of  the  Cafk. 

Example.  Let  us  fuppofe  a  Cafk  of  the  fame  Dimenfions  with 
that  in  the  firft  Example ,  Page  451.  and  let  it  be  required  to 
find  what  Quantity  of  Liquor  is  in  it  (of  Ale  Meafure)  when 
ihere  is  but  9  Inches  wet.  Here  half  the  Length  of  the  Cafk  is  2  r 
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Inches,  whofe  Square  is  441,  and  the  Liquor’s  Diftance  from 
the  Bung  is  21  —  9  12.  Its  Square  is  144.  The  Difference 

between  the  Bung,  and  Head  Areas  is  1,0917  (  =  2,7 635 _ 

1,6718.)  Then  441  :  1,0917  :  :  144  :  0,3564. 

And  2,7635  —  0,3564  =  2,4071  the  Area  of  the  Liquor’s 

Surface. 

Again  3)  0,3564  (0,1188.  And  2,7635  —0,1188  zz  2,6447 
Then  2,6447  x  12  ==  31,7364,  what  the  Calk  wants  of  bein^ 
half  full.  Conlequently  50,39  —  31,73  =  18,66  will  be  the 
Quantity  of  Liquor  in  the  Caffe  at  9  Inches  wet  in  Ale  Gallons. 

And  if  the  Caffe  had  wanted  but  9  Inches  of  being  full ;  then 
50,39  -f-  31,73  =:  82,12  would  have  been  the  Quantity  of  Li¬ 
quor  in  the  Calk. 

Note,  Becaufe  the  two  firft  Terms  (viz.  441,  and  1,0917) 
in  the  Proportion  are  fix’d,  viz.  continue  the  fame  for  any  Di¬ 
ftance,  ’twill  be  very  eafy  to  calculate  the  Areas  of  all  the  Circles 
betwixt  the  Bung  and  Head  to  every  Inch,  and  by  that  Means  to 
make  a  Table  that  will  fhew  what  Quantity  of  Liquor  is  either 
drawn  out,  or  remaining  in  the  Cafk  at  any  Depth. 

Cafe  2.  To  find  what  Quantity  of  Liquor  is  in  any  Caffe,  when 

its  Axis  is  parallel  to  the  Horizon,  viz.  when  it  lies  along. 

There  are  Variety  of  Tables  to  be  found  in  Books  of  Gauging 
for  this  Purpofe  ;  but  I  always  obferved,  that  the  following  Me¬ 
thod  of  computing  the  Ullage,  by  a  Table  of  the  Segments  of  a 
Circle,  came  very  near  the  Truth  in  all  Sorts  of  Calks  5  which  is 
thus  perform’d  : 

1.  By  the  Bung  and  Head  Diameters,  find  fuch  a  mean  Dia¬ 
meter  as  you  judge  will  reduce  the  propos’d  Caffe  to  a  Cylinder, 
by  the  Method  laid  down  in  Page  453.  And  then  find  its  full 
Content,  as  in  thofe  Exa?nples. 

2.  From  the  Bung  Diameter  fubtracl  the  mean  Diameter,  and 
half  the  Difference,  (viz.  divide  it  by  2.) 

3.  From  the  wet  Inches  of  the  propos’d  Ullage,  fubtradf  the 
faid  half  Difference,  and  call  it  x  ;  thea  obferve  this  Proportion. 

f  As  the  mean  Diameter  :  is  to  100  (the  Diameter  of  the 
Viz.  S  tabular  Circle)  :  :  fo  is  the  laft  Difference  (viz.  x)  :  to 
L  a  verfed  Sine  in  the  Table  ( Page  441.) 

Then  if  the  tabular  Segment,  which  Hands  againft  that  ver¬ 
fed  Sine,  be  multiply’d  into  the  Content  of  the  Caff;,  the  Product 
will  fliew  the  Ullage,  viz .  what  Quantity  of  Liquor  is  either  in 
the  Caffe,  or  drawn  forth. 

Example 
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Example  I.  Let  the  Calk  be  that  of  the  fecond  Sort,  in  Page 
453.  viz.  whofe  Bung  Diameter  is  31,5  Inches,  mean  Dia¬ 
meter  29,05,  and  Content  98,71  Ale  Gallons  ;  and  fuppofe  there 
were  10,5  Inches  wet  in  it,  it  is  required  to  find  the  wet  and  dry 
Gallons  ?  ,  *!  -I  '  *:  ■;.£* 

Here  31,5—29,05=2,45  ;  itshalfis  1,22. And  10,5 — 1,22=9,28 
Then  29,05  :  100  :  :  9,28  :  0,319  =  V.  Sine  ;  its  Segm.  is  0,2748' 
And  98,71  x  0,2748=27,12  the  Number  of  wet  Gallons. 

Again  31,5—10,5=21  the  dry  Inches;  and  21 — 1,22=19,78 
Then  29,05  :  100  :  :  19,78  :  0,68;  its  Segment  is  0,7241 
And  98,71  x  0,7241  =  71,48  the  Number  of  dry  Gallons. 

Proof  71,48+27,12  =  98,6  the  Contents  of  the  Calk  very  near; 
which  plainly  (hews  the  Truth  of  this  Method. 

Thus  far  may  fuffice  concerning  Gauging  of  Backs  or  Coolers, 
Tuns,  Coppers,  and  Calks,  &c.  To  which  I  fhall  only  add, 
that  as  the  Contents  of  all  Brewers  Utenfils  are  to  be  computed 
by  the  Ale  Gallon,  fo  the  Contents  of  all  Difiillers  Utenfils 
(viz.  all  their  Wafh-Backs,  Stills,  and  Calks,  &c.)  mull  be 
computed  by  the  Wine  Gallon. 

And  in  gauging  of  Malt  (upon  which  there  is  now  a  Duty  of 
nine  Pence  per  Bulhel,  or  fix  Shillings  per  Quarter)  you  muff 
obferve.  That  a  Corn  or  Malt-Bulhel  doth  contain  2150,42 
cubick  Inches  ;  (See  Page  42.)  and  therefore  in  gauging  of  Malt- 
Cillerns,  or  other  Veffels,  2150,42  will  be  a  confiant  or  fixed 
Divifor  for  finding  the  Areas  of  right- lin’d  Figures  in  Bulk  els 
at  one  Inch  deep,  and  2738  will  be  a  confiant  or  fix’d  Divifor 
for  finding  the  Areas  of  circular  Figures. 

I  have  omitted  the  Bufinefs  of  gauging  Malh-Tuns,  and  ta¬ 
king  an  Account  of  the  Goods  or  Grains,  in  order  to  efiimafe 
what  Quantity  of  Worts  were  produc’d  from  them,  &c.  becaufe 
[  could  never  find  (by  all  my  Obfervations)  any  Certainty  there¬ 
in  ;  nor  is  it  pofiible  there  Ihould  be  any,  by  reafon  of  the  great 
Difference  that  is  in  Malt  (and  its  Grinding  too)  for  the  be  ft 
Malt  (well  ground)  will  yield  or  produce  the  moff  Worrs,  and 
leafi  Grains;  on  the  contrary,  had  Malt  (being  ill  ground)  yields 
the  leait  Worts  and  moft  Grains. 


A  S  U  P- 


A 


S  UPPLEMENT 

Not  in  any  of  the 

■  /_  *  jr  i  • 

Former  Editions  of  this  Book  : 

Containing  the 

HISTORY 

O  F 

LOGARITHMS, 

*  i 

WITH 

Several  eafy  Methods  of  Conftrufting  the  Tables  of  the 
Logarithms  and  Sines,  &c,  Aifo  the  Demonflration 
of  the  Axioms  and  Doctrine  of 

PLANE  TRIGONOMETRY. 

Extra&ed  from  the 

4’*  >  '  *  '*  ,  <  •  • '  *  •  ••  .  '»  ■  A > •  -  •  •  •  .  v  /  .* , 

Philofophical  Transactions  and  the  Works  of 
Dr.  KE1LL ,  RGNATNE ,  WARD ,  &c. 


Cunfta  Trigonus  babet ,  fatagh  qucs  dodia  Mathefis, 
Ille  aperit  claufum  quicquid Olympus  habet . 


N  n  n 

*/ 


THE 


45» 


— - 

•*—  '■  . .  .  . . — .  .  ■—  -  -- 

THE  • 

PREFACE. 

THE  Mathematicks formerly  received  confiderabk 
Advantages ;  firfi,  by  the  Introduction  of  the  In¬ 
dian  Characters ,  and  afterwards  by  the  Invention  of 
Decimal  Fractions ;  yet  has  it  fince  reaped  at  leaf  as 
much  from  the  Invention  of  Logarithms ,  as  from  both 
the  other  two .  The  Ufe  of  thefe ,  every  one  knows ,  is 
of  the  greatefi  Extent ,  and  runs  through  all  Parts  of 
Mathematicks .  By  their  Means  it  is  that  Numbers 

almofl  infinite ,  and fuch  as  are  otherwife  impractica¬ 
ble,  are  managed  with  Eafe  and  Expedition.  By  their 
Affiance  the  Mariner  fleers  his  Veflfel ,  the  Geometri¬ 
cian  invefiigates  the  Nature  of  the  higher  Curves , 
the  Aflronomer  determines  the  Places  of  the  Stars , 
the  Philofopher  accounts  for  other  Phenomena  of  Na¬ 
ture  ;  and  lafily ,  the  Ufurer  computes  the  Inter efi  of 
his  Money . 

The  SubjeCt  of  the  following  Treatife  has  been  culti¬ 
vated  by  Mathematicians  of  the.  firfi  Rank  ;  Jome  of 
whom ,  taking  in  the  whole  DoCtrine ,  have  indeed 
wrote  learnedly ,  but  fcarcely  intelligible  to  any  but 
Mafters .  Others ,  again ,  accommodating  themfelves 
to  the  Apprehenfion  of  Novices ,  have  feleCied  out 
fome  of  the  mofl  eafy  and  obvious  Properties  of  Loga¬ 
rithms,  but  have  left  their  Nature  and  more  intimate 
Properties  untoucb' d.  My  Defign  therefore,  in  the 
following  Trad ,  is  to fupply  what feemed  fill  want - 
ing3  vis.  to  d'fl cover  and  explain  the  DoCtrine  of 

Loga- 
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Logarithms ,  to  thofe  who  are  not  yet  got  beyond  the 
Elements  of  Algebra  and  Geometry . 

The  wonde?ful  Invention  of  Logarithms  we  owe  to 
the  Lord  Neper,  who  was  the  firfl  that  conft rutted 
and  publijhed  a  Canon  thereof  at  Edinburgh,  in  the 
Year  1614.  This  was  very  gracioufy  received  by  all 
Mathematicians ,  who  were  immediately  fenfble  of  the 
extreme  Ufefulnefs  thereof  And  tho  it  is  ufual  to 
have  various  Nations  contending  for  the  Glory  of  any 
notable  Invention,  yet  Neper  is  univcrfally  allowed 
the  Inventor  of  Logarithms ,  and  enjoys  the  whole 
Honour  thereof  without  any  Rival. 

The  fame  Lord  Neper  afterwards  invented  a?iot  her 
and  more  commodious  Form  of  Logarithms ,  which  he 
afterwards  communicated  to  Mr.  Henry  Briggs,  Pro - 
fejfor  of  Geometry  at  Oxford,  who  was  hereby  m- 
troduced  as  a  Sharer  in  the  completing  thereof :  But, 
the  Lord  Neper  dying,  the  whole  Bufnefs  remaining 
was  devolved  upon  Mr.  Briggs,  who,  with  prodigious 
Application ,  and  an  uncommon  Dexterity ,  compafs  d  a 
Logarithmic  Canon ,  agreeable  to  that  new  Form,  for 
the  firf  twenty  Chiliads  of  Numbers  f  or  from  1  to 
20000 )  and  for  eleven  other  Chiliads ,  viz.  from  90000 
to  1 01 000.  For  all  which  Numbers  he  calculated 
the  Logarithms  to  fourteen  Places  of  Figures.  This 
Canon  was  publifh' d  at  London  in  the  Year  1624. 

Adrian  Viacq  publijhed  again  this  Canon  at  Goudas 
in  Holland  in  the  Year  1628,  with  the  intermediate 
Chiliads  before  omitted,  filled  up  according  to  Briggsr 
Prefcriptibns ;  but  thefe  Tables  are  not  fo  ufeful  as 
Briggs V,  becaufe  the  Logaritlmis  are  continued  but  to 
1  o  Places  of  Figures. 

Mr.  Briggs  alfo  has  calculated  the  Logarithms  of 
the  Sines  and  Tangents  of  every  Degree ,  and  the 
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hundredth  Parts  of  Degrees  to  15  Places  of  Figures, 
and  has  fubjoined  to  them  the  natural  Sines ,  Tangents, 
and  Secants,  to  1 5  Places  of  Figures .  The  Loga¬ 
rithms  of  the  Sines  and  Tangents  are  called  Artificial 
Sines  and  Tangents,  but  the  Sines  and  Tangents 
themfelves  are  called  natural .  Thefe  Tables,  together 
with  their  Gonfiruffiion  and  Ufe,  were  publifidd  after 
Bfiggs’-r  Death,  at  London,  in  the  Tear  1633,  by 
Henry  Gellibrand,  and  by  him  called  Trigonometria 
Britannica. 

Since  then ,  there  have  been  publi/hed,  in  fever al 
Places,  compendious  Tables,  wherein  the  Sines  and 
Tangents ,  and  their  Logarithms,  confifi  of  but  feven 
Places  of  Figures,  and  wherein  are  only  the  Loga¬ 
rithms  of  the  Numbers  from  1  to  100000,  which  may 
be fujficient  for  mofi  Ufes . 

The  befi  Difpofition  of  thefe  Tables ,  in  my  Opinion , 
is  that,firfi  thought  of  by  Nathaniel  Roe,  <?/' Suffolk ; 
and,  with  fome  Alterations  for  the  better ,  followed 
by  Sherwin  in  his  Mathematical  Tables  publifidd  at 
London  in  1705;  wherein  are  the  Logarithms  from 
I  to  10 1 000  conjjjling  of  7  Places  of  Figures .  To 
which  are  fubjoined  the  Differences  and  proportional 
Parts,  by  Means  of  which  may  be  found  xeofily  the 
Logarithms  of  Numbers  to  10000000,  obferving  at 
the  fame  Time  that  thefe  Logarithms  confijl  only  of  7 
Places  of  Figures.  Here  are  alfo  the  Sines,  Tan¬ 
gents,  and  Secants ,  with  the  Logarithms  and  Dffe-  - 
rences  for  every  Degree  and  Minute  of  the  Quadrant, 
with  fome  other  Tables  of  Lfe  in  practical  Maihema - 
ticks . 
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THESE  rnoft  excellent  and  ufeful  Numbers  were  firft 
invented  by  the  famous  and  never  to  be  forgotten  Lord 
Neper ,  Baron  of  Merchijlon  in  Scotland ,  aforefaid  (Ann. 
1614.)  who  ingenioufly  contriv’d  to  perform  Multipli¬ 
cation  and  Divifion  of  Natural  Numbers,  by  only  adding  or  fub- 
tra&ing  certain  Artificial  Numbers,  which  he  called  Logarithms , 
and  the  Extraction  of  Roots  by  dividing  the  Log.  by  2  for  the 
Square  :  by  3  for  the  Cube  :  by  4  for  the  Biquadrate,  &c. 

This  Invention  of  his  (no  doubt)  proceeded  from  a  mature  Con- 
fideration  of  the  Coherence  that  is  betwixt  Numbers  in  Geome¬ 
trical  Proportion  and  thofe  in  Arithmetical  Progrefiion. 

As  in  thefe  following  : 

y  I  i  .  2 . 4 . 8  .  16  .  32  .  64  .  128,  Lfc.  Geometrical. 

lZ '  X  o  .  1  .  2  .  3  .  4  .  5  .  6  .  7,  fcsff.  Arithmetical. 

It  is  very  perceptible,  that,  as  the  Numbers  in  the  Geometrical 
Proportionals  are  produced  by  Multiplication  or  Divifion ,  thofe  in 
the  Arithmetical  Progreflion  are  produced  by  Addition  or  Subtracti¬ 
on :  As  doth  appear  in  this  Example  : 
y  J  4x32=1281  f  128  -r-  32  4  Geometr. 

1Z'  I  2+  5  =  7  3  °r  c  7  —  5  =  2  Arithmet. 

{  r  .  10  .  100  .  1000  .  10000  .  1  ooooo,  &c.  Geometr. 
gain5  (0.1.2.  3  .  4  .'  5,  &c.  Arithmet. 

The  fame  Coherence  is  betwixt  thefe  latter,  as  was  between  the 
two  firft  Ranks. 

Tr.  (  ipDOX  IOZZ  10000  7  „  s  100000  “1000=  100  Geometr. 
Vtz-\  3+1=  +  Sorl  5  _  3  =  2  Arithmet. 

Either  of  thefe  Examples  do  fufficiently  fhew  the  Reaion  and  very 
Ground  of  Logarithms. 

And  from  the  latter  of  thefe  it  was,  that  the  prime  Loguithms 
or  Charadleriftics  were  firft  aligned. 

3  *  ‘  As 
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As  in  this  Table  : 


Natural  Num: 

Logarithms. 

1 

10 

IOO 

1000 

10000 

T 00000 

0,0000000 

1,0000000 

2,0000000 

3,0000000 

4,0000000 

5,0000000 

Having  laid  this  Foundation,  the  next  Work  was  to  find  out 
the  Logarithms  of  the  intermediate  Numbers  fituated  betwixt  1 
and  10,  viz.  of  2,  3,  4,  5,  6,  7,  &c.  and  of  thofe  betwixt  10  and 
100,  viz.  of  11,12,  13,  14,  15,  &c.  and  foon  for  the  reft.  This 
Was  a  Work  of  fome  Difficulty,  and  very  laborious. 

The  firft  Step  in  order  thereunto  (as  I  conceive)  was  to  find  out 
a  Rank  of  continual  Means  betwixt  10  and  r,  fo  as  that  the  laft 
(and  leall  thereof)  might  be  a  mixed  Number  lefs  than  2,  and  fo 
near  1,  as  to  have  fuch  a  Number  of  Cyphers  before  the  fignificant 
Figures  thereof,  as  was  intended  the  Places  of  Logarithms  in  the 
Table  fhould  confift  of.  Which  Means  are  to  be  found,  by  ex¬ 
tracting  the  fquare  Root  of  10  (having  firft  annexed  a  competent 
Number  of  Cyphers  thereunto ;)  then  extracting  the  Root  of  that 
Root,  and  fo  by  a  continued  Extraction  of  Root  out  of  Root,  until 
there  be  a  Root  fo  qualify’d  as  before  mention’d  :  Which,  to  make 
a  Table  to  feven  Places  in  the  Logarithms,  will  require  twenty-five 
feveral  Extractions,  the  laft  of  which  will  produce  this  Number, 
I, O':  000006862238. 

The  next  Step  was  to  find  out  a  Number  betwixt  (r)  and  (o)  in 
Arithmetical  Progreffion,  that  might  truly  correfpond  with  the 
Mean  before  found  (betwixt  10  and  1)  fuch  a  Number  muft  con- 
fequently  be  its  Logarithm.  And  this  may  be  found  by  a  conti¬ 
nual  bifecting  (or  halving)  of  I,  fo  often  as  was  the  Number  of  the 
foregoing  Extractions  (to  wit,  twenty-five)  the  laft  of  which  Bifec- 
tions  will  produce  0,00000002980232,  &c.  the  true  Logarithm 
of  1,000000068622  ,.8. 

For  as  1,00000006862238  by  twenty-five  continued  Involu¬ 
tions  ( viz.  firft  into  i  tfelf,  then  that  Product  into  itfelf,  and  fo  on  fuc- 
ceffively)  will  produce  10 ;  fo  will  0,00000002980232,  by  the 
like  Number  of  Doublings  and  Redoublings,  produce  1. 

This  Mean  (or  Number)  and  its  Logarithm  being  thus  found,  it 
will  follow  by  Proportion,  As  the  fignificant  Figures  of  this  Mean  : 
are  to  the  fignificant  Figures  of  its  Logarithm  :  :  fo  are  the  figni* 
fount  Figures  of  any  Mean ,  betv/txt  any  given  Number  and  1  : 

(having 
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(having  Seven  Cyphers  before  fuch  Figures,  as  this  hath)  to  the  Jig- 
nificant  Figures %of  its  Logarithm.  To  which  muft  be  prefixed  fe- 
ven  Cyphers  to  complete  it.  After  which,  being  doubled,  and 
redoubled  according  to  the  Number  of  Extractions  required  to  pro¬ 
duce  its  correfponding  Mean,  will  at  laft  difcover  the  true  Loga¬ 
rithm  of  the  given  Number.  For  the  clearing  of  this,  take  an 
Example. 

-  Suppofe  it  were  required  to  find  the  Logarithm  of  the  Number  2, 
to  feven  Places.  Firft,  by  a  continued  Extraction  of  Root  out  of 
Root,  beginning  at  2,  find  fuch  a  Mean,  or  Root  as  before,  betwixt 
2  and  1,  as  will  have  feven  Cyphers  before  its  fignificant  Figures; 
which,  after  twenty-three  feveral  Extractions,  will  be  this  Number 
1,00000008262958.  Then,  according  to  the  foregoing  Propor¬ 
tion,  it  will  be  6862238  :  2980232  :  :  8262958  :  3588557.  To 
which  prefix  feven  Cyphers,  as  before  directed,  then  will 
1,00000008262958  have  for  its  Logarithm  ,00000003588557; 
which  being  doubled  and  redoubled,  as  abovefaid,  will  produce. 
0,30102997958658,  the  true  Logarithm  of  2  ;  which  being  con¬ 
tracted  to  feven  Places,  according  to  the  firft  Defign,  and  agreeable 
to  the  feven  Placesof  Cyphers,  then  it  will  become  0,3010299.  But, 
in  all  the  Tables  thatl  have  feen,  the  Logarithm  of  2,  is  0,3010300 1 
1  conceive  the  Reafon  is,  becaufe  the  remaining  Figures  7958658 
come  fo  near  Unity  of  the  laft  Place  in  the  retained  Figures. 

And  by  the  fame  Method  that  this  Logarithm  of  2  is  made,  may 
the  Logarithm  of  any  other  Number  be  found.  But  when  once 
the  Logarithms  of  a  few  of  the  prime  Numbers,  viz.  of  3.  7.  11.  13, 
&c.  (that  is,  of  fuch  Numbers  as  cannot  be  produced  by  the  mul- 
tiplying  of  two  Integer  FaCIors)  are  obtained,  the  reft  may  be  eafi- 
ly  compofed  by  Addition  and  Subtraction  only.  For  as  3  x  2  n:  6 
fo  Log.  of  3  -j-  Log.  of  2.  “  Log.  of  6.  And  as  10  -r-  2  =  5 
fo  Log.  of  10 — Log.  of  2.  ~  Log.  of  5.  The  like  of  all  Numbers 
that  have  aliquot  Parts  (that  is,  fuch  Integer  Numbers  as  may  be 
divided  by  Integers.)  And  indeed  the  Logarithms  of  feveral  of  the 
prime  Numbers  may  alfo  be  obtained  by  Addition  or  Subtraction ,  as 
might  eafily  be  fhewed,  and  is  not  difficult  to  conceive  by  any  one, 
who  but  duly  confiders  the  Nature  and  Defign  of  Logarithms, 
&c.  of  which  I  fhall  forbear  faying  any  thing  in  this  Place,  and 
keep  to  my  firft  Defign  herein,  which  was  to  give  a  brief  Account 
of  the  ingenious  Author's  Method,  as  I  conceive  it,  of  making 
the  fame  :  who  undoubtedly  found  it  a  very  difficult  Work,  by  rea¬ 
fon  there  are  required  fo  many  feveral  Extractions  of  Roots  out  of 
Roots,  which  muft  needs  render  it  both  troublefome  and  labori¬ 
ous.  Then  to  propofe  a  different  Method  of  railing  the  Loga¬ 
rithms 
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rithms  of  fuch  prime  Numbers  before- mentioned,  which  require 
the  Extraction  of  Roots  to  obtain  their  refpe&ive  Means,  with  one 
tenth  Part  of  the  Trouble  and  Time  required  by  the  foregoing  Me¬ 
thod.  And  not  only  fo,  but  more  exaCt;  for,  by  our  prefent  Me¬ 
thod  of  converging  Series,  the  Root  of  any  Power,  how  high  fo- 
ever  it  be,  is  eafily  found  at  one  fmgle  Extraction  ;  and  thereby 
the  Errors  which  would  arife  by  extracting  a  Surd  Root  out  of  a 
Surd  Root ,  efpecially  when  often  repeated,  are  avoided  ;  and  con- 
fequently  fuch  a  Mean,  as  may  be  required  betwixt  any  Number 
and  Unity,  is  thereby  more  exaCtly  found. 

Now,  how  this  may  be  performed,  I  here  intend  to  (hew,  as 
briefly  as  I  can.  In  order  thereunto,  take  this  as  a  Model. 

Let  a =the  Root,  or  Mean  required  betwixt  any  Number  andUnity : 

f  az  —  □  a  .  #4  —  □  ax  .  cr  zz  □  ak 

Then  s  *r6  zz  □  a*  .  al*  =  □  a 16  .a6  4  zz  □  a>z 

1  a 128  —  □  aH  .  a2 56  zz  □  alz%  .  z z  □  azS6 

And  fo  on  fucceflively  with  the  Indices  in  Geometrical  Progrefli- 
on,  until  the  Power  of  a  be  made  equal  to  fuch  a  Term  in  that 
Progreflion,  as  that  the  Root,  or  Value  of  a  may  have,  betwixt 
Unity  and  its  flgnificant  Figures,  fo  many  Cyphers,  as  are  the  in¬ 
tended  Number  of  Places  in  the  Logarithms. 

For  Inftance,  let  it  be  required  to  find  the  Mean  between  10  and 
I,  then  the  Power  of  a  mutt  be  #3355*+3a  =  10,  this  Index  3355+4-31 
being  the  25th  Term  in  Geometrical  Progreflion,  which  may  be 
thus  determined* 

Let  1,  the  Chara&eriftic  or  Logarithm  of  10,  be  divided  by  fuch 
a  Term  in  Geometrical  Progreflion,  as  will  caufe  fuch  a  Number 
of  Cyphers  to  be  before  the  flgnificant  Figures  in  the  Quotient,  as 
are  required  to  be  before  the  Figures  of  the  Root  a  ;  fuppofe  7,  as 
before.  Then  1  -^-33554432  zz  ,00000002980232,  CsV.  which 
is  the  true  Arithmetical  Mean  (as  before  found,  by  a  continual  bi- 
fe&ing  of  1 )  correfpondent  to  that  fignify’d  by  a  ;  and  therefore  the 
Value  of  a  found  by  extrading  the  refpe&ive  Root  of  10  =tf3355443i 
will  be  the  Mean  required  ;  viz.  1,00000006862238  whofeLog. 
is  ,00000002980232.  Thefe,  being  found,  are  the  Foundation  of 
the  reft,  as  before. 

Then  fuppofe  it  be  required  to  find  the  Logarithm  of  any  of  the 
prime  Numbers ;  if  you  pleafe,  that  of  2.  In  order  thereunto,  let  , 
a  zz  the  Root  or  Mean  fought  betwixt  2  and  1,  as  before;  then  muft 
a  be  continually  involved,  as  by  the  above  Model,  until  its  Index 
be  equal  to  the  greateft  Term  in  Geometrical  Progreflion,  whofc 
Number  of  Places  of  Figures  are  to  be  equal  to  the  Number  of  re¬ 
quired  Cyphers  before  <7,  to  wit  7.  According  to  which,  the 

Power 
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Power  of  a  will  be  #S3886o8  =  2  (this  8388608  being  the  23d  Term 
in  Geometrical  Progreffion)  confequently  the  refpe£live  Root  of 
2  =  tf$3SS6o8  will  bp  the  Mean  required. 

Example . 

Let  r  +  e  =  a 

Then  will  ,-8388608  8 -88608 

+  35184367894528  r83886°6  =  #8388606-— *2 
Suppofe  r-i 

Then  1  +  8388608^+35184367894528^—2 
That  is  8388608^+3518436^894528^^=1 

Each  Part  being  divided  by  the  Co- efficient  found  prefixed  to  **f 
viz.  351843,  &c.  then  it  will  become 

300000023*4-**=,  0000000000000284=!) 

Confequently  i - — - =  t 

(  ,< 


,00000023  +  * 


,0000000000000284  =  D 
,00000023  248  (>00000008 

+  e  =  ,00000008  - . — 

. - -  36 

Divifor  ,00000031 

Firft  r  =  1, 

,  +  e  =  ,00000008 


= ze 


New  r  ~  1,00000008.  4 

which  being  duly  involved,  in  the  fame  Order  as  the  Model  de** 
notes,  and  multiplied  into  the  refpe&ive  Co-efficients,  will  then 
produce  thefe  Numbers, 

Viz.  1,956363896^  +  1641 1168*  + 68833416066289**  =  2 
Then  1641 1 168*4-68833416066289**=, 0436361033 
And,  ,0000002384*+**=, 00000000000000063393= D 

Confequently  J - j?  ■  =  * 

N  (,0000002384  +  * 


,00000000000000063393  =  D 
,0000002384  480  (,00000000263 

4-  *  =  ,0000000026  — • — 


rr  * 


Divifor  ,000000240 


15393 

14460 

9330 

7230 


O  Q  O 


Laft 


Divifor  ,0000002410 
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Laft  r  i=  i  ,00000008 
4  e  —  >00000000263 


Newr=  1,00000008263 

I  take  only  1,0000000826  —  r  ;  the  which  being  involved,  and 
ordered  as  before,  will  produce  thefe  following  Numbers,  viz. 
1,99950368486 7  4  16773028*  +  70351267454084^  —  2 
Then  16773028*  4  7035  1  267454084**  ,00049631 5 133 

,0000002384186*4**  —  0000006000000000070548  i443~i> 

jry 

‘ Confequently  2 - . - - - =  * 

l  ,0000002^841804  e 


,00000000000000000705481443  —  D 


,0000002384186 


47686  (,00.0000000295  zr  * 


4  *  rr:  5OOOCOOOOOO295879 


4  *  =  ,0000000000295 

2286214 

2146023 

Divifor  ,00000023843 

Divifor  ,000000238447 

14019143 

1 1922405 

Divifor  ,0000002384481* 

*20967380 

Here  I  defifl  forming  a 
new  Divifor  and  make  ufe 

19075848 

of  the  Abiidgment. 

1891532 

1669136 

t  ,  „  .4*  X  s  g 

• 

222396 

Laftr=  1,0000000826 

214596 

(879 


a  =  1,0000000826295879 

This  Value  of  a  =  1,0000000826295879  is  the  Geometrical 
Mean  betwixt  2  and  1,  as  was  required  ;  (agreeable  to  that  before 
found,  by  twenty-three  feveral  Extractions.)  And  by  this  Me¬ 
thod  of  proceeding,  may  be  found  the  Mean  betwixt  10  and  1, 
viz,  1,00000006862238,  or  betwixt  any  other  of  the  (before-men¬ 
tioned)  Prime  Numbers  and  Unity,  as  might  eafily  be  {hewed.  But 
for  Brevity  Sake,  I  fhall  omit  giving  more  Examples  thereof,  this 
one  being  fufEcient  (efpecially  to  the  Ingenious)  if  well  confidered, 
and  but  once  underftood,  to  fhew  the  Nature  of,  and  Manner 
how  to  proceed  upon  the  like  Occaficn,  of  finding  any  propofed 
,  •  Mean. 
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Mean.  The  next  Thing  will  be  to  find  the  Logarithm  of  the 
Number  from  whence  fuch  Mean  was  produced,  which  may  bq 
thus  performed. 

Firft,  find  its  correfponding  Arithmetical  Mean,  or  Logarithm, 
by  Proportion  (as  in  Page  462.)  Then  multiply  that  correfpond¬ 
ing  Mean,  fo  found,  into  the  Index  Number  of  fuch  Power  as 
the  Geometrical  Mean  was  produced  from  ;  that  Product  will  be 
the  Logarithm'  of  the  given  Number  (without  a  continued  Dou¬ 
bling  and  Redoubling,  as  before.)  For  the  clearing  of  this,  let  it 
be  required  to  complete  the  Logarithm  of  2. 

Having  firft  found  1,00000006862238,  the  proper  Geometri¬ 
cal  Mean  betwixt  10  and  1  ;  alfo  its  correfponding  Logarithm 
,00000002980232  (as  before  directed)  with  them,  and  the  Mean 
betwixt  2  and  r,  laft  found,  viz.  1,0000000826295879;  make 
ufe  of  the  above-mentioned  Proportion  (as  in  Page  463.)  viz . 

6862238  :  2980232  :  :  826295879  :  358855729 
To  which  prefix  feven  Cyphers  to  complete  it  (as  before.)  Then  it 
will  become  ,0000000358855729.  This  Number  being  multi¬ 
plied  into  the  Power  of  a  (what  that  is,  fee  Page  465.)  will  pro¬ 
duce  the  Logarithm  of  2. 

viz.  0000000358855729  X  8388608  =  0,30103000391352 

But  according  to  the  firft  Defign,  it  is  required  to  have  but  feven 
Places,  viz.  0,3010300  ;  which  is  the  true  Logarithm  of  2  without 
any  Defedf. 

Thus  I  have  prefented  you  with  a  new  and  expeditious  Method 
of  making  Logarithms;  which  if  they  were  required  to  fourteen 
or  fifteen  Places  (I  can  modeftly  fay)  they  might  then  be  made 
with  one  twentieth  Part  of  the  Time  and  Trouble  required  by 
the  firft  Method, 


O002  method 
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METHOD  III. 

A  New  Table  of  Logarithms.  \Compos'd  by  Mr.  Long.  Finding 
the  Logarithm  by  Divifion  only,  and  the  Natural  Number  belong¬ 
ing  to  a  Logarithm,  by  Multiplication  only. 


Log.  Nat.  Num. 


0,9 

7.9+3282347 

0,8 

6-3°9573445 

°»7 

5.OII872336 

0,6 

3.98IO7I706 

0,5 

3.162277660 

0,4 

2.5 II886432 

0,3 

1.995262315 

0,2 

1.584893193 

0,1 

I.2589254I2 

0,09 

I.23O26877I 

0,08 

I.2O2264435 

0,07 

i-i74897555 

0,06 

I. I4815362I 

0,05 

I.I22OI8454 

0,04 

I.O96478196 

0,03 

I-°7I5I93°5 

0,02 

1.047128548 

0,01 

1.023292992 

0,009 

1.020939484 

0,008 

1.018591388 

0,007 

1.016248694 

0,006 

1 .01391 1386 

0,005 

I.OU579454 

0,004 

1.009252886 

0,003 

1.006931669 

0,002 

1.004615794 

0,001 

1.002305238 

0,0009 

1.002074475 

0,0008 

1.001843766 

0,0007 

1.001613109 

0,0006 

1.001382506 

0,0005 

1 .00 1 151956 

0,0004 

1.00092 1459 

0,0003 

1.000691015 

0,0002 

1.000460623 

0,0001 

1.000230285 . 

Log. 


Nat.  Num. 


0,00009 

0,00008 

0,00007 

0,00006 

0,00005 

0,00004 

0,00003 

0,00002 

0,00001 

1.000207254 
1.000184224 
1.000161 1 94 
1.000138 165 
1.0001 15136 
1.000092106 

1 .000069080 
1.000046053 
1.000023026 

0,000009 

1 .000020724 

0,000008 

1.00001. ^42  I 

0,000007 

1. 0000 161 18 

0,000006 

1.000013816 

0,000005 

l.OOCOI 1513 

0,000004 

1 .000009210 

0,000003 

1 .000006908 

0,000002 

1 .000004605 

0,000001 

1 .000002302 

0,0000009 

1 .000002072 

0,0000008 

1.000001842 

0,0000007 

1. 000001 61 l 

0,0000006 

1.00000138 I 

0,0000005 

1. 000001 15 i 

0,0000004 

I. 00000092 I 

0,0000003 

1 .000000690 

0,0000002 

1 .000000460 

0,0000001 

1.000000230 

0,0000009 

1.600000207 

0,0000008 

1.000000184 

0,000^007 

1.000000161 

0, 0000006 

1.000000138 

0,0000005 

1. 0000001 1 5 

0,0000004 

1.000000092 

0,0000003 

1.000000069 

0,0000002 

1.000000046 

o.oeooooi 

1.000000023 

'Ait 
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This  Table  1  fometimes  make  ufe  of  for  finding  the  Logarithm 
of  any  Number  propos’d,  and  vice  verfa .  Suppofe  I  had  Occafion 
to  find  the  Logarithm  of  20C0.  I  look  in  the  firft  Clafs  of  my 
Table  (the  whole  7'able  confift9  of  8  Clafles)  for  the  next  lefs  to  2, 
which  is  1.995262315,  and  againft:  it  is  3,  which  confequently  is 
the  firft  Fi  gure  of  the  Logarithm  fought.  Again,  dividing  the 
Number  propos’d  2,  by  1.995262315  the  Number  found  in  the 
Table,  the  Quotient  is  1.002374467  ;  which  being  look’d  for  in 
the  fecond  Clafs  of  the  Table,  and  finding  neither  its  Equal,  nor  a 
Lefs,  I  add  o  to  the  Part  of  the  Logarithm  before  found,  and 
look  for  the  faid  Quotient  1.002374467  in  the  third  Clafs,  where 
the  next  lefs  is  1.002305238,  and  againft  it  is  1,  to  be  added  to 
the  Part  of  the  Logarithm  already  found  ;  and  dividing  the  Quo¬ 
tient  1.002374467,  by  1.002305238,  laft  found  in  the  Table, 
the  Quotient  is  1.000069070;  which  being  fought  in  the  fourth 
Clafs  gives  o,  but  being  fought  in  the  fifth  Clafs  gives  2,  fo  that 
02  is  to  be  added  to  the  Part  of  the  Logarithm  already  found  ; 
and  dividing  the  laft  Quotient  by  the  Number  laft  found  in  the 
Table,  viz.  1.C0004605,  the  Quotient  is  1.000023015,  which 
being  fought  in  the  fixth  Clafs,  gives  9  to  be  added  to  the  Part 
of  the  Logarithm  already  found  :  And  dividing  the  laft  Quo¬ 
tient  by  the  new  Divifor,  viz.  1.000002072,  the  Quotient  is 
1.0000002 19,  which  being  greater  than  1. 0000001 15  (hews  that 
the  Logarithm  already  found,  viz.  3.301029  is  lefs  than  the 
Truth  by  more  than  half  an  Unit ;  wherefore  adding  1,  you  have 
Briggs’s  Logarithm  of  2000,  viz.  3.3010300. 

If  any  Logarithm  be  given,  fuppofe  3,3010300,  throw  away 
the  Charadfteriftic,  then  over  againft  thefe  Figures  3  .  .  .  o  .  .  I  .  .  o 

..  o, you  have  in  their  refpe&ive  Claftes  1,995262315 . o . 

1,002305238 . o  .  .  .  .  1,000069080  ....  o  ...  o  which 

multiplied  continually  into  one  another,  the  Product  is 
2.0C00C001 9966,  which, by  reafon  the  Charadferiftic  is  3,  becomes 
2.000,000019966, L)'r.  that  is,  2000.  theNatural  Number  defired. 

I  fhall  not  mention  the  Method  by  which  this  Table  is  fram’d, 
fcecaufe  you  will  eafily  fee  that  from  the  Ufe  of  it. 

It  is  obvious  to  the  intelligent  Reader,  that  thefe  Claftes  of 
Numbers  are  no  other  than  fo  many  Scales  of  mean  Proportionals  : 
In  the  firft  Clafs,  between  1  and  10  ;  fo  that  the  laft  Number 
thereof,  viz.  1,258925412  is  the  tenth  Root  of  10,  and  the  reft  in 
order  afcending  are  the  Powers  thereof.  So  in  the  fecond  Clafs,  the 
laft  Number  1,023292992  is  the  hundredth  Root  of  10.  and  the 
reft  in  the  fame  Manner  are  Powers  thereof.  So  1.002305238  in 
the  third  Clafs,  is  the  tenth  Root  of  the  Lft  of  the  lecond,  and 
A  the 
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the  reft  its  Powers,  tsY.  Or,  which  is  all  one,  each  Number,  in 
the  preceding  Oafs,  is  the  tenth  Power  of  the  correfponding  Num¬ 
ber  in  the  next  following  Oafs :  Whence  ’tis  plain,  that  to  con- 
ftru6t  thcfe  Tables  requires  no  more  than  one  Extraction  of  the 
fifth  or  furfolid  Root  for  each  Oafs,  the  reft  of  the  Work  being 
done  by  the  common  Rules  of  Arithmetick. 


M  E  T  H  O  D  IV. 

Their  ConftruCiion,  according  to  the  common  Rules  given,  by 
many  Extractions  of  Roots,  is  tedious ;  the  belt  Way  yet  known 
is  this  which  follows. 


To  make  a  Table  of  Logarithms. 

Firjl)  Put  for  the  Logarithm  of  i,  a  Cypher  for  the  Index,  and 
a  competent  Number  of  Cyphers  for  the  Logarithms,  according  to 
the  Number  of  Places  you  would  have  your  Logarithms  confift  of  $ 
for  io  an  Unit,  with  the  fame  Number  of  Cyphers  ;  for  ioo,  2, 
with  as  many  Cyphers  ;  for  iooo,  3,  with  as  many  Cyphers,  &c. 

Secondly,  Find  the  Difference  between  fome  two  Logarithms  a- 
bove  1000,  or  rather  above  10000,  that  differ  by  Unity  ;  thus 
multiply  the  two  Numbers  together,  and  that  Product  you  muft 
multiply  again  by  43429448190325183896  *  which  laft  Pro¬ 
duct  divided  by  the  Arithmetical  Mean  between  both  Numbers, 
the  Quotient  is  the  Difference  fought. 

Suppofe  we  would  find  the  Difference  between  the  Log.  10000, 
and  10001,  the  Product  of  thefe  twoNumbersis  1.00010000.  which 
multiplied  by  4343  produces  43434343  ;  this  divided  by  10000.5, 
quotes  4343.  Now  if  to  the  Logarithm  of  ioooo,  which  is 
4.0000000,  you  add  the  Difference  before  found,  to  wit,  434,  the 
$um  4.0000434  is  the  true  Logarithm  of  10001  to  7  Places. 

Thirdly ,  Having  thus  found  the  Difference  of  any  two  Logarithms 
differing  by  Unity,  and  confequently  fome  of  the  Logarithms,  by 
dividing  the  Difference  found  by  the  Arithmetical  Mean,  between 
any  two  Numbers  differing  by  Unity,  you  fhall  have  the  Diffe¬ 
rence  of  the  Logarithms  of  thofe  two  Numbers. 

Thus  to  find  the  Difference  betwixt  the  Logarithm  of  274,  and 
275  ;  divide  4343,  the  Difference  of  the  Logarithm  of  iocoo  and 
I ooc  1,  by  2745,  the  Quotient  15821,  is  the  Difference  fought. 

Fourthly ,  Having  by  this  Means  found  a  few  of  the  prime  Lo¬ 
garithms,  the  reft  are  made  by  Addition  and  Subtraction,  and  hav- 

•  ing 


■  *  Which  is  the  Svixtangcrt  of  the  Curie'  ey^-ejjttlg  Briggs's  l-cgarUbmu 
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ing  made  the  Canon  upward,  above  ioco  to  10000,  by  Confe- 
quence  it  is  made  for  all  inferior  Numbers. 

The  prime  Numbers  to  which  Logarithms  mull  be  found,  in  the 
fn ft  Place,  are  thefe,  2.3.7.11  .  13  .  17  .  19 . 23 . 29  »  31  .  37. 

4i  •  43  •  47  •  5.3  •  59  •  61  •  67  •  71  •  73  •  79  •  89 . 97/6V.  or 
the  fame  Numbers  with  Cyphers. 

But  fince  it  was  'very  tedious  and  laborious  to  find  the  Loga¬ 
rithms  of  the  prime  Numbers,  and  not  ealy  to  compute  Logarithms 
by  Interpolation,  by  firfi,  fecond,  and  third,  &c.  Differences,  there¬ 
fore  the  great  Men,  Sir  Ifaac  Newton ,  Mercator ,  Gregory ,  Wallis , 
and  laftly,  Dr.  Halley ,  have  publifhed  infinite  converging  Series, 
by  which  the  Logarithms  of  Numbers  to  any  Number  of  Places 
may  be  had  more  expeditioufiy  and  truer  :  Concerning  which  Se¬ 
ries,  Dr.  Halley  has  written  a  learned  Trad,  in  the  Philofophical 
Tranfafiionsy  wherein  he  has  demonftrated  thofe  Series  after  a  new 
Way,  and  (hews  how  to  compute  the  Logarithms  bv  them.  But 
I  think  it  may  be  more  proper  here  to  add  a  new  Series,  by  Means 
of  which  may  be  found,  eafily  and  expeditioufiy,  the  Logarithms 
of  large  Numbers. 

Let  z  be  an  odd  Number,  wbofe Logarithm  is  fought;  then  fhal! 
the  Number  z —  1  and  z  -f-  1  be  even,  and  accordingly  their  Lo¬ 
garithms  and  the  Difference  of  the  Logarithms  will  be  had,  which 
let  be  called  y  :  Therefore,  alfo  the  Logarithm  of  a  Number  which 
is  a  Geometrical  Mean  between  z  —  1  and  z  -|-  1  will  be  given, 
viz.  equal  to  the  half  Sum  of  the  Logarithms.  Now  the  Series 

y  x  —  “b - 1 — 7 —  +  * - \r  - —  Cc.  fLall 

4Z  24Z3  36oz5  i5i2oz7  252COZ? 

be  equal  to  the  Logarithm  of  the  Ratio,  which  the  Geometrical 
Mean  between  the  Numbers  z — 1  and  zfi-i,  has  to  the  Arithme¬ 
tical  Mean,  viz.  to  the  Number  z. 

If  the  Number  exceeds  1000,  the  firfi  Term  of  the  Series  is 

4Z 

fufficient  for  producing  the  Logarithm  to  13  or  14  Places  of  Fi¬ 
gures,  and  the  fecond  Term  will  give  the  Logarithm  to  20  Places 
of  Figures,  But  if  z  be  greater  than  icoco,  the  firfi  Term  will 
exhibit  the  Logarithm  to  18  Places  of  Figures  ;  and  fo  this  Series 
is  of  great  Ufe  in  filling  up  the  Logarithms  of  the  Chiliads  omit¬ 
ted  by  Briggs.  For  Example  ;  It  is  required  to  find  the  Logarithm 
to  20001.  The  Logarithm  of  20000  is  the  fame  as  the  Logarithm 
of  2,  with  the  Index  4  prefix’d  to  it ;  and  the  Difference  of  the  Lo¬ 
garithms  of  20000  and  20002,  is  the  fame  as  the  Difference  of  the 
Logarithms  of  the  Numbers  10000  and  10 cot,  viz.  0. 000043427 
27687.  And  if  this  Difference  be  divided  by  4Z,  or  80024,  the 
3  '  ,  Quo- 
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o.  oocoo  0000542813 
4.  30105  1709302416 

4.  30105  1709845230 


Quotient  —  (hall  be -  — - - 

4Z 

And  if  the  Logarithm  or  the  Geometri¬ 
cal  Mean  be  added  to  the  Quotient,  the 
Sum  will  be  the  Logarithm  of  20001. 

Wherefore  it  is  manifeft,  that  to  have 
the  Logarithm  to  14  Places  of  Figures,  there  is  no  Neceflity  of 
continuing  out  the  Quotient  beyond  6  Places  of  Figures.  But  if 
you  have  a  Mind  to  have  the  Logarithm  to  10  Places  of  Figures 
only,  as  they  are  in  Vlacq’s  Tables,  the  two  firft  Figures  of  the 
Quotient  are  enough.  And  if  the  Logarithms  of  the  Numbers  a- 
bove  20000  are  to  be  found  by  this  Way,  the  Labour  of  doing 
them  will  moftly  confift  in  fetting  down  the  Numbers.  Note,  This 
Series  is  eafily  deduced  from  that  found  out  by  Dr.  Halley  \  and  thofe 
who  have  a  Mind  to  be  inform’d  more  in  this  Matter,  let  them 
confult  his  above-nam’d  Treatife. 


Mr.  WARD' s  Eafy  Method  of  making  the  Canon  of 

Sines,  Cangents,  &c. 

TjT  R  S  T,  let  me  premife  two  Things,  that  the  Periphery  of  a 
*  Circle,  whofe  Radius  is  Unity  or  1,  is  6.283185,  &c.  and 
that  the  natural  Sine  of  one  Minute  doth  fo  infenfibly  differ  from 
the  Length  of  the  Arch  of  one  Minute,  that  it  may  be  taken  for 
the  fame. 


Confequently, 


As  the  Periphery  in  Minutes  :  is  to  the 
Periphery  in  equal  Parts  of  the  Radius  :  : 
fo  is  one  Minute  :  to  the  Parts  agreeing 
to  that  Minute . 


That  is,  21600'  :  6,283185  :  :  1'  :  0,000290888  —  the  Na¬ 
tural  Sine  of  one  Minute  j  which  agrees  with  the  largeft  Table  of 
Sines  I  ever  faw. 

Having  thus  got  the  Sine  of  one  Minute,  its  Co-fine  may  be 
thus  found  : 


Suppofe 
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Suppofe  RA~RS  the  Radius  of  any  Circle,  SNzz  the  Sine  of  the 
Archie.  Then  RN  =  CS  is  the  Co- 
Sine  of  that  Arch.  But  □  RS —  □ 

S  N  zz  □  R  N,,  conlequently 

TkS  —  U  SN  -  R  N. 

That  is,  From  the  Square  of  the  ^ 

Radius,  fubtracft  the  Square  of  the 
Sine  of  i',  the  fquare  Root  of  the 
Remainder  will  be  the  Co-Sine  of 
i',  per  Chap.  9.  Prop .  1.  In  Numbers, 
theSine  of  1'  is  000290885,  its  Square  J 
is  0,000000084612;  and  1  — 

0,000000084612  =:  0,999999915388,  the  fquare  Root  thereof 
is  ,99999995  m  the  Co- Sine  required. 

The  Sine  and  Co-Sine  of  one  Minute  being  thus  obtain’d,  all 
the  reft  of  the  Sines  in  the  Quadrant  may  be  gradually  calculated 
by  Mr.  Michael  Dary  s  Sinical  Proportions ;  which  I  fhall  here 
infert,  to  the  fame  EfFe<ft  as  they  are  in  his  Mifcellanies ;  and 
then  explain  and  demonftrate  the  Truth  of  thofe  Proportions. 

If  a  Rank  of  Arches  be  equi-different ; 


Then, 


As  the  Sine  of  any  Arch  in  that  Rank :  is  to  the  Sum  of  the 
Sines  of  any  two  Arches  equally  remote  from  it  on  each  Side  :  : 
fo  is  the  Sine  of  any  other  Arch  in  the  faid  Rank  :  to  the  Sum 
of  the  Sines  of  tivo  Arches  next  it  on  each  Side  ;  having  the 
fame  common  Di/lance, 


Immediately  after  thefe  Proportions,  he  lays  down  the  follow¬ 
ing  /Equations. 

Three  Arches  equi-different  being  propofed  ;  if  (faith  he)  you 
put  Z  —  the  Sine  of  the  great  Extreme,  y  =  the  Sine  of  the  lefs 
Extreme  ;  A1  —  the  Sine  of  the  Mean  ;  m  =  the  Co- Sine  thereof ; 
j D  —  the  Sine  of  the  common  Difference;  d  zz  the  Co- Sine  there¬ 
of;  and  R  =  the  Radius. 


I.  Then  Z  y  — 


iMd 

R 


2.  Then  Z—y  = 


2mD 

n_  t 

R 


3.  Then  Zy  ~ 


ML  d'-  —  mz  Dz 


Z  MdfmD 
1  hen  —  — 


R*  '  y  Md—MD 

From  the  foregoing  it  is  evident  (faith  he)  that  if  two  Thirds, 
viz.  either  the  former  or  latter  60  Degrees,  or  the  former  30  Degr. 
^£nd  the  latter  30  Degr.  of  the  Quadrant  be  completed  with  Sines ; 
the  remaining  Part  of  the  Quadrant  may  completed  by  Addi¬ 
tion,  or  Subtraction  only. 

*  Ppp 


Thus 
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Thus  far  is  from  the  ingenious  Mr.  Dary,  concerning  thefe  ex¬ 
cellent  Proportions  ; 
the  Truth  whereof  I 
fhali  thus  demonftrate. 

In  the  annexed  Cir¬ 
cle  DA— da  are  Dia¬ 
meters,  f  h~ha—ab— 
be ,  are  equal  Arches. 

Draw/'T  parallel  to  ® 

DA',  then  will  Ne  zz 
Lf.  And  the  /\dac, 
like  the  A  Gf  e ,  being 
both  right-angled  at  c 
and  e.  and  Z_  d  —  L.G 
becaufe  fubtended  by 
the  equal  Arches  ac and 
fa. 

Therefore  da  :  dc:  :  Gf:  Ge. 

Confequently  ~da :  dc  : :  ~Gf :  Ge.  But  Hh=Gf  whence  HM=z 
LG  f  and  ~  da  =  the  Radius,  d P  =  i-  d c.  'Therefore  it  will  be, 
Radius :  2  d~P  =  ::HM=l  Gf:  GN+  Ne  =  GN+  Lf  That 
is,  as  the  Radius  :  is  to  twice  the  Sine  d  P  :  :  fo  is  the  Sine  H  M\ 
to  the  Sum  of  the  two  Sines  G  N  and  F L  —  f  L.  E.  D. 

I  fhali  now  explain  thefe  Proportions,  and  fhew  how  they  may 
be  applied  in  PraCfice  :  Having  the  Sine  of  one  Minute,  and  its 
Co-Sine  as  before;  let  the  Radius  be  made  the  mean  or  middle 
Term  between  thofe  two  Extremes ;  then  the  Proportions  will  run 

fAs  the  Radius :  is  to  the  double  Co  fine  of  one  Minute  :  :  fo 
is  the  Sine  of  one  Minute  to  the  Sine  of  two  Minutes  : 
and  fo  is  the  Sine  of  2  ::  to  the  Sum  of  the  Sines  of  3’ 
}  and  1'  :  :  and  fo  is  the  Sine  of  3'  :  to  the  Sum  of  the 
L  Sines  of  4'  and  2'. 

And  fo  on  in  a  fuccejjive  Order ,  from  Minute  to, Minute. 

And  then,  if  from  the  Sum  of  the  Sines  of  3'  and  1'  be  taken 
the  Sine  of  1',  the  Remainder  will  be  the  Sine  of  3'  :  And  the  like, 
if,  from  the  Sum  of  the  Sines  of  4'  and  2  ,  be  taken  the  Sine  of  2y 
there  will  remain  the  Sine  of  4',  &c. 

Proceeding  on  by  this  Method,  all  the  Natural  Sines  in  the  Qua¬ 
drant  may  be  eafily  calculated  by  Addition  and  Subtraction  only. 
For  the  Radius,  or  firfl  Term  in  the  Proportion,  being  1,0000000 

or 
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or  Unity,  Divifion  is  wholly  avoided  :  And  becaufe  the  fecond 
Term  in  the  Proportion  varies  not,  if  a  Tariffa,  or  fmall  Table  be 
made  thereof,  to  all  the  nine  Digits,  then  Multiplication  is  al- 
fo  avoided.  For,  by  the  Help  of  that  Tariffa,  the  whole  Work 
may  be  perform’d  by  Addition  and  Subtra&ion,  until  all  the  Sines 
are  gradually  made.  ' 

4  hus  you  have  an  eafy  Way  of  making  the  Canon  of  Sines; 
which  being  once  done,  the  Tangents  and  Secants  may  be  found 
by  the  following; 


pr  •  S  As  the  Co- fine  of  am  Arch :  is  to  the  Sine  of  that  Arch  : : 
rroportjons,  S  r  •  7  ?•  ,  ^  r  1  r  *  ? 

l  Jo  is  the  Radius  :  to  the  1  angent  oj  the  Jame  Arch . 

That  is,  by  the  firfl  Scheme  of  this  Problem , 

RN:  SN :  :  RA  :  TA.  And  RN  :  RS  :  :  RA  :  RT  ~  the  Secant 
of  that  Arch. 


Platte  Cripnomctrp. 

Definitions, 


I.^/^Circle  is  fuppofed  to  be  di- 


H  K/ 

/I 

A 

\  C 

F  J 

V  X 

- - 

a 


vided  into  360  equal  Parts 
called  Degrees  ;  and  each  Degree 
into  60  equal  Parts,  called  Mi¬ 
nutes  ;  and  each  Minute  into  60 
equal  Parts,  called  Seconds,  &c. 

Any  Portion  of  whofe  Circumfe¬ 
rence  is  called  an  Arch,  and  is  mea-  jy 
fured  by  the  Number  of  Degrees  it 
contains. 

2.  A  Chord  or  Subtenfe  is  a  {trait 
Line  connecting  the  Extremities  of 
an  Arch  ;  as  BE  is  the  Chord  of  the 
Arches  BAE,  BDE. 

3.  A  Sine  (or  Right-fine)  is  a  ffrait  Line  drawn  from  one  End 

of  an  Arch  perpendicular  to  that  Diameter  palling  thro’  the  other 
End  ;  or  it  is  half  the  Chord  of  twice  the  Arch ;  fo  BF  is  the  Sine 
of  the  Arches  BA,  BD.  And  here  it  is  evident,  that  the  Sine  of 
90  Degrees  (which  is  equal  to  the  Radius  or  Semi-Diameter  of  the 
Circle)  is  the  greateft  of  all  Sines,  the  Sine  of  an  Arch  greater  than 
a  Quadrant  being  lefs  than  the  Radius.  .  , 

4.  The  Difference  cf  an  Arch  from  a  Quadrant,  whether  it  be 
greater  or  lefs,  is  called  its  Complement;  fo  RB  is  the  Comple¬ 
ment  of  the  Arches  BA,  BD  ;  BI  is  the  Sine  of  that  Complement, 

E  P  p  2,  and 
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and  therefore  it  is  called  the  Co-fine,  or  Sine-Complement  of  the 
Arches  BA,  BD. 

5.  The  Secant  of  an  Arch  is  a  flrait  Line  drawn  from  the  Cen¬ 
ter  thro’  one  End  of  the  Arch  till  it  meet  with  the  Tangent,  which 
is  a  ftrait  Line  touching  the  Circle  at  the  Extremity  of  that  Dia¬ 
meter  which  cuts  the  other  End  of  the  Arch  ;  fo  CG  is  the  Se¬ 
cant,  and  AG  the  Tangent  of  the  Arches  BA,  BD  :  And  CK  is 
the  Co-fecant,  and  HK  the  Co-tangent  of  the  faid  Arches. 

6.  A  Verfed  Sine  is  the  Segment  of  the  Diameter  intercepted 
between  the  Arch  and  its  Sine:  Thus  FA  is  the  Verfed  Sine  of 
the  Arch  BA,  and  FD  of  the  Arch  BD. 

7.  Whatever  Number  of  Degrees  an  Arch  wants  of  a  Semi- 
Circle  is  called  its  Supplement. 

8.  That  Part  of  the  Radius  which  is  betwixt  the  Center  and 
Sine  is  equal  to  the  Co-fme  ;  thus  CF  is  ~  IB. 

9.  If  an  Arch  be  greater  or  lefs  than  a  Quadrant,  the  Sum  or 
Difference  of  the  Radius  and  Co-fine  is  equal  to  the  Verfed  Sine. 

In  a  Triangle  are  fix  Parts,  viz.  three  Sides  and  three  Angles  : 
Any  three  of  which  being  given,  except  the  three  Angles  of  a 
Plane  Triangle,  the  other  three  may  be  found  either  Mechanical¬ 
ly,  by  the  help  of  a  Scale  of  equal  Parts  and  Line  of  Chords,  or 
by  an  Arithmetical  Calculation,  if,  fuppofing  the  Radius  divided 
into  any  Number  of  equal  Parts,  we  know  how  many  of  thofe 
equal  Parts  are  in  the  Sine,  Tangent,  or  Secant  of  any  Arch  pro¬ 
pos'd  :  The  Art  of  inferring  which  is  called  Trigonometry ,  and  it  is 
either  Plane  or  Spherical. 

Plane  Trigonometry  is  folv’d  by  the  Help  of  four  fundamental 
Proportions,  call’d  Axioms. 

Axiom  I. 

In  a  Right-angled  Triangle  ABC, 
if  one  Leg  of  the  Right-angle,  as 
AB  or  CB,  be  made  the  Radius  of  a 
Circle,  then  fhall  the  other  Leg  CB 
or  AB  be  the  Tangent  of  the  Angle 
oppofite  to  it,  and  the  Hypothenufe 
AC  (or  Side  oppofite  to  the  Right- 
angle)  its  Secant  (by  Definition  5.) 

But  if  the  Plypothenufe  AC  be 
made  the  Radius  of  a  Circle,  then 
will  the  Lees  (or  Sides  including  the 
Right-angle)  to  wit  CB  and  AB  be 
the  Sines  of  the  Angles  oppofite  (by  Definition  3.) 

Upon  this  Axiom  depends  the  Solution  of  the  feven  Cafes  of 
Right-angled  Plane  Triangles. 

Note, 


c 
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Note ,  That  the  three  Angles  of  a  Plane  Triangle  make  two 
Right  Angles,  or  180  Degrees,  by  32.  1  Eucl. 

For  the  more  eafy  making  the  Proportions  for  the  Solution  of 
Right-angled  Triangles,  obferve,  that  as  different  Sides  are  made 
Radius,  fo  the  other  Sides  acquire  different  Names,  which  Names 
are  either  Sines,  Tangents,  or  Secants,  and  are  to  be  taken  out 
of  your  Table. 

To  find  a  Side,  any  Side  may  be  made  Radius:  Then  fay,  as  the 
Name  of  the  Side  given  is  to  the  Name  of  the  Side  required  \  fo  is 
the  Side  given  to  the  Side  required. 

But  to  find  an  Angle,  one  of  the  given  Sides  muff  be  made  Ra¬ 
dius  ;  then,  as  the  Side  made  Radius,  is  to  the  other  Side  ;  fo  is  the 
Name  of  the  firff  Side  (which  is  Radius)  to  the  Name  of  the  fecond 
Side ;  which  fourth  Proportional  muff  be  found  among  the  Sines 
or  Tangents,  &c.  to  be  determin’d  by  the  Side  made  Radius,  and 
againft  it  is  the  Angle  required. 

The  Proportions  for  the  Solution  of  feven  Cafes  of  Plane  Right- 
angled  Triangles.  [ See  the  next  foregoing  Fig.  J 

Given  1  Ref.  1  Proportions.  |  Rad.  J  Cafe. 


AB 

A  and 
C 

BC 

Cofi.  A  :  Si.  A  :  :  AB  :  BC. 

R  :  Tan.  A  :  :  AB  :  BC. 
Co-t.  A  :  R  :  :  AB  :  BC. 

AC 

AB 

BC 

1 

AB 

Cofi.  A  :  R  :  :  AB  :  AC. 

AC 

A  and 

AC 

R  :  Sec.  A.  :  :  AB  :  AC. 

AB 

2 

C 

Tan.  A  :  Cofe.A  :  :  AB  :  AC. 

BC 

■ 

AB 

A 

AB  :  BC  :  :  R  :  Tan.A. 

AB 

and 

Complement  is  C. 

BC 

c 

BC  :  A  B  :  :  R  :  Tan.  C. 

BC 

3 

Complement  is  A. 

AB 

AB  :  BC  :  :  R  :  Tan.  A  ;  then 

AB 

BC 

AC 

Cofi.  A  :  R  :  :AB  :  AC,  or 

AC 

V  •  □  AB-j-  QBC:^=AC  (per  47.  1. 

4 

Enel) 

AB 

A  and 

AC  :  BC  :  :  R  :  Cofi.  A. 

AC 

5 

AC 

;  c 

AB  :  AC  :  :  R  :  Secant  A. 

AB 

AB 

AC  :  AB  :  :  R  :  Cofi.  A  -}  then 

AC 

AC 

BC 

R:  Tan.A:  :  AB:BC,  or 

AB 

6 

*/  :  rj  AC — □  Af>:  =  BC. 

AC 

K  :  Coli.  A  :  :  AC  :  AB. 

aC 

A  and 

AB 

Sec.  A  :  R  :  :  AC  :  AB. 

AB 

7 

c 

Cof.A  :  Cot.  A  ; :  AC  :  AB. 

BC 

Axiom 
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Axiom  II. 


In  any  Triangle  the  Sides  are  proportional  to  the  Sines  of  the 
•ppofite  Angles. 

SDcmon&cariotn 


Produce  the  lelTer  Side  of  the  Triangle  ABC,  to  wit  AB  to  F, 
making  AF=r-BC  :  Let  fall  the  Perpendiculars  BD,  FT,  upon  the 
Side  CA  produc’d  if  Need  be  ;  then  will  FE  be  the  Sine  of  the  An¬ 
gle  A,  and  BD  the  Sine  of  the  Angle  C,  to  the  Radius  BCzzAF. 

Now  the  Triangles  ABD  and  AFE,  having  the  2L  A  common 
to  them  both,  and  the  L  D  ~  Z_  E  —  to  a  Right-angle,  arefimi- 
]ar ;  wherefore  (by  4.  6  Eucl.  Eletn.)  AF  (BC) :  AB  :  :  FE  :  BD  ; 
viz.  :  :  Si.  A  :  Si.  C.  4J.  E.  D.  Otherwife  thus ;  by  Ax.  I.  AB  : 
R  :  :  BD  :  Si.  A,  and  BC  :  R  :  :  BD  :  Si.  C ;  therefore  AB  x  Si. 
A  (  —  R  x  BD)  =  BC  x  Si.  C  j  wherefore  AB  :  BC  :  :  Si.  C : 
Si.  A.  ^E.D. 

Axiom  III. 

The  Sum  of  the  Legs  cf  any  Angle  of  a  Plane  Triangle  is  to 
their  Difference,  as  the  Tangent  of  half  the  Sum  of  the  Angles  op- 
pofite  to  thofe  I  egs  is  to  the  Tangent  of  half  their  Difference. 

2Draionffratiotn  . 

In  the  Triangle  ABC  ^ 
produce  CB,  the  Jeffer 
Leg  of  the  Angle  B,  till  ^ 

BD  becomes  rr  BA, the  \ 
greater  Leg,  and  then  \  N. 
bifeef  CD  inE;  join  \  V  \ 

AD  and  bifeef  it  alio  in  \  \.  «  /  \  \ 

F;  draw  BF,  which  (by  \  \y  \  \  . ’j';;-... 

8.  1  Eucl .  EL)  will  be  ^  ~-|> . jq  J> 

perpen.  to  AD  ;  and 

draw  FT,  which  (by  2.  6  Eucl  Elm.)  will  be  parallel  to  AC. 
Then  will  the  Angle  ABF  =  FBD  =  £  ABD,  which  external 
Angle  ABD  is  (by  32.  1  Eucl.  Elem.)  ~  BAC  -j-  C,  that  is,  to 
the  Sum  of  the  opposite  Angles  required. 

Draw  then  BG  parallel  to  C  A, To  will  the  Angle  GBA  be  (by  29. 

1  Eucl.  Elem.)  equal  to  its  alternate  one  BAC  •,  and  il  from  half  the 
T  .  Sum 
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Sum  of  the  oppofite  Angles  you  take  the  Idler  Angle,  /.  e.  If  from 
A  ABF  you  take  the  A  GBA,  there  will  remain  /.GBP'  — half  the 
Difference  of  the  oppofite  Angles :  And  fo  alio,  if  fron*  CE  half 
the  Sum  of  the  Legs,  you  take  CB  the  leffer  Leg,  there  will  remain 
BE  equal  to  half  the  Difference  of  the  Legs.  And  thence,  fmee  the 
A  ABF  is  Right-angled,  if  BF  be  made  Radius,  AF  will  be  theTan- 
gent  of  A  ABF  (i.  e.  the  Tangent  of  half  the  Sum  of  the  oppofite  An¬ 
gles);  and  in  the  little  A  GBF,  FG  will  be  the  Tangent  of  the  A 
GBF  (i .  e.  the  Tangent  of  half  theDifferenceofthe  oppofiteArigles): 
But  the  Segments  of  the  Legs  of  any  Triangle  cut  by  Lines  parallel 
to  the  Bafe,  being  (by  Schol.  to  2.  6  Eucl.  EL)  proportional;  EC:EB 
: :  FA  :  FG  ;  that  is  in  Words,  half  the  Sum  of  the  Legs  is  to  half 
their  Difference,  as  the  Tangent  of  half  the  Sum  of  the  oppofite 
Angles  is  to  the  Tangent  of  half  their  Difference:  But  Wholes 
are  as  their  Halves  ;  wherefore  the  Sum  of  the  Legs  is  to  their  Dif¬ 
ference,  as  the  Tangent  of  half  the  Sum  of  the  Angles  oppofite  is 
to  the  Tangent  of  half  their  Difference.  Q  E.  D . 

Axiom  IV.  \ 

The  Bafe,  or  greateft  Side  of  any 
Plane  Triangle  is  to  the  Sum  of 
the  Legs,  as  the  Difference  of  the 
Legs  is  to  the  Difference  of  the  Seg¬ 
ments  of  the  Bafe  made  by  a  Per-  . 

pendicular  let  fall  from  the  Angle  Z\, . A. 

oppofite  to  the  Bafe.  \  y' 

SDemonttcatforu 

From  the  A  B,  on  the  Bafe  AC, 
of  the  A  ABC,  jet  fall  the  Per-  *"'**““**** 

pendicular  BD  ;  on  B,  as  a  Center,  with  the  greater  Leg  BC,  as  a 
Radius,  deferibe  the  Circle  BxCyZ;  and  produce  AB  to  x  and  y, 
and  CA  to  Z.  Then,  by  the  3^.  3  Eucl.  Elem.  Ay  x  Ax  is  =  AC 
X  AZ ;  viz.  :  BC— BA  :  x  :  BC+BA  :  —  AC  x  :  DC— DA : 
therefore  AC  :  BC+BA  :  :  BC  —  BA  :  DC  —  DA.  E.  D. 
Otherwife,  let  the  Difference  of  the  Squares  of  the  Sides  BC  and 
AB  be, taken  and  divided  by  the  Bafe  AC,  the  Quotient  {hall  be 
the  Difference  of  the  Segments  of  the  Bafe  aforefaid  :  Or,  fquare' 
all  the  3  Sides,  and  dedud  the  Square  of  one  of  the  lefs  Sides  out 
of  the  Sum  of  the  other  two  Squares,  divide  half  the  Remainder  by 
the  longed  Side,  the  Quotient  is  the  Alternate  Segment  of  the  Bafe. 

The  Proportions  for  the  Solution  of  the  fix  Cafes  of  Plane  ob¬ 
lique  Triangles.  [&*  the  la/l  Fig.J 


Given 
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Given .  j  Reqd .  |  Propo  rtions. 

|  Ax.\Cafe . 

AB 

BC 

A  * 

AB  :  BC  :  :  Si.  C  :  Si.  A. 

2 

I 

and  C 


JV.  B.  if,  If  the  given  Angle  be  Obtufe,  the  other  2  Angles  then  are  each  Acute. 
zdly,  If  the  Side  oppofite  to  the  given  Angle  is  longer  than  the  Side  oppofite  to  the 
Angle  fought,  then  is  the  Angle  fought  Acute  ;  but  if  fhorter,  then  is  the  faid  Angle 
doubtful,  and  may  be  either  Acute  or  Obtufe,  becaufe  both  the  Sine  and  its  Comple¬ 
ment  to  two  Right  Angles  are  the  fame  :  Wherefore  to  be  certain  of  what  Quality  the 
Angle  oppofite  to  the  greateft  Side  is.  Take  the  Sum  and  Difference  of  the  greateft 
Side  and  Middle  (or  leaft)  and  their  Logarithms,  if  the  half  of  them  be  equal  to  the 
Logarithm  of  the  third  Side,  the  Angle  oppofite  to  the  greateft  Side  is  a  Right  Angle  $ 
but  if  the  Logarithm  of  the  third  Side  be  greater  than  the  half  it  is  Acute,  if  lefs,  it 
Is  Obtufe  :  Or,  without  Logarithms,  multiply  the  faid  Sum  by  the  Difference  above- 
faid,  and  extra#  the  Square  Root, 

{Equal  to  r  Right  ■% 

Greater  than  >the  third  Side,  then  is  the  greateft  Angle Obtufe  v 
Lefs  than  '  v  Acute  J 


AB 
BC 
and  C 

AC 

AB  :  BC  :  :  Si.  C  :  Si.  A- 

Hence,  by  Subtraction,  the  l_  B  will  be 
known. 

Si.  A  :  Si.  B  :  :  BC  :  AC. 

2 

f 

2 

A,  C 

and  BC 

AB  | 

Si.  A  :  Si.  C  :  :  BC  :  AB. 

2 

3 

B 

BC-j-AB  :  BC — AB  :  :  Tan.  -Sum  of 

AB 

the  Z.s  oppofite  :  Tan.  ~  Difference 

BC 

A.  and 

p 

of  the  Z.  s  oppofite.  Then  ~  Sum  -f-  T 

4 

Difference  =  greater  Z.  A  ;  and  i-  Sum 

3 

—  L  Difference  =  leffer  Z.  C. 

B 

Firft,  find  the  Angles  by  the  laft ; 

3 

AB 

AC 

then  Si.  C  :  Si.  B  :  :  AB  :  AC. 

2 

5 

BC 

AB 

AC :  BC+  BA : :  BC— BA  :  DC— DA: 

4 

BC 

A 

Then  iAC  -f*  *.  DC —  £  DA  =  DC. 

AC 

B 

And  i  AC  —  :  4-  DC—  ±  DA  =  DA. 

6 

C 

Then  AB  :  AD  :  :  R  :  Cofi.  A. 

1 

And  CB  :  DC  :  :  R  :  Cofi.  C. 

1 

And  1800 —  Z.  A  —  A  C  z  Z.  B. 

Or  more  readily  at  one  Operation. 

From  half  the  Sum  of  the  Sides  fubduct  each  particular  Side,  and  let  the  Sum  of  the 
Logarithm  of  the  half  Sum  and  Difference  of  the  Side  fubtending  theenquired  Angle  be 
fubdmffed  from  the  Sum  of  the  Log.  of  the  other  Difference  and  the  doubled  Radius, 
half  the  Remainder  fhall  be  the  Log.  of  the  Tangent  of  half  the  enquired  Angle. 

Agreeable  to  this  Axiom  in  Gellibrand's  Trig.  Britannica,  p.  46. 
As  the  Re  ft  angle  of  half  the  Sum  of  the  Sides  and  the  Difference  between  that  half  Sum 
and  the  Side  eppofte  to  the  Angle  required,  is  to  the  Reftangle  of  the  other  two  Remainders  $ 
(0  is  the  Square  of  Radius  to  the  Square  of  the  ‘Tangent  of  half  the  Angle  fought. 

Lx  Angulis  laiera ,  a- el  ex  lateribus  Angulos  &  mixtim  in  Triangulis  tarn  planis  quam 
Spiwricis  affiqui ,  Summa  Gloria  Mathematics  ejl :  Sic  enim  Cad  urn  ‘Terras  &  Ma¬ 
ria  feiics  &  admirando  calculi  menfurat,  Fran.  Vieta. 
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- - of  Surds  —  172 

Adfedfed  Equations,  their  Solu¬ 
tion  - — —  234 

Adjacent  Side  —  326 

Affirmative.  See  Quantity. 

Ale  Meafure  - 35 

Algebra  - —  2,  143 

Alligation  Medial  —  no 

. - Alternate  -  112 

. - Partial  -  1 1 4 

- - Total  -  1 1 5,  227 

Alternate  Segment  323 

Altitude  of  a  Figure  289 

Amblygonium  - - *  288 

Analogies  or  Proportions  193 

Angle^Right, Obtufe, Acute  284 
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0 

Angle  in  a  Segment  287 

- how  bife&ed  293 

— - at  ihe  Center  306 

- at  the  Periphery  ibid. 

Annuities.  See  Penfions. 

Antecedent  - -  78 

Apothecaries  Weights  32 
Arch,  how  bife£ted  293 

- - —  trife&ed  — - —  349 

Area  - 286 

Arithmetick  - -  2 

Afymptotes  of  a  Hyperbola  366 
— —  how  drawn  395 

Averdupois  Weight  32 

Axiom,  what  -  291 

Axioms  - - —  146,  301 

Axis  of  a  Cone  - — •  362 

- -  of  a  Sphere  - -  40  3 

- -  of  a  Spheroid - ibid. 

B. 

Back,  its  Area  gauged  434 
Barrel,  how  gauged  449 

Bartering  Commodities  104 

Bale  of  a  Triangle - 288 

- of  a  Cone  — — —  362 

- of  a  Pyramid  418 

- of  a  Fruftum  ibid. 

Beer  Meafure  — -  . —  35 

Binomial  — -  155 

Biquadrate  —— - 124 

Q  q  q  Biquadrate, 
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Biquadrate,  its  Root  extracted  Cube  Geometrical  402 

134,  235  - its  Content  found  414 

Body.  See  Solid.  Cubick.  See  Equation. 

Butt  gauged  449  Cylinder  - 402 

C.  — . —  its  Content  found  415 

Calipers  Hiding  449 - its  curve  Superficies  416 

Caractsof  Gold  and  Silver  1 18  — * —  its  Content  gauged  444 

Cathetus  — - 288  Cypher - 3 

Calk  gauged - -  449  D. 

Center  of  a  Circle  286  Decagon,  how  formed  299 

- - of  an  Ellipfis  364  — —  infcrib’d  in  a  Circle  345 

- - -  common  Particular  ibid.  - -  its  Area  found  346 

Change  of  Order  in  Things  82  Decimal.  See  Fractions. 
Chord  of  a  Circle  287  Decimal  Tables  70 

Circle  .  - — -  286  Demonftration  291 

- - its  Properties  315  Denominator  48 


. -  its  Area  found  406  —  its  Property  in  a  Circle  316 

- - -  the  fame  gauged  438  Diameter  of  a  Circle  286 

Circumference  of  a  Circle  286  - —  of  an  Ellipfis  363 

- - defcribed  through  three  Digit  ■  3 

Points  - -  295  Dimenfions  - -  2,  123 

- - how  found  — — -  347  Direct  Rule  of  Three  85 

Coefficient  -  144  Dividend  —  ■—  -  21 

Coin  — - —  31  Divifion  of  Integers  ibid. 

Common  Meafure  52,  166 - of  Vulgar  Fra&ions  56 

Compares  Elliptical  375 - of  Decimals  65 

Cooler,  ho w  gauged  431 - of  Algebraick  Integers  153 

Cone  and  its  Se&ions  361 - of  Algebraick  Fractions 

■ - its  Content  found  417  199 

«  - - its  curve  Superficies  ibid. - of  Surds  - - —  173 

* — . — its  Content  gauged  444  Divifor  21 

Conjugal  Hyperbolas  394  Dodecagon,  how  formed  269 

Coilj  ugate  Diameter  *364 - infcribed  in  a  Circle  346 

Conoid.  See  Parabolic  Conoid.  — its  Area,  how  found  347 

Confequent  - - 78,  i8y  Drip  or  Fall  of  a  Tun  447 

Contraction  of  Equations  324  E. 

Copper,  how  gauged  448  Ellipfis  — — — — ■  363 

Corn  Meaiure  - -  36  - -  its  Properties  367 

Corollary  or  Confedtary  291  — - — its  Parameter  found  369 

Cube  Arithmetical  r 23 - its  Focus  found  370 

— — -  its  Root  extracted  131  Ellipfis  how  defcribed  372 

Ellipfis, 
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Quadratick  folved  194 
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Equations,  Cubick,  Biquadra- 
tick,  &c.  folved  237,  337 
Equations  how  turned  into 
Analogies 


Ellipfis,  its  Area  found 
— —  the  fame  gauged 
Elliptical  Compafi.es 
Englifh  Coin  — 
Equation 


393 

288 

296 


Equilateral  Triangle 

. - -  defcribed 

- infcribed  in  a  Circle  342 

- its  Area  found  343 

Evolution,  or  Extra^ion  123 
of  Algebraick  Integers  1 60 

170 
105 


of  Fractions 


Excharge  of  Coins 
Exponent.  See  Index. 

Extream - 

F. 

Fa&ors  - - - 

Feilowfhip  Single  — - 

- Double  * — ■ 

Figure  in  Arithmetick 

- - in  Geometry 

Fradlion  V ulgar 

- —  Decimal  - — 

. - -  Algebraick  - - — 

Freehold  or  real  Eliate,  how 

purchafed  -  282 

Fruftum  of  a  Cone  found  418 
— , —  the  fame  gauged  445 

_ of  a  Pyramid  found  419 

- --;he  fame  gauged  443 

of  a  Conoid  found  429 

452 


73 

T44 

99 

101 

285 

48 

57 
1 45 


the  fame  gauged 


"ruflum  of  a  Pyramidoid.  See 
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Truftum  of  a  Sphere, 
meat. 


See  Seg- 


G. 

Gauging  practical 
Geometry 


Globe.  See  Sphere. 
Golden  Rule  Single 
- Double  — 
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85 

94 

189 

290 

ibid. 
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Harmonical  Proportion 

Heptagcn  - — 

Hexagon  - - 

•  - how  both  are  formed  299 

Hogfhead,  how  gauged  449 

Hoofs  of  Pyramids  or  Cones, 

their  Contents  found  420 

Hoofs,  how  gauged  447 

Hyperbola  364 

- its  Properties  386 

— - its  Parameter  found  388 

- - its  Focus  found  3  >:9 

•  - how  defcribed  390 

- its  Afymptotes  drawn 

395 

394 

403 

>  288 


Hyperbolas  conjugal 
Hyperbolick  Conoid 

Hypothenufe  .  - 
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ImpetfecI  Cone 
Inching  a  T un,  &c. 
Inclining;  Lines  — 


— - —  their  Property 
Indices  of  Powers 
Infinites,  their  Arithmetick 


362 

44; 

28  p 
3°  2 

12  p 


Integer  N umeral 
Algebraick 


In  t  ere  ft  Simple 

- —  Compound 

InterfecPmg  Lines 
Inverfe  Rule  fingl: 
- - double 
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397 

3 

— —  147 

245 
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Involution  of  Algebraick  Inte- 

gers  - • 

155 

»■  — of  Fractions 

170 

- of  Surds 

174 

Irrationality  - 

144 

Ifofceles  Triangle 

TP" 

288 

IV. 

Kerfey’s  ./Enigma  folved  231 

L. 

Latus  Return  of  an  Ellipfis  364 

— - —  of  a  Parabola 

365 

— —  of  a  Hyperbola 

366 

Leafes  in  Reverfion 

271 

Lemma 

291 

Line  Right,  See. 

283 

— - —  how  bifeSfed 

293 

— ■ —  how  any  Way 

divided 

295 

Liquid  Meafure 

34 

Load  of  Ore 

37 

Long  Meafure 

33 

M. 

Mathematicks 

1 

Mean  - 

73 

Mean  proportional  Line  how 

found  - ; — 

3*3 

Meafures 

33 

Mixed  Numbers 

5° 

Multiplicand 

14 

Multiplication,  of  Inte 

gers  1 s 

- of  V ulsar  F ractions  c  c 

- *  of  Decimals 

6l 

• — * —  of  Algebraick 

Integers 

150 

*— - —  of  Algebraick 

4  ractions 

168 

1  1  V/I  UUI  uo 

iji 

Multiplier  - 

14 

Mufical  Proportion  - 

- 189 

N. 

Negative.  See  Quantity. 
Node.  See  Focus. 
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Notation  or  Numeration 

6 

Notation  of  Decimals 

57 

- ©f  Integral  Quantities  144 

— —  of  Fractional  Quantities 

Number  - - - 

3 

Numerator  - - 

48 

O. 

Oblate  Spheroid 

403 

Oblique.  See  Triangle. 

Oblique  or  Scalene  Cone 

362 

Obtufe.  See  Angle. 

Obtufe  Triangle 

288 

- its  Property 

3*9 

OStagon  - - 

290 

- how  formed 

299 

— - —  inferibed  in  a  Circle 

344 

- - its  Area  how  found 

345 

Oppofite  Angle  - L 

304 

Ordinate  - - 

364 

Oval  - 

363 

Outward  Angle 

3°4 

Oxygon  ium  . — — 

2u8 

P. 

Parabola  ■  ■ 

364 

- its  Properties 

380 

- its  Parameter  found 

3gl 

- its  Focus  found 

383 

* — —  how  deferibed 

384 

- its  Area  found 

427 

Parabolick  Conoid 

403 

- its  Content 

429 

- the  fame  gauged 

452 

Parallel  Lines  — • 

284 

- how  drawn 

,  294 

- their  Property 

3°3 

Parallelograms  — • 

289 

— — .  how  formed 

297 

* - their  Property 

31 7 

- their  Areas  found 

404 

• - the  fame  gauged 

O  O 

435 

Paralleiopipedon 

402 

Paral- 

I  N  D 

-i*.  ♦ 

|  •  ■  .  Page- 

•Parallelopipedon  its  Content 

414 

- how  gauged  444 

Parameter  Right  364 

Penfions,  in  Arrears  computed 
at  Simple  Intereft  248 

* - at  Compound  Interest  266 

Penfions,  their  prefent  W orth 
computed  at  Simple  Intereft 


1  251 

* - at  Compound  Intereft  268 

Pentagon  -  290 


- how  formed 

299 

— —  infcribed  in  a  Circle 

343 

■ - its  Area  found 

34+ 

Perimeter  of  a  Triangle 

326 

*— —  of  a  Square 

407 

Periods  of  Numbers 

6 

— £4  Powers 

126 

Periphery.  See  Circumference. 

Perpendicular  - 

285 

— —  how  let  fall 

294 

— • —  how  raifed 

ibid. 

Pipe,  how  gauged 

449 

Plane  Geometrical 

285 

In  Plano,  to  defcribe  anElliphs 

372 

— —  a  Parabola 

384 

— —  Hyperbola 

390 

Point  Geometrical 

283 

Points,  to  defcribe  an  Ellipfis  by 

374 

- - a  Parabola 

385 

■ - a  Hypetbola 

SQ2 

Polygons  regular 

290 

- how  ddcribed 

299 

- their  Areas  found 

34i 

Polygon  irregular 

290 

Powers  - 

123 

Prime  Numbers 

51 

Prifm  - 

402 

—  its  Content  found 
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Produdl  —  14 

Progreftion  Arithmetical  73 

- Geometrical  —  76 

Proportion  Continued  76 


Disjunct.  See  Golden 


Rule. 

Proportion  Compound  94 

- Duplicate  and  Triplicate 

192 

Proportional  Line,  third  how 

found  - .  3x3 

- Fourth  how  found  314 

Pyramid  - —  403 

- its  Content  found  415 

■ - the  fame  gauged  443 

Pyramidoid  - -  403 

- -  its  Content  found  43® 

Pythagorick  Theorem  308 

CL 

Quadrangle  -  316 

Quadrant  - - > -  287 

Quantity  2 
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%  145 

Queftions  limited  and  unlimited 

176,  227 
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Ratio  - - -  76 

Reciprocal  Proportion  9r 

Rectangle  Arithmetical  187 

- Geometrical  308 

Reduction  Defcending  43 

- Afcending  45 

Redudtion  of  Fractions  51 
Reduction  of  Equations  1 77 
Regiftring,  & c.  — -  145 

Relidual  —  156 
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Right-line 
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Scalenous  Triangle 
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* - Geometrical  301 

Similar  Triangles  310 

- their  Properties  318 

Sines  Natural,  calculated  356 

Sliding  Rule  - —  433 
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Square  Arithmetical  123 

- -  its  Root  extracted  126, 
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Square  imperfedl,  compleated 

o  .  .  J97 

Square  Geometrical 
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Steps.  See  Regiflring,  & c. 

Subtend  - - .  305 

Subtenfe  or  Chord  331 

Subftitution  194 

Subtraction  of  Integers  1  r 

- - of  Weights  and  Meafures 

TT  •  41 

- - of  Vulgar  Fractions  54 

— - —  of  Decimal  Fractions  60 

- *  of  Algebraick  Integers 
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- - of  Algebraick  Fractions 
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- of  Surds  -  172 

Subtrahend  - - 13 

Superficies  or  Surface  285 

Surd  - -  128 

Firft  Surfolid  Root  extracted 

135.  236 

Second  Surfolid  Root  extracted 

139 

T. 


Sphere  - - 

403 

Tangents  Natural 

calculated 

— e —  its  Superficies 

421 

*356 

— —  its  Content 

423 

Tangent  drawn  to 

an  Rllipfis 

— —  its  Content  gauged 

445 

376 

Spheroid  — 

403 

- to  a  Parabola 

385 

- - its  Content 

426 

- to  a  Hyperbola 
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Tariffa  - 
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- - the  Sum  of  its  Angles  304 
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Triangulate 
Troy  Weight 
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v; 

Van  Culen’s  Circle’s  Circum¬ 
ference  - -  355 

Variation.  See  Change, 


Vertex  of  a  Cone 
Vertical  Angle 

U. 

Ullage  of  a  Cafk 
Uncite  of  Powers,  how 
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I.  Poflhumous  Works  of  Mr.  John  Ward,  Author  of  the 
jp  Young  Mathematician* s  Guide.  In  two  Parts.  I.  Containing  his 

new  Method  of  Navigation  by  Parallel  Parts.  By  which  ail  Quefti- 
ons  in  Sailing  may  be  anfwered  with  great  Expedition  and  Truth,  in 
a  different  Manner  from  plain  Mercator  and  great  Circle  Sailing,  by 
the  Solution  of  a  plane  Triangle  only.  Alfo  Compendiums  of  Prac¬ 
tical  and  Speculative  Geometry,  and  of  plane  Trigonometry.  Part 

II.  Containing  the  Dodtrine  of  the  Sphere,  and  the  Demonflrations 
and  Calculations  of  Spherical  Trigonometry ;  in  which  the  ConUruc- 
tions  of  the  Figures  are  new,  and  drawn  fo  as  to  reprefent  Solids. 

II.  An  Introduction  to  Geography,  Aftronomy,  and  Dialling : 
Containing  the  moil  ufeful  Elements  of  the  faid  Sciences,  adapted  to 
the  meaneil  Capacity,  by'  the  Defcription  and  Ufe  of  the  Celeflial 
and  TerrefHal  Globes ;  with  an  Introduction  to  Chronology.  The 
2d  Edition,  with  large  Additions.  By  George  Gordon . 

III.  Aftronomical  Dialogues  between  a  Gentleman  and  a  Lady  : 

Wherein  the  Dodtrine  of  the  Sphere,  Ufe  of  the  Globes,  and  the  Ele¬ 
ments  of  Aflronomy  and  Geography  are  explained  in  a  pleafant,  eafy 
and  familiar  Way  :  With  a  Defcription  of  the  famous  inllrument,  called 
the  Orrery.  By  John  Harris ,  D.  D.  and  F.  R.  S.  / 

IV.  Arithmetick  in  the  plained  and  moft  concife  Method  hitherto 
extant;  with  new  Improvements  for  Dilpatch  of  Bufinefs  in  all  the 
feveral  Rules ;  as  alfo  Fractions,  Vulgar  and  Decimal,  wrought  to¬ 
gether  after  a  new  Method,  that  renders  both  eafy  to  be  underilood  in 
their  Nature  and  Ufe.  The  whole  perufed  and  approved  of  by  the 
moll  eminent  Accomptants  in  the  feveral  Oihces  of  the  Revenues,  viz. 
Cuftoms,  Excife,  &c.  as  the  only  Book  of  its  Kind,  for  Variety  of 
Rules,  and  Brevity  of  Work.  By  George  Fijher,  Accompfant. 

V.  A  Compendious  Courfe  ofPradlical  Mathemathicks ;  particularly 
adapted  to  the  Ufe  of  the  Gentlemen  of  the  Army.  In  3  Vol. 

Arithmetick  in  Epitome  ;  or,  a  Compendium  of  all  its  Rules,  both 
Vulgar  and  Decimal,  in  two  parts. 

An  Effay  on  Book-keeping,  according  to  the  true  Italian  Method  of 
Debtor  and  Creditor,  by  double  Entries,  wherein  the  Theory  of  that 
excellent  Art  is  laid  down  in  a  few  plain  Rules  ;  and  the  Practice  made 
evident  and  eafy  by  variety  of  intelligible  Examples.  The  Whole  in 
a  Method  new  and  concife. 


(Yhefe  three  by  William  Weblter,  Writ ing-Mafter. ) 

VI.  A  Treaiife  of  Algebra,  with  the  Application  of  it  to  a  Variety 
of  Problems  in  Arithmetick,  to  Geometry,  Trigonometry,  and  Conick 
Sections.  With  the  feveral  Methods  of  folving  and  conitrucling  Equa¬ 
tions  of  the  higher  Kind.  Tranflated  from  the  Latin  of  Chrijlian 
Wo'fius ,  Chief  Profefibr  of  Mathematicks  and  Phiiofophy  in  the  College 
0£  Magdebnrgh  in  Germany ,  and  F.  R.  S. 


